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Preface

Where there is Matter, there is Geometry
— Johannes Kepler (1571- 1630)
a key figure in the 17th-century Scientific Revolution.

This book introduces the new research area of Geometric Data Science, where data
can represent any real objects through geometric measurements. Some of the simplest
inputs of real data objects are finite and periodic sets of unordered points.

For example, a molecule can be fully described by the positions of its atoms in a
3-dimensional space. However, many descriptions are highly ambiguous, especially to a
computer, which operates only with numbers. For example, a photograph is ambiguous,
because any object can have an astronomically large number of photographs.

All attempts to standardise photographs, as in passports, have shifted towards more
reliable biometric data. Indeed, the identification of living organisms was dramatically
improved due to the discovery of a DNA structure. However, geometric structures
remained ambiguous for many objects, including proteins and materials, which are still
represented by photograph-style inputs depending on arbitrary coordinate systems.

The major obstacle to progress from trial-and-error in chemistry and biology to a
justified design of materials and drugs was the absence of rigorous definitions and
problem statements. Geometric Data Science fills this gap by developing foundations
based on equivalences, invariants, distance metrics, and polynomial-time algorithms.

The main geo-mapping problem is to analytically describe moduli spaces of geo-
metric structures that are classes of data objects modulo an equivalence relation. These
moduli spaces are prototypes of ‘treasure maps’ containing all known objects of a cer-
tain type, as well as all not yet discovered ones. A discrete example is Mendeleev’s
table of chemical elements, which was initially half-empty, but importantly guided an
efficient search for new elements. A continuous example is a geographic map of the
Earth, where any location is unambiguously identified by the latitude and longitude.

Geometric Data Science aims to develop universal geographic-style coordinates for
all real data objects under practically important equivalences, such as rigid motion.
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The first part of the book focuses on finite point sets. The most important result is
a complete and continuous classification of all finite clouds of unordered points under
rigid motion in any Euclidean space. The key challenge was to avoid the exponential
complexity arising from permutations of the given unordered points. For a fixed di-
mension of the ambient Euclidean space, the times of all algorithms for the resulting
invariants and distance metrics depend polynomially on the number of points.

The second part of the book advances a similar classification in the much more
difficult case of periodic point sets, which model all periodic crystals at the atomic scale.
The most significant result is the hierarchy of invariants from the ultra-fast to complete
ones. The key challenge was to resolve the discontinuity of crystal representations that
break down under almost any noise. Experimental validation on all major materials
databases confirmed the Crystal Isometry Principle: any real periodic crystal has a
unique location in a common moduli space of all periodic structures under rigid motion.
The resulting moduli space contains all known and also all not yet discovered periodic
crystals, and hence continuously extends Mendeleev’s table to the full crystal universe.

The book was written for research students and professionals who work in math-
ematics and need rigorously justified and computationally efficient methods for real
data, such as crystalline materials and molecules, including proteins. The pre-requisite
knowledge is linear algebra, metric geometry, and calculus at the undergraduate level.

We finish by extending Johannes Kepler’s quote from the 17th century to inspire a
transformation from brute-force computations, which currently ‘burn’ our planet, to a
21st-century Maths for Science revolution: Where there is Data, there is Geometry.
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Chapter 1

Introduction: from practical challenges to
fundamental problems

Abstract This chapter discusses how practical challenges in object recognition and
data comparison can be converted into formally stated mathematical problems. After
introducing the necessary concepts of equivalences, invariants, and metrics, we state
the general geo-mapping problem to continuously parametrise moduli spaces for any
data under a given equivalence. With this foundation in place, further chapters examine
speci c types of data objects that allow recently developed solutions in this book.

1.1 What questions should we ask about real data objects?

The initial question that can be asked about any real data object is what is it? or (more
formally) how is it de ned? or (more deeply) how can we make sense of this data?

The rst obstacle in achieving these goals is to embrace di erences between real
objects and their digital representations. For example, a car is a physical object that is
very di erent from a pixel-based image of this car, which is only a matrix of integers.

The second obstacle is the ambiguity of digital representations in the sense that any
real object can have many representations that look very di erent to a computer.

If measurements have continuous real values, the resulting space of representations
is in nite. Even if we x a nite resolution of physical measurements, all potential
data values still live in a huge space. For example, all images of size 2 2 pixels and
greyscale intensities 0— » « — 255 form a huge collectiondf 248llion images. This
combinatorial explosion (or the curse of dimensionality) has blocked many brute-force
attempts to make sense of the data so a di erent scienti ¢ approach is called for [6].

All concepts and results in this book are introduced for very general data, such as
discrete sets of points, and hence are relevant to many applied areas, e.g. point clouds
in Computer Vision and Graphics. However, since our latest work is joint with chemists
and biologists, our motivations and examples will include data at the atomic scale,
including molecules, atomic clouds, and solid crystalline materials (periodic crystals).
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Some physical objects can be exactly represented in a digital form, for example, by
listing the coordinates of atoms. This atomistic representation much better describes
a real molecule than pixel-based images of a car. Though we can exactly describe
a molecule by the positions of its atoms, is this description unambiguous? To better
understand the underlying obstacles, we split this question into more questions below.

First question: which objects are the same or di erent? Indeed, if we shift all atomic
positions by a xed vector, the digital representation changes, but does the underlying
object remain the same? The question is deceptively simple, but because the de nition
of a crystal structure was incomplete in practice [11], this problem has attracted con-
siderable attention, even appearing in the titles of papers [44]. The missing ingredient
was the concept of an equivalence, which should accompany all newly de ned objects.

Second question: if di erent, by how much? Indeed, all real data is uncertain at least
due to measurement noise. Moreover, all atoms vibrate so their relative positions are
always uncertain. This basic fact in Richard Feynman's rst lecture on physics [25,
Chapter 1 \Atoms in motion"] called for a continuous quanti cation of similarities.
The resulting problem is algorithmically di cult even for macroscopic objects. Indeed,
when walking or driving, our brains (but not computers) easily recognise obstacles
whose visual representations change in our moving coordinate system. If a car moved
or the wind slightly deformed a bush, humans can still identify them as perturbations of
the original objects, while a computer program needs an exact formula for a distance.

Third question: where can we nd new objects? Discovery sciences, such as molecular
or materials synthesis, struggle to nd or even recognise new objects in the vast chemical
space. Indeed, all known molecules, say fora xed number < of atoms, live inacommon
space of <-atom con gurations. This space potentially contains unknown molecules,
which have not yet been discovered, but where should we look for them? Humans faced
similar challenges in their early exploration of our planet to discover new places to live
and thrive. The slightly rephrased question where do all real objects live? requires us
to build a geographic-style map on a space of all potential objects of a given type.

It took cartographers over two centuries (1400{1600), during the Age of Geographic
Discoveries [4], to build a map of the Earth based on latitude and longitude coordinates.
Scientists can build geographic-style maps of continuous spaces for other real objects.

In summary, Geometric Data Science (GDS) aims to mathematically formalise and
answer the following questions for real data under practical equivalences, see Fig. 1.1.
The rst question: Same or di erent?

The second question: If di erent, by how much?
The third question: Where do all (known and new) real objects live?

Fig. 1.1 The main questions of Geometric Data Science are illustrated for molecp{@sCiy, CHy.
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We nish this section by describing a few conventions used in the book. All spelling
is British as we are based in the UK. All acronyms that are harder to guess than the UK
are listed at the end of the book before the index. All environments are highlighted in
the bold font and numbered according to sections, e.g. De nition 1.2.1 is followed by
Example 1.2.2 in section 1.2. All gures and tables are numbered consecutively within
each chapter, as Fig. 1.1. All environments have the following end symbols:

f for proofs;

1 for de nitions;

_ for examples and remarks;

/E for problems and conjectures;

» for theorems, corollaries, propositions, and lemmas.

All new concepts in de nitions are highlighted in the italic font, which is also used
for emphasising keywords.™Rlenotes the Euclidean =-dimensional space with a xed
coordinate system of the standard orthonormal basis and origin 0. Any vector p with
real coordinates {2~ » » « ——an be positioned with the tail at 0 ZRnd the head at the
point ? =1?7—eee—? 2 R~ j.e. ? and p are often used interchangeably.

1.2 Abstract and practical equivalence relations on data objects

This section recalls an equivalence relation and various types of invariant under a given
equivalence. These concepts will help formalise the rst question: same or di erent?

For any type of object, such as real numbers or all nite sets of unordered points
in R™, a binary relation describes ordered pairs * — ° that satisfy this relation. If G— H
are real numbers, one simple relation is the strict inequality G Y H.

De nition 1.2.1 (equivalence relation). A binary relation between objects of a given
type is called an equivalence and denoted by if the following axioms hold:

(a) re exivity: any object is equivalent to itself, i.e. ;
(b) symmetry: for any objects — ,if ,then ;
(c) transitivity: for any objects — — , if and ,then

Any object generates its equivalence class » ¥ = fall objects equivalentto g. 1

One widely used equivalence on real numbers is the usual equality (=), which
can be extended to vectors (points in)Rmatrices, and multisets of elements with
multiplicities or weights. The axioms in De nition 1.2.1 justify a classi cation under a
given equivalence as a splitting or partition into disjoint equivalence classes such that
every objects belongs to exactly one class. Indeed, any such classes, say » ¥4 and » ¥
share a common object , i.e. and , then and hence » ¥4 = » ¥4
due to the transitivity axiom. If a classi cation is based on a labelled dataset, often with
labels produced by humans or a computer program, this nite classi cation is hard to
extend to many other real objects, which are called \out-of-distribution”.
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Example 1.2.2 (non-equivalences). (a) The relation G Y H (strict inequality) on real
numbers is not an equivalence, because the re exivity axiom fails: G Y G is false.

(b) The relation G H (non-strict inequality) on real numbers is not an equivalence.
Though the re exivity holds, the symmetry is also expected to hold for all real G—H but
fails for any non-equal numbers: G H does notimply that H G for G < H.

(c) Forany xedreal Y j O, therelation jG Hj Y (Y-closeness) satis es the re exivity
and symmetry but fails the transitivity axiom. For instance, if G = Y,H=0,and | =Y,
thenjG Hj=Y =jH Ij, butjG Ij=2Y.

Example 1.2.2(c) illustrates the sorites paradox [29], which has been discussed since
ancient times: \does a heap of sand remain a heap if grains of sand are removed one
by one?" Removing one grain of sand plays the role of an Y-perturbation applied to a
data object, such as a heap of millions of grains. Such a single grain can be considered
similar to an outlier in data. If we are allowed to remove a point from a given set, such as
an outlier, without noticing any di erence, then all point sets can be made equivalent.

Similarly, if we assume that a given object remains the same (equivalent to the
original one) under all perturbations up to any tiny threshold Y j O, the transitivity
axiom will imply that su ciently many perturbations can make all objects equivalent.
For instance, if we are ignore slight deviations of vertices in a triangle, the resulting
classi cation of triangles becomes trivial, consisting of a single class of all triangles.
Hence, noise in real data cannot be ignored but should be properly measured.

A simple example of an equivalence (not restricted to a xed dataset) is an equality
for a speci c property. For instance, two nite sets — can be called equivalent if they
have the same size: j j = j j. However, many objects that share one property might
di er in other properties, For nite objects, the equivalence relation de ned by their
size is weak in the sense that many substantially di erent objects have the same size,
e.g. molecules of the same number of atoms, belong to the same equivalence class.

We will look for a stronger equivalence that better separates given objects. For
objects that are more complicated than points inRich as sets of points, the identity
relation is overkill in practice (too strong), because shifting all points of a cloud changes
only its coordinate representation rather than physical properties.

Though many equivalence relations make sense for real objects, such as molecules
or materials, one equivalence relation stands out in our world: a rigid motion usually
preserves all meaningful properties and hence is the strongest relation for most applica-
tions. When comparing physical objects, the rstthing people tryto dois to superimpose
them by rigid motion. Even if a given object, such as a human hand or a molecule, is
intrinsically exible (non-rigid), its di erent rigid conformations (classes under rigid
motion) often have di erent properties and hence should be reliably distinguished.

Recall that a basis of Rconsists ,gf = vectorg v « » » =\such that any v 2 Rcan be

) . L = .
written as a linear combination v = @vgfor some G-+++=Q R. The basis vectors
8=1 3

. . . =
are linearly independent in the sense that ifgvg=0,theng= =G =0.
8=1
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Later, we will discuss more technical concepts, such as the determinant, which has
an algebraic de nition. In the geometric spirit of this book, we only mention here that
the determinant dév,—e -9 of the = = matrix with columns y—ee<—vis the
signed volume of the parallelepiped on the edge vectprs ve —v

In particular, any vectorsive+++—v2 R~ form a linear basis of Rif and only if
dettvi—e e+ —9 < 0. Our default distance between any points a 53-10++—0 and

b=11;—eee—2in R is Euclidean, denoted as ja bj= " 10g 1 2.

=1
Example 1.2.3 (rigid motion, isometry, dilation, and homothety). (a) The translation
along a xed vector v 2 Risthe map)»v¥% : R R ~ such that) »v¥%1p°® =p , v.

(b) A rotation in K is a linear map '»&% : R R 7, '»&Y1p° = &p represented by
a special orthogonal = = matrix & that has the determinant'@&t= 1 and satis es
&) & = - = &) & is the identity matrix, where & is the transpose of &. All such
matrices & form the special orthogonal group SO%Rsee [14, section 4.5].

(c) Arigidmotion 5 : R! R ~is acomposition of translations and rotations maRd

can be writtenas 51p° =&p,vforanyp 2Ra xedv 2 R” and & 2 SO'R°. Any
sets — R T that are related by rigid motion are called rigidly equivalent (denoted
by ). Allrigid motionsin R ~ form the Special Euclidean group SE*R

(d) The mirror re ection relative to an *= 1°-dimensional hyperspace  Rwith a
normal vector v is the map de ned by 5» ¥1?° = ? i.e. any point ? 2 is xed by
5» ¥, and 5» Ytu® = u for any vector u parallel to v.

(e) A Euclidean isometry is any map 5 T RR ~ preserving Euclidean distance,
i.e. j5ta® 51p° = ja bj for any vectors a—b 2 RAlternatively, any Euclidean
isometry is a composition of a rigid motion and a mirror re ection, and can be written
as 51a® = &a,vforanya 2 R, a xed vector v 2 R, and an orthogonal matrix &
satisfying& & = - =&) &. Anysubsets — R~ are related by isometry are called
isometric (denoted by ' ). All isometries in R~ form the Euclidean group ETR.

(f) For a xed factor B j 0, the uniform scaling is the map D= RR ~, Da° = Ba for
any vector a 2 R. A dilation is a composition of a rigid motion and a uniform scaling.
A homothety is a composition of an isometry and a uniform scaling.

Any rigid motion 5 preserves orientation of Rvhich can be de ned as the sign of
the determinant of the = = matrix consisting of the columns 18-y « « — 5% where
vi—e**—\is a basis of R. A mirror re ection, for example, changing the sign of the
rst coordinate (the re ection relative to the hyperspace=00) is not a rigid motion,
because the orientation is changed. Hence, compositions or rigid motion with mirror
re ections form a slightly wider collection of equivalences, which do not distinguish
mirror images. The identities)8& = - = &&) imply that det&° = 1. All such
orthogonal matrices form the orthogonal group $*RWe avoid the notation $1=°,
which will be later used to denote a linear-time complexity of algorithms.

De nition 1.2.4 (weaker vs stronger equivalences). For a xed collection of objects,
one equivalence relation is (non-strictly) weaker than anothep (then  is called
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stronger than ;) if any objects equivalent under the stronger relatigrare equivalent
under the weaker relation, i.e. » always impliesthat 1 . I

If one equivalence 1 is weaker than 2, then the stronger equivalencere nes the
partition into equivalence classes de ned by the weaker equivalence

Rigid motions, isometries, dilations, and homotheties de ne equivalence relations
in the sense of De nition 1.2.1. Among these four equivalences, rigid motion is the
strongest (). Isometry (') is slightly weaker because any pair of mirror images is in
the same isometry class, not necessarily in the same class under rigid motion.

Dilation is weaker than rigid motion because all uniformly scaled objects belong
to the same class. Homothety is the weakest of the four so that any objects related by
isometry or dilation are homothetic. A substantially weaker equivalence is de ned by
bijection, which is a 1-1 map between all points of two objects.

After an equivalence is xed, the next challenge is to classify all given objects
under this equivalence. Such a classi cation should answer the rst question (same or
di erent?) by a practical algorithm that determines whether given objects are equivalent
or not. A mathematically justi ed approach to any classi cation is to develop invariant
descriptors that can reliably distinguish objects under a given equivalence, as de ned
below. Invariant values can be numbers, vectors, matrices, or more complicated objects
in a metric space that should still be easier to compare than the original ones.

De nition 1.2.5 (invariants and complete invariants). (a) Fix an equivalence on some

objects. Aninvariant is a function that takes the same value on all equivalent objects,
i.e. implies that 1 ° = 1° Alternatively, if 1° < 19 then .In

other words, is a descriptor with no false negatives de ned as pairs — that represent
equivalent objects but have di erent values of this descriptor.

(b) An invariant is called complete if distinguishes all non-equivalent objects, i.e. if
,then 10 < 10 Alternatively, if 1° = 1° then , i.e. takes the
same value only on equivalent objects. In other words, has no false positives de ned

as pairs of non-equivalent that are indistinguishable by ,i.e. 1t°= 10 |

A constant function taking the same value on all objects satis es De nition 1.2.5
but does not distinguish any objects. We will always assume that an invariant is not
the same for all equivalence classes. Then the implication » 1 ©< 101, ) » ¥,
allows us to distinguish complicated) objects by using simpler invariants.

Example 1.2.6 (invariants vs non-invariants). (a) A simple invariant of a nite set
under bijection or any stronger equivalence is the size of , which we denote by j j.

(b) Tom Leinster's magnitude of a nite metric space extends the size j j to the real-
valued invariant of under isometry [36, section 6.4], de ned as the sum all elements
in the inverse of the matrix consisting of4’~@°for all points - @ 2 .

. - 10 . o
(c) For any nite set R 7, the centre of mass= —J ? is not invariant of
?2
even under translations and rotations in Bnd hence under all weaker equivalences,
including rigid motion, isometry, and bijection.
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(d) For sets of two ordered points G- H 2 R, the di erence G H is invariant under rigid
motion (only translations in R), but not under isometry that can swap the order of G- H.
The Euclidean distance jG Hj is a complete invariant of two ordered point sets under
isometry in R, but not under rigid motion. Indeed, the ordered pairs 10— 1° and 11— 0° of
numbers are not rigidly equivalent but have the same inter-point distance 1.

A complete invariant fully answers the rst main question (same or di erent?) by
checking if *°= 1° which is equivalentto by De nition 1.2.5.

Any function generates its equivalence ron the domain where is de ned:
ifandonlyif 1 ©= 1° Then isacomplete invariant under its equivalence

For a xed collection of objects, invariants can be compared by strength similar to
equivalence relations in De nition 1.2.4. For ordered pairs 1G— H°, the di erence G H is
a stronger invariant than the distance jG Hj. For a xed equivalence relation, a complete
invariant is the strongest one among all invariants under this equivalence.

1.3 Distance metrics on invariant values and equivalence classes

To rephrase the second main question (if di erent, by how much?) in mathematical
terms, this section introduces a distance metric between arbitrary objects, which can be
equivalence classes or values of an invariant under a given equivalence.

De nition 1.3.1 (metrics and pseudo-metrics). (a) A real-valued function 3 on pairs
of objects under an equivalence relation is a metric if these axioms hold:

(1) coincidence: 3t — °=Qifand only if ;
(2) symmetry: 31 — © = 31 — ©for any objects — ;
(3) 4 triangle inequality: 31 — ©, 31— © 31 — °for any objects — — .

(b) If axiom (1) is replaced with the weaker versiorf2B1 — © = Q for any , then
non-equivalent objects can have 3t — © =0, and 3 is called a pseudo-metric. T

The axioms in De nition 1.3.1(a) imply the non-negativity of a metric as follows:
231 -0=31-0 310 31_0=0. The word \metric" is often used in
applications and evaluation functions that depend on a single object. We emphasise that
all metrics measure a distance between two objects. The concept of a distance becomes
more general if some of the three metric axioms are weakened [20].

De nition 1.3.2 (metric spaces and clouds). (a) Any set " of objects with a metric
3:" "IRiscalled a metric space.

(b) A cloud is any nite set of unordered points in a metric space. A Euclidean cloud
isany niteset R ~ of unordered points with the Euclidean distance. I

We will usually consider metrics on invariant values rather than on original objects.
If is a complete invariant under a given equivalence, then any metric on invariant
values is the metric on equivalence classes of original objects so that the condition
31 10_ 100 =(Qijs equivalent to . However, if an invariant is incomplete,
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then 31 10— 100 = g only guarantees that 1° = 19 not necessarily

Then any metric on (values of) an incomplete invariant de nes only a pseudo-metric on
equivalence classes of original objects in the sense of De nition 1.3.1(b). Example 1.3.3
introduces well-known metrics on vectors and arbitrary subsets in a metric space.

Example 1.3.3 (Minkowski metrics, Hausdor and bottleneck distances). (a) Fix areal
parameter @ 2 »1— 1°. For any points a 5-1@+e—0and b = 1L —ee*—2in R,
: _ . S 1@ i
the Minkowski metric is 5t0-1° =~ jOg 1 g@ . Inthe limit case @ = ,1, the
8=1
metric is de ned as } 10-1° :B_maijS 1 gj, also called the Chebyshev metric.

T—eee_=

(b) Let — be subsets of a space - with a metric 3. The distance from 0 2 to
is 310- ° = |lr12f 3. 10-1°. The directed distance is 83— ° = sup 30— °. The

02
Hausdor distanceisHD! — © = maxf3 1 — °-3 1 — °g. The bottleneck distance

BD: - °= 6in'f sup3161?°— ?° is minimised for all bijections 6 : ! .
92

If there are no bijections ! , one can set BD! — ° = 1, so BD is a well-
de ned metric only on subsets that allow bijections. In Example 1.3.3(a), the parameters
@ = 1-2-,1 de ne the metrics that are also called Manhattan (sum metric), Euclidean,
and Chebyshev (max metric), respectively. We will often consider Minkowski metrics
for all parameters @ 2 »1— 1%, including the limit case @ = ,1.

Forany Y 0 and a subset of a metric space ", the Y-0 set of consists of all
points @ 2 " at a maximum distance Y from ,i.e. 3'@— ° Y.

In other words, the Y-o set of is the union of closed balls with the radius Y and
centres at all points ? 2 . Then the Hausdor distance HD* — ° can be de ned as
the minimal Y 0 such that the Y-o set of covers and the Y-o setof covers .

The Hausdor distance HD is illustrated in terms of Y-o0 sets in Figure 1.2, where
a single ball around a blue or green point can cover a cluster of several points from a
di erent subset of another colour. The bottleneck distance BD is stricter by measuring a
minimum required deviation for a bijective matching of points, as in Figure 1.2 (right).

Fig. 1.2 Left: in the Euclidean line R. the clouds of 4 green points and of 4 blue points have a
small Hausdor distance HD. Right: the same clouds — R have a large bottleneck distance BD
based on a bijection 6 : ! (shown by red arrows), which minimises the maximum deviation of
points, see Example 1.3.3(b).

De nition 1.3.1 allows a discrete metric that takes a constant value on all non-
equivalent objects , e.g. 31 — © =1 for all ,and 31t — © =0 for all
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However, this discrete metric is purely theoretic because all real objects slightly di er
due to noise, so this metric would almost always have the same value 1. De nition 1.3.4
formalises the practically useful continuity under perturbations.

For simplicity, we will consider a collection - of objects that allow bijections between
each other. For nite sets, this restriction means that all clouds from - have the same
size. Bijections always exist between any in nite discrete subsets™oftirat have a
positive minimum inter-point distances), because such subsets are countable.

De nition 1.3.4 (Lipschitz continuity). Let - be a space of objects with a distance
metric 3 . Let :-!. beafunctionto a space. with a metric 3, e.g. an invariant
under a given equivalence. Then is Lipschitz continuous with a Lipschitz constant _
if, forany Y 0, the Y-closeness3 — ° Y impliesthat3 t 10— 100 Yy ]

For any discrete subsets in a metric space, the condition BD* — © Y can be
replaced with the following: is obtained from by perturbing every point of
within its Y-neighbourhood. For molecules and materials consisting of atoms, such
Y-perturbations and hence the bottleneck distance are motivated by thermal vibrations
and experimental noise under which atoms can slightly change their positions but
cannot disappear. For other applications, e.g. to point clouds in Computer Vision,
De nition 1.3.4 can be made stricter by requiring the Lipschitz continuity under less
restrictive perturbations of input data in the Hausdor distance.

The classical continuity in terms of Y—X is much weaker than the more practical

De nition 1.3.4. For instance, the function H—lG:is continuous for all G < 0 but has no

. . 1 L .
Lipschitz constant because! 1 as G ! 0. Hence, almost any function in practice
can be called continuous in the weak sense of Y—X away from singular points.

The Lipschitz continuity brings a physical meaning due to an explicit constant _.
For example, if any atom is perturbed up to Y, any inter-atomic distance changes up to
2Y due to the triangle inequality of Euclidean distance. Hence, inter-atomic distances
in physically meaningful units have Lipschitz constant _ = 2.

1.4 The geo-mapping problem for data objects under equivalences

This section introduces auxiliary concepts of a metric moduli space and a computational
complexity before stating the main geo-mapping problem. Several non-trivial cases of
this problem will be solved in later chapters for point clouds and periodic point sets.

De nition 1.4.1 (metric moduli spaces). Let - be a collection of objects with the
bottleneck distance BD and an equivalence relation . The metric moduli space is the
set. = -+ ofall equivalence classes » ¥ for 2 -, equipped with a distance metric 3
satisfying all metric axioms in De nition 1.3.1(b) so that the class map - ! . de ned

by 7! » Y is Lipschitz continuous in the sense of De nition 1.3.4. If an equivalence
is de ned by an action of a group on -, the moduli space is also denoted by -« . 1
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Moduli spaces are also called quotient spaces or spaces of orbits. The adjective metric
means that a moduli space is equipped with a metric satisfying De nition 1.3.1(a).

Algebraic geometry studied moduli spaces in more general settings [48], usually
for varieties de ned by polynomial equations and considered under actions of linear
groups, not involving permutations and metrics. However, the recently emerged area
of Metric Algebraic Geometry [9] started to explore metrics on moduli spaces. Geo-
metric Data Science (GDS) goes further by requiring polynomial-time algorithms for
complete invariants with continuous metrics, and adds the realisability and Euclidean
embeddability to parametrise moduli spaces similar to geographic maps of Earth.

De nition 1.4.2 (cloud spaces CISTR<° and CRS!R;<°). (a) For the col-
lection (*R7;<° of all <-point sequences #e+++*—? 2 R, the moduli space
(*R7; <°«SE'R~° was previously called a shape space[32]. Under the extra action
of the permutation group, the moduli space {tR°«1SELIR™ ( °= Ze( will
be called the Cloud Rigid Space and denoted by CRSR

(b) Under isometry, not distinguishing mirrorimages, the space (dRe:ER™° ( °
will be called the Cloud Isometry Space and denoted by CI&R ]

De nition 1.4.2 is motivated by the fact that points are unordered (unlabelled) in most
practical scenarios. Then the equivalence relation is de ned by the actions 6P EIR
and the permutation group-( Though atoms in molecules are labelled by chemical
elements and sometimes electric charges, many simple molecules such as bghigene C
consist of many indistinguishable atoms, whose permutation greup ¢ consists of
161°2 (more than half a million) permutations. These challenges motivated geo-mapping
problems for nite and periodic sets of unordered points.

For all 2-point clouds (sets of two distinct unordered points) TntReir inter-point
distance 3 is a complete invariant under isometry. In this case, the Cloud Isometry
Space CIStR; 2° is the interval 10— ,1° parametrised by the distance 3.

For any Euclidean cloud , its input size j j is the number of points, because the
required computer memory is proportional to j j, for a xed dimension =. If isa
subset of a metric space, then can be given by a distance matrix of size j j

If R ~isaperiodic set of points, its input size j j can be de ned as the number
of points in a minimal cell whose periodic translations de ne the in nite set .

All computational complexities will be considered in the Random Access Memory
(RAM) model, where any numerical value can be accessed in a constant time.

De nition 1.4.3 (the big $ notation for computational complexities). Let an algo-
rithm have an input size <. For a function 5 1<°, an algorithm has the computational
complexity $15 1<°° f the total number of required operations, including additions,
multiplications, and evaluations of elementary functions has an upper bound 2 5 1<° for
a constant 2 and all su ciently large <. If 5 is a linear or polynomial function of <,
the resulting algorithms have a linear or polynomial time, respectively. I

For ordered points 1>+ +—?2 R, their distance matrix can be computed in time
=i= 10 . : .
$1=20 pecause we need orﬂyz— distances jg ? gjforl 8Y 9 =,



1.4 The geo-mapping problem for data objects under equivalences 11

De nition 1.4.4 (homeomorphism and embedding). A homeomorphism 5 is a bi-
continuous bijection, i.e. both 5 and %ire continuous. Then anembedding 5 : - !.

is a homeomorphism on image, i.e. - | 5-°is a homeomorphism. |

Since all our spaces have metrics, the goal is to guarantee the Lipschitz continuity
in the sense of De nition 1.3.4 so that all embeddings have Lipschitz constants.

While we state Problem 1.4.5 in full generality below, the reader can keep in mind the
partial case of 3-point clouds (triangles) under Euclidean isometry in the pfaf@ur
typical distance 3 on a space - is the bottleneck distance BD from Example 1.3.3(b),
which can be in nite for periodic sets, sa 3may not be a metric satisfying De ni-
tion 1.3.1(a). Even for nite sets, the bottleneck distance BD is impractical to compute
via exponentially many permutations. Problem 1.4.5 aims to replace a complicated
moduli space -+ with a simple metric space " of geocodes, as formalised below.

Problem 1.4.5 (Geo-Mapping Problem). For any space - of objects with a distance
3. and an equivalence relation , design a geocode de ned as an invariant :-1!"
with values in a metric space " satisfying the following conditions.

(a) Completeness: objects — 2 - areequivalent( )ifandonlyif 1= 19,

(b) Reconstruction: any object 2 - can be reconstructed from its invariant value
102" uniguely under the given equivalence.

(c) Metric: there is a metric 3 in the invariant space f-g=f*°j 2-g ",
satisfying all metric axioms in De nition 1.3.1(a).

(d) Continuity: is Lipschitz continuous in the sense of De nition 1.3.4: there is a
constant _ j Osuchthat,foranyY 0,if31—-° Y, then3. 110_ 100 Y,

(e) Inverse continuity: there is a constant ~ j 0 such that, for any X 0, if
3« 1 10_ 100 X thereisan equivalence 5 satisfying35t°-©° "X,

(f) Realisability: the invariant space f-g =f1°j 2 -g can be parametrised so
that we can generate any value ! ° 2 f-g realisable by some object 2 -.

(9) Euclidean embedding: the invariant space f-g=f1°j 2 -g with the metric
3. allows a bi-Lipschitz embedding into a Euclidean spafefé an integer #.

(h) Computability: x a metric space containing all objects of -, then the invariant

1 92in (a), a reconstruction of from 1 °©in (b), the metric 3- 1 1 °—~ 190 in (c),

an equivalence 5 in (e), the generation of a new value in f-g, and an embedding
f-g R * can be algorithmically computed in polynomial times of the input size. A&

Completeness in 1.4.5(a) formalises the rst main question (same or di erent?)
in Geometric Data Science by requiring that a geocode is a complete invariant
code unambiguously representing any given object. Then de nes a bijection be-
tween the moduli space - and the invariant space f-g ". Completeness
alone is impractical because one can de ne as the entire collection of images
10=f51 0 forall equivalences 5 g, which is in nite for most equivalence relations.

The reconstruction in 1.4.5(b) is stronger than the completeness, because a complete
invariant can be abstract or too complicated without an algorithmic reconstruction. For
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instance, a human ngerprint and a genetic code are practically used for identifying
humans but are insu cient (yet) to grow a genetic replica of a living person.

The metric requirements in 1.4.5(c) are justi ed by recently designed distances 3
on point clouds [43], which guarantee pre-determined outputs of several clustering
algorithms, such as :-means and DBSCAN, if a distance 3 between points is allowed
to fail the triangle inequality, even with any small additive error.

The Lipschitz continuity in 1.4.5(d) in the bottleneck distance is motivated for
atomic-scale objects by the fact that atoms vibrate around their average positions.

The inverse continuity in 1.4.5(e) allows us to deform a geocode ! ° and continu-
ously trace the evolution of reconstructed objects . Exact values of Lipschitz constants
_—arelessimportant than their existence, because one can always scale down a metric
3 to make _in 1.4.5(d) smaller, then the constant " in 1.4.5(e) will be larger.

Conditions 1.4.5(c,d,e) formalise the second main question (if di erent, by how
much?) by requiring that a geocode is a bi-continuous invariant.

For most objects in this book, the initial metric 3vill be the bottleneck distance
BD. However, the continuity in conditions 1.4.5(d,e) for BD might be unrealistic for
some in nite objects, such as periodic lattices. In this case, an initial space - will
consist of nite inputs with bottleneck-type metrics, e.g. lattice bases under isometry.

The realisability in 1.4.5(f) justi es the name geocode as an analogue of geographic
coordinates and requires an explicit description of all realisable values in the invariant
space f-g similar to all hospitable places on Earth. This realisability in 1.4.5(f) is
stated in purely mathematical terms and can be extended for practical applications
by additionally requiring that * ° is realised by a physical object . For instance, a
distance 3 between atoms cannot be any positive number, so 2-atom molecules have
this distance 3 in a small range within the full moduli space CFs2R = 10— 1°.

The Euclidean embeddability in 1.4.5(f) converts ! © into a vector in somefn R
with usual Euclidean distance, which can be used as an input of machine learning algo-
rithms. However, the space exploration, such as a deformation or sampling of invariant
values, should be performed in the invariant space f-g, because the complement
R* n f-g consists of arti cial values that are not realisable by any objects.

The polynomial-time computability in 1.4.5(h) glues all previous conditions and
makes Geo-Mapping Problem 1.4.5 notoriously hard even for nite sets of < 4
unordered points under isometry irf,Rvhich were classi ed only into discrete types
such as squares and parallelograms, through they live in a continuous 5D space.

A full solution to Problem 1.4.5 enables a continuous exploration of a complicated
moduli space -+ by directly sampling geocodes in the invariant space f-g.

Machine learning often relies on latent spaces of descriptor values, which can be
ambiguous due to non-invariance or incompleteness, or discontinuity under noise.

For any real data under a given equivalence, Geometric Data Science aims to replace
all latent spaces with invariant spaces, which should be parametrised by fast geocodes.
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In the geographic analogy, a example geocode of any position on Earth (considered
as a round sphere) consists of the latitude and longitude coordinates in the realisable
ranges » 90—90%, and * 180-,180 ¥%. More exactly, the (interior of the) rectangle
'=»90 —90% » 180 —,180 Y4 continuously maps to sphetelthis parametrisation
assumes that the horizontal edges of ' (all geocodes with a latitude e©®0 ) map
to the north and south pole, respectively. We should also glue the vertical edges of '
(all geocodes with longitudes 180and a xed latitude) to a single meridian of (

Apart from these boundary identi cations, geocodes have real values in known
ranges and have enabled navigation on Earth. Indeed, the shortest way from the US to
Japan is to cross the International Date Line over the Paci ¢ Ocean, where the longitude
changes from 180to,180 .Hence, complete invariants of data objects become much
more valuable with a continuous metric to nd shortest paths in a moduli space.

The vision of Geometric Data Science is to develop such geographic-style maps
(brie y, geomaps) for moduli spaces of all real objects under practical equivalences.

These geomaps have analytically de ned invariant coordinates and substantially
di er from outputs of dimensionality reduction algorithms for the following reasons.

Firstly, many such algorithms are stochastic in the sense that their outputs for the
same input data can di er on runs with random seeds or on di erent machines.

Secondly, even if a dimensionality reduction is deterministic, such as Principal
Component Analysis, the underlying algorithm is data-driven in the sense that adding
new data changes the output projection of all data. Moreover, the coordinates of the
resulting projections are so complicated that it is impractical to write them down.

Thirdly, any dimensionality reduction as a function R R “for<j= 1is
either discontinuous, i.e. makes close points distant, or collapses an unbounded region
of R® to a single point, i.e. loses an in nite amount of data [35]. Hence, dimension-
ality reductions can produce nice pictures, but a justi ed analysis of similarities and
di erences should use invariants and distances in the original high-dimensional space.

When we choose 2 or 3 invariants for a low-dimensional projection of a geomap, we
know all other skipped invariants and hence can expand any cluster or hot spot from
the rst projection in other coordinates. Most importantly, adding new data to geomaps
keeps the locations of all past data similar to mapping new places on a geographic map,
because the invariant coordinates are de ned in a data-independent way.

We considered the name Metric Data Science since it is similar to Metric Algebraic
Geometry [9]. The progress beyond metrics towards geographic-style maps [10] of
moduli spaces motivated the extra pre x in the name of Geometric Data Science.

1.5 Solutions to the geo-mapping problem in the simplest cases

This section discusses Examples 1.5.1-1.5.4, which solve Problem 1.4.5 for nite sets
of unordered points under rigid motion and isometry mf& the simplest known cases
of dimension = = 1, up to < = 3 points in B and for cyclic polygons in R
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Example 1.5.1 (geocodes of nite point sets in R). In dimension = = 1, any nite set
R consists of naturally ordered points 2Y 22 Y Y 2.

(a) Since any rigid motion in R is a translation, the rst point @an be xed at the
origin 0 2 R. Then the sequence ¥ Y 2< is uniquely determined by the geocode
10=13 j—eee—3 °0fthe< ldistances 3= ?g1 ? g Where the only realisability

conditionis 30,8 = 1-+++—< 1. The Cloud Rigid Space is CRS!R; <° ?]R.

(b) Any isometry in R is a translation or its composition with the re ection G 7!
G, which reverses the order of all points of and the order of the distanggs 3
SO that 13—eee—=3 © 7! 13.1 —e¢¢—3 Under isometry in R, the geocode 1°
is the unordered pair of these distance vectors it RThe Cloud Isometry Space
is CISIR;<® = R<! «, where the equivalence relation reverses the order of all
coordinates. If < = 2, then CISIR;2° = 10— 1° = CRS!R;2°. If < = 3, then
CISR;2° = f1G—H° 22RO Y G Y Hg for G = minf33g, H = maxf3- 3g. _
Example 1.5.2 (geocodes for < = 2 points in7lR (a) For pairs of unordered points
?— @ inRone complete invariant under isometry is the inter-point distance 3 = j? @],
because we can x ? at the origin 0 2Ry translation and then apply rotation from
O1R™° to the point @ at the distance 3 in the positive 1st coordinate axis of R

The distance 3 has Lipschitz constant _ = 2, because perturbing each of the points
?— @ upto Y changes their distance 3 = j? @j upto 2Y due to the triangle inequality.

To check the inverse continuity, let 2-point clouds =f?-@gand =fD-{ginR
have X-close distances 31 ° = jp gjand 31 °=ju vjsothatj31° 31°j = X.Let
5 be the isometry that translates the point ? to D and then rotates the vector g p around
the point D with an orthogonal matrix from G*Ro make 5 1q p° parallel to the xed
vector v u. Since 51?° =D, the di erence of parallel vectors can be estimated by the
di erence of their lengths: j51q° vj=j51q p° v u°j =j31° 319 =X,
so the image 51 ° is X-close to . We can even additionally shift the 2-point cloud
51 9 along the straight line through the points of to put each point of (the image

of) at a distance ofé from its closest point of . Hence, the Lipschitz constant in

condition 1.4.5(e) is * == sothat " = 1. The realisability condition for an inter-point
distance is 3 j 0. The moduli space CISER° = 10— ,1° is embedded in R.

(b) If the given points ?— @ are ordered, all conclusions in part (a) remain valid in
dimensions = 2, also under rigid motion instead of isometry, because any vectors in
R~ can be made parallel by rigid motion. In R, the complete invariant of two ordered
points ?— @ under rigid motion (translation) is the di erence ? @. The Cloud Rigid
Space CRS!R; 2° = R n fOg excludes the degenerate case of identical points ? = @. _

Fig. 1.3 (left) illustrates Geo-Mapping Problem 1.4.5 by geocodes parametrising
geographic-style maps for moduli spaces of 3-point clouds (triangles) under isometry.

Example 1.5.3 (geocodes for < = 3 points in“R (a) The side-side-side theorem in
Euclidean geometry says that any triangles are congruent (isometric, in our language)
if and only if they have the same triple of side lengths, under permutations.
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Fig. 1.3 Left: a geocode from Problem 1.4.5 is illustrated for triangles (3-point clouds) whose
isometry classes form a moduli space, which can be mapped like Earth. Right: the Cloud Isometry Space
CISIR; 3¢ is continuously parametrised by triples of inter-point distances0 Y0 1 2 0, 1.

An isometry in the plane can reverse orientation, so the vertices of a triangle are
unordered. Since a triangle is considered a cloud of 3 unordered points, its three inter-
point distances can be written in increasing order, sayO Y 0 1 2.

The side-side-side theorem implies that the ordered triple 10— 1-2° is a complete
invariant of 3 unordered points under isometry in the plane and hence in any R
Similar to Example 1.5.2, the distances 0— 1-2 are continuous under perturbations with
Lipschitz constant _ = 2. The inverse continuity in 1.4.5(e) is harder and will be tackled
in forthcoming work. The only realisability condition is the single triangle inequality
2 0,1, which is the upper bound for the largest distance. Then the Cloud Isometry
Space CIS!R; 3° is the triangular cone f10-1-2°2jBRY0 1 2 1, 2g.

Under homothety (isometry composed with uniform scaling), this cone projects to
the smaller moduli space represented by the yellow triangle in Fig. 1.3 (right).

The red diagonal fO = 1 = 29 represents all equilateral triangles. The boundary
planesfO =1 2gandf0 1 = 2g representtwo types of isosceles triangles: \more
horizontal" and \more vertical", respectively. The third boundary plane f2 = 0, 19
represents degenerate triangles of three points in a straight line.

(b) Under rigid motion in any Rfor = 3, all conclusions remain valid, because a
mirror re ection in R? can be realised by a rotation irT Rvith a matrix from SOR®.
Then, for = 3, the Cloud Rigid Space CRS*R3° is the same cone as in part (a).

In the plane R, any rigid motion preserves the cyclic order of 3 points (vertices
of a triangle). Then the complete invariant is a triple 10— 1—2° of inter-point distances
satisfying maxfO—1g 2 0, 1, sothe shorter distances 0—1 can be in any order. The
resulting Cloud Rigid Space CRSZf8° is obtained by gluing two copies of triangular
cones CIS!R: 3° along their boundaries, where 3-point clouds are mirror-symmetric.

While CIS!R; 3° is embedded in Rfor any = 2, Euclidean embeddability of
CRS!R; 3° needs a higher-dimensional space iR condition 1.4.5(g). _
Example 1.5.4 (geocodes of cyclic polygons iR)R A polygon polygon in R is cyclic
if its vertex set is a subset of a circle of a radius (say) A j 0. Then all points of are
cyclically ordered along this circle, say ag-? « « <2 Since the centre of the circle can
be xedat0 2 R, the set is determined, uniquely under rotation from SG*pby the
< cyclically ordered inter-point distanceg £ j?g 1 ? g, 8 = 1—+¢+—<,where? =
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?1. The geocode of under rigid motion in Ris the sequence 1° = 1]—eee_P
limder cyclic permutations. [41, Theorem 1.8] provides the realisability conditip¥: 1

1gfor 9 = 1—eee—< Under isometry ify Rie sequence 4%+« —P should also
8<9

be considered under reversing the ordef—de e =P 7! 11 —eoeo 42

Euclid might have drawn a geomap of triangles from Example 1.5.3(a) on sand more
than 2000 years ago. Hence, it was surprising that even the case of < = 4 unordered
points in K remain opened until complete, Lipschitz continuous, and polynomial-time
isometry invariants were developed in 2023 for < unordered points in ar¢®.

1.6 Related areas and connections of Geometric Data Sciences

This section brie y relates Geometric Data Science to other areas in mathematics, data
science, and computer science. Later chapters will review past work on speci ¢ data.

Our classi cations of geometric objects by invariants were inspired by the famous
question Can we hear the shape of a drum? [31], which has the negative answer in terms
of 2D polygons indistinguishable by spectral invariants [26, 27]. Problem 1.4.5 went
beyond complete classi cations for even better invariants that satisfy extra conditions
in 1.4.5(b-h) to allow us not only “hear' but more fully “sense' geometric shapes, e.g.
equivalence classes under rigid motion in any. Rroblem 1.4.5 can be informally
rephrased as a short question: can we sense the shape of a real object?

Though Geo-Mapping Problem 1.4.5 will be re-phrased for various discrete objects,
the original statement covers all possible data under arbitrary equivalence relations. In
this book, our data objects will be nite and periodic sets of unordered points, which
represent atoms in molecules and materials. Other important objects include embedded
graphs, polygonal surface meshes, and simplicial complexes. Our standard equivalences
are rigid motion, isometry, and their compositions with uniform scaling. Weaker but
still practical equivalences are de ned by a ne, projective, and conformal maps, or
actions of speci c linear groups on subsets 6f & in classical algebraic geometry.

The generality of Geo-Mapping Problem 1.4.5 and the recent progress in the practical
cases of nite and periodic point sets justi ed the birth of Geometric Data Science
[49, 34, 3] as a new area on the interface between metric geometry and data science.

Statistics, data analysis, and shape analysis considered a similar object-oriented
approach [38], often for continuous shapes, such as curves and surfaces, under more
complicated equivalences, including re-parametrisations or di eomorphisms.

The carefully written book \Object-oriented data analysis" discussed the concepts
of equivalence relations and classes ( bres or orbits) in [38, section 1.2.2] in the case of
triangles under congruence as in Example 1.5.3(a), though without mapping the Cloud
Isometry Space CISTR3° as in Fig. 1.3(b). Since the keyword invariant appeared
once in [38, p.184], section 1.2 added more mativations and examples of invariants.
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Several books on classical invariant theory [40, 33, 22] discuss invariants in the con-
text of algebraic geometry for solutions of polynomial equations, usually under actions
of linear groups with elements in Q or C, not involving translations or permutations, as
discussed with B.Hasset [28] and F.Kirwan [39] in private communications.

In real algebraic geometry, the invariants are also studied for (semi-)algebraic sets
[8, 45], including important computational aspects [18, 47]. The recent book \Metric
Algebraic Geometry" [9] moved beyond invariants towards distance metrics after the
earlier workshop on \Emerging applications of algebraic geometry" [42].

The key di erence of this book from algebraic geometry is the focus on discrete sets
of unordered points coming from real data, such as atomic con gurations.

Discrete sets of points have been studied in discrete geometry [37] and rigidity
theory [1], often for ordered points. This case also has practical applications in proteins,
though unordered (unlabelled) sets are more common in real data.

Topological Data Analysis [23, 19] developed persistent homology summarising the
evolution of complexes built on discrete data [15, 30]. For point clouds, the resulting
persistence diagrams are invariants under isometry, which are usually computed in
dimensions 0 and 1 due to the high complexity, and turned out to be weaker than
previously anticipated [46] in comparison with isometry invariants in Chapter 4.

In Topological Robotics, M.Farber [24, Chapter 1] studied moduli spaces of linkages
(or robot arms). A linkage is a polygonal line of straight segments with potential
intersections in the plane orRIf a linkage is a closed polygon, its vertices are cyclically
ordered. If ;—e+ ¢ *<;are xed lengths of straight segments between successive points,
the topology of the resulting moduli space "i++¢ <2 was described for generic
lengths [24, Theorem 1.3] and for many singular cases [24, Theorem 1.6] in terms of
homology [24, Theorems 1.7, 1.21] and cohomology [24, Theorems 1.24-1.29].

In Computer Science, the interest in the geometry of data has risen due to the
in uential area of \Geometric Deep Learning" [12, 13] advocating for the invariance
of inputs or outputs under actions of SE?Rr EXR° in machine learning algorithms.

All these related developments essentially inspired the new area of Geometric Data
Science, whose foundational concepts are highlighted in Fig. 1.4 (left).

The logo-style image in Fig. 1.4 (right) shows two quadrilaterals (a vertical kite in
green and yellow, and a horizontal trapezium in red, yellow, and blue) whose vertex
sets (clouds of 4 unordered points) are indistinguishable by 6 pairwise distances.

1.7 The chapter plan: from easier to more challenging data

This section outlines the plan of all further chapters, which are split into two big parts:
nite point sets and periodic point sets, which will be mostly studied under isometry.
In the rst part, Chapters 2-6 solve partial cases of Problem 1.4.5 for nite point sets.
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Fig. 1.4 Left: the key concepts are introduced in De nitions 1.2.1, 1.2.5, 1.3.1, 1.3.4, and 1.4.3,
all linked in Problem 1.4.5. Right: the main objects are nite and periodic sets of unordered points,
including lattices in R whose space under rigid motion was the rst solution to Problem 1.4.5.

Chapter 2 discusses complete, bi-continuous, and linear-time invariants [2] for nite
sets of ordered points under rigid motion i, Rvhich exposed thousands of duplicate
chains in the Protein Data Bank within a few hours on a modest desktop computer.

Chapter 3 leverages Principal Component Analysis to get complete and polynomial-
time invariants for nite clouds of unordered points under rigid motion m R

Chapter 4 introduces Pointwise Distance Distribution. The PDD is a fast and generically
complete isometry invariant of nite and periodic sets of unordered points. This chapter
proves that the PDD is complete for all 4-point clouds under isometryin R

Chapter 5 re nes the isometry invariant PDD to a stronger Simplexwise Distance
Distribution (SDD) for a nite cloud of unordered points in any metric space. Despite
having a higher (polynomial-time) complexity, a simple de nition of SDD allows us to
distinguish all known non-isometric clouds irf Bhat have identical PDDs.

Chapter 6 improves SDD to a Simplexwise Centred Distribution, which is a complete,
Lipschitz continuous and polynomial time invariant of all point clouds under rigid

motion in K. The hardest obstacle in the proof of Lipschitz continuity was resolved by
a strength of a simplex, which is a linear-growth analogue of the simplex volume.

In the second part, Chapters 7-11 solve partial cases of Problem 1.4.5 for periodic sets.

Chapter 7 de nes complete invariants for ordered sequences of points (under several
versions of isometries in R R*) that are periodic along the rst coordinate axis.

Chapter 8 expands the classical approaches of Gauss, Lagrange [17], and Delone [7],
who studied lattices via quadratic forms, and the more recent work of Conway and
Sloane [16] to solve Problem 1.4.5 for all periodic lattices under rigid motiorfin R

Chapter 9 discusses density functions, which extend the point density of periodic point
sets to generically complete invariants under isometryinTRese density functions
will be analytically described for all periodic sequences of intervals within R.

Chapter 10 extends PDDs from nite to periodic point sets, proves their generic
completeness under isometry ifi,Rnd describes their asymptotic behaviour.
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Chapter 11 re nes the seminal work of Dolbilin, Lagarias, and Senechal [21] to build a
complete invariantisoset with Lipschitz continuous metrics, which can be approximated
by polynomial-time algorithms for all periodic point sets in.R

Chapter 12 summarises the most signi cant results and experimentally veri ed prin-
ciples, which inspired new concepts of geometric structures for crystals and molecules.
A brief history of developments concludes with future directions and highlights several
open problems, some of which can be accessible to school students and are partially
inspired by V.I.Arnold's \Problem for School Pupils" in [5, Chapter 6].
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Chapter 2

Sequences of ordered points under rigid motion in
Euclidean spaces

Abstract This chapter discusses complete invariants of nite sets of ordered points
under rigid motion in Euclidean spacé Rfter discussing distance matrices, we adapt
Geo-Mapping Problem 1.4.5 for protein backbones, which are non-degenerate polygonal
chains in R. Further sections describe the linear-time Backbone Rigid Invariant (BRI)
and all-vs-all comparisons of chains in the Protein Data Bank.

2.1 Classical invariants and shape spaces of ordered points

This section reviews past approaches to classify sequences of ordered points X?

under rigid motion or isometry in R In the case of isometry, a complete invariant of
the sequence 12+ ++—7 known at least since 1935 [23], is the matrix of pairwise
distances. An alternative (complete) isometry invariant is the Gram matrix of scalar
products g pg [25, chapter 2.9], which can be expressed in terms of the distance
matrix and vice versa. Since these matrices do not distinguish mirror images, we state
the Euclidean version of Problem 1.4.5 for any nite sets of ordered points below.

Problem 2.1.1 (partial case of Problem 1.4.5 for sequences under rigid motion)in R
Design amap on nite sets of ordered points in Ratisfying the conditions below.

(a) Completeness: any sequences — Tare related by rigid motion( )inR ~
ifand onlyif t°= 19

(b) Reconstruction: any sequence  Rof ordered points can be reconstructed from
its invariant value * °, uniquely under rigid motion.

(c) Metric: there is a distance 3 on the invariant space f 1 °jsequences ~dR
satisfying all metric axioms in De nition 1.3.1(a).

(d) Continuity: there is a constant _ such that, forany Y j O, if is obtained from by
perturbing every point of up to Euclidean distance Y, then 31 1 ¢~ 100 Y,

23
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(e) Computability: for a xed dimension =, the invariant 1 °, and the metric
31 10 100 ¢cgn be computed in times that depend polynomially on the maximum
size maxfj j—j jgofsets — R ~. A

Problem 2.1.1 will be solved in section 7.2. Further sections of this chapter will
solve a non-degenerate version of Problem 2.1.1 for protein backbone$ se®
Problem 2.2.2. The following concepts will be essentially used later.

De nition 2.1.2 (a ne dimension). The ane dimensiona*°®ofacloud R ~
of points 24—« +—?is the maximum dimension of the vector space generated by all
inter-point vectors p p gfor8—9 2 fl—eee—<g. ]

The a ne dimension a t °is an isometry invariant and is independent of the order
of points of . Any cloud of 2 distinct pointshasa  © = 1. Any cloud of 3 points
that are not in the same straight line has a * © = 2. Lemma 2.1.3 provides a criterion
for a matrix to be realisable by squared distances of a cloudin R

Lemma 2.1.3 (realisation of distances). (a) A symmetric < < matrix of 8 0 with

Bs= Oisrealisable as a matrix of squared distances betwgen02 37—« I.S. -7 2R
8, Bog Bsgog
——— has

for some =if and only if the 1< 1° 1< 1° matrix of 6 gg= >

only non-negative eigenvalues.

(b) If has only non-negative eigenvalues, thena 10+ ¢ «—7 ° equals the number

< 1 =of positive eigenvalues of . In this case, 6 g9= ?g ?9de ne the Gram
matrix of the vectors 2-+«+—3 2 R, which are uniquely determined in time $£&
under a map from Ot=°,

Proof of Lemma 2.1.3. (a,b) We extend [5, Theorem 1] to the case < Y =, 1 and nd
?1—eee—7 2 R7intime $< 30, uniquely under an orthogonal map from O=°,

The part only if ). Let a symmetric matrix ( consist of squared distances between
pointsthe 3 =0—3—¢**—<2 2 R".For8—9 =1-+¢¢—< 1, the matrix of

_ g, Bog Bgo_ 22,2 d° i?8 ? o?

6g0= =7 ?
89 2 2 8 79

is the Gram matrix, which can be written as =)%%, where the columns of the
= 1< 1° matrix % are the vectors 7—e++—7 . For any vector { 2 R! , we have

0 j%{j? = 2%0{0 29%{> = { 1A %°{ ={ {°

Since the quadratic form {{ O forany { 2 R <1, the matrix is positive semi-
de nite, i.e. has only non-negative eigenvalues, see [9, Theorem 7.2.7].

The partif (. For any positive semi-de nite matrix , there is an orthogonal matrix
& such that & & = is the diagonal matrix, whgse < 1 diagonal elements are
non-negative eigenvalues of . The diagonal matrix consists of the square roots of
the eigenvalues of . The number of positive eigenvalues of equals the dimension
c=af0-?1—++<7 g° of the subspace that is linearly spanned py+?*—<7 .
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We may assume that all : = positive eigenvalues of corresand to B1e rst :
coordinates of R Since & =& 1, the givenjmatrix =& & ) =1& ©°1&
becomes the Gram matrix of the columns of & These columns become the recon-
structed vectors {Z2+¢e—2 2 R".

If there is another diagonalisatiél &= Tfor & 2 O=°, then i ers from
by a permutation of elgenﬁalues F5(vh|ch is realized by an orthogonal map, sorgve set
.Then = & & = °1 & ©°) isthe Gram matrix of the columns &f
The new columns di er from the previously reconstructed vectoys <3« —7 2
R~ by the orthogonal map & . Hence the reconstruction is unique under O!=°-
transformations. Computing eigenvectoks-?+ «—? needs a diagonalisation of in
time $1< 3°, see section 11.5 in [20]. u

Chapter 3 in [16] discusses realisations of a complete graph given by a distance
matrix in K. Lemma 2.1.4(a) holds for all clouds, including degenerate ones, e.g. for 3
points in a straight line. Any points;2eee—?% 2 haveal? j—eee—3° = 2.

For example, any two distinct points in R generate a straight line.

Lemma2.1.4 (sequence reconstruction). (a) Any sequence of ordered ppits &#—?
in R™ can be reconstructed (uniquely under isometry) from the matrix of the Euclidean
distances j@ ? o in time $1<3°. If all distances are divided by ' = maXJ'?gj the

reconstruction of 2« ¢ *—?is unique under isometry and uniform scahng in.R

(b) If < =, the uniqueness of reconstructions in part (a) remains true if we replace
isometry with rigid motion in R. "

Proof of Lemma 2.1.4. (a) By translation, we can x; &t the origin. Let be the

. 0262, i? 4% (%8 ? 6 _
1< 1°1< 1°matrix6 go= > = ?g 29, Wwhere8—9 =2—eee_g,
which is obtained from the squared distances between the paimtD?2 3—o ¢« -2

By Lemma 2.1.3 if has : = positive eigenvalues, then?= 0—ee++—?can
be uniquely determined under isometry in RR ~ in time $1< 3, If all distances
are divided by the same radius ' = ma>g ?gj, the above construction guarantees

unigueness under isometry and uniform scalmg.

(b) If < =, any mirror images of ?,—e«++—?2 R, after a suitable rigid motion, can
be assumed to belong to an = 1°-dimensional hyperspace ~,Rvhere they are
matched by a mirror re ection ! with respectto an 1= 2°-dimensional subspace
( ,whichisrealized by the 180 orientation-preserving rotation around (. u

Lemma 2.1.4(b) for < = = = 3 implies that any triangle is determined by its sides,
uniquely under rigid motion in R For example, sides 3—4-5 de ne a right-angled
triangle whose mirror images are not related by rigid motion within a plane 3R
but are matched by a rigid motion in and a 18@otation of R around a line in .

The di erence between the matrices of distances or scalar products can be converted
into a continuous metric by taking a matrix norm. These matrices are preserved under
any mirror re ections. Hence, these invariants are incomplete under rigid motion.
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One can de ne the sign of orientation on some (or all subsets of) =, 1 points from
a given sequence. This extra sign is discrete and vanishes for degenerate con gurations
for =, 1 points that a nely span a :-dimensional subspace if®r: = 1.

Another attempt to satisfy the Lipschitz continuity in Problem 1.4.5(d) is to multiply
the sign of orientation by the volume of the simplex spanned by =, 1 points, say
?1—e++—=7 . In other words, one can take the signed volume of the parallelepiped
spanned by the vectorgp 1,8 =2—<++—=_1.Ifthe rst= 1 points are degenerate,
then the zero volume of their spanned parallelepiped does not give any extra information
to distinguish mirror images of the full sequence.

More importantly, the resulting signed volume is not Lipschitz continuous already
in dimension = = 2. Indeed, let us consider the triangle C° on the vertices * ;—0° and
10—-CY?, where ;—Y j 0 are xed constants (; is large, Y j Ois small),and C 2 » 1- 1Y
is a time parameter. The signed area of 1C°is C;Y, changing from ;Y atC = 1to;Y

. . 2;Y
at C = 1. Then the Lipschitz constant cannot be smaller than—=";Y. Then the
signed area can have a xed Lipschitz constant only for bounded triangles, not for all

triangles, because we can choose }61_‘10 make _=;Y :p;_ unbounded.

We will resolve this obstacle to Lipschitz continuity by a di erent function (the
strength of a simplex) in a later chapter. This section nishes by noting that a naive
extension of the complete isometry invariant (matrix of distances or scalar products)
from the ordered to < unordered points requires <! permutations. This exponential
complexity is ruled out by the polynomial-time requirement in 1.4.5(h). Indeed, <!
becomes too large already for < = 4 points: 4! = 24 matrices of size 4 4.

Each distance matrix is symmetric and has zeros on the diagonal, and hence can be
represented by only 6 distances. However, the total number of 24 6 = 144 distances
seems overwhelmingly unnecessary to unambiguously and continuously encode 4 un-
ordered points under isometry irf RChapter 4 will prove that a smaller 4 3 matrix
invariant is complete for any 4 unordered points under isometry’in R

In 1977, Kendall [13] started to study con guration spaces of ordered points modulo
rigid motion in R under the name of size-and-shape spaces [14]. If we consider
sequences equivalent also under uniform scaling, the smaller shape spame<
ordered points in Rcan be described as a complex projective spacé ‘C%ue to
the group SO*R being identi ed with the unit circle in the complex spacé € R2.
However, there is no easy description of the moduli sparef <-point sequences in
R3, which has no multiplicative group structure similar t RC?.

In a general metric space, let a sequence of < ordered points be given by their
< <distance matrix . Multidimensional scaling [15] nds an embedding R: (if
it exists) preserving all distances of " for a minimum dimension : <. The underlying
computation of < eigenvalues of the Gram matrix expressed via needs¥me.

The resulting representation of an embedded sequence - uRes orthonormal
eigenvectors whose ambiguity up to signs for potential comparisons leads to the time
factor 2 , which can be close to2and hence exponential in the number < of points.
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Further sections in this chapter follow papers [2, 26]. We are grateful to John
Helliwell, Therese Malliavin, Elspeth Garman, Lauren Porter, Erica Flapan, and all our
co-authors, especially Mariusz Jaskolski, Wladek Minor, and Alex Wlodawer for their
expert advice and support of mathematical foundations in structural biology.

2.2 The geo-mapping problem for protein backbones in R

A protein is a large biomolecule consisting of one or several chains of amino acid
residues. The primary structure (sequence) of a protein chain is a string of residue labels
(represented by one or three letters), each denoting one of (usually) 20 standard amino
acids [24]. The secondary structure consists of frequent semi-rigid subchains such as
U-helices and V-strands [17]. A sequence of a protein is relatively easy to experimentally
determine but important functional properties, such as interactions with drug molecules,
depend on a 3-dimensional geometric fold (a tertiary structure) represented by an
embedding of all its atoms inR see Fig. 2.1 (left).

Fig. 2.1 Left: all mainatoms #, s, go0fa protein chainform a backbone embeddedinViddle:
tlaach triapgle 44 g 8 de nes an orthonormal basisgt {s— | s. The coordinates of the bond vectors

"gH#g1,#81 81, 81 81 inthis basis form the complete Backbone Rigid Invariant BRI. Right:
All rigidly equivalent backbones form a single rigid class. All rigid classes form the Backbone Rigid
Space. The image schematically illustrates four di erent classes of simple polygonal chaihs in R

In 1973, Nobel laureate An nsen conjectured that the sequence of any protein chain
determines its 3D geometric fold [1]. Following this conjecture, neural networks such
as AlphaFold2 and RosettaFold [11, 3] optimise millions of parameters to predict a
protein fold from its sequence, but need re-training [10] on the growing Protein Data
Bank (PDB), which is considered a “gold standard’ for experimental structures [4].
The reported accuracies of prediction are often based on the LDDT (Local Distance
Di erence Test) [18, p. 2728] and TM-score [27], which fail the metric axioms. Then
clustering can produce pre-determined clusters and may not be trustworthy [21].

Backbones of the same length (number of residues) can be optimally aligned to
minimise the Root Mean Square Deviation (RMSD) between corresponding atoms [8].
This RMSD is slow to compute for all pairs of proteins and gives only distances without
mapping the protein universe (moduli space of proteins under rigid motion).

We develop a di erent approach by mapping the space of protein backbones in
analytically de ned coordinates similar to geographic-style maps of a new planet.
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Any embedded protein in¥Rcan be rigidly moved, which changes all atomic coor-
dinates. However, the underlying structure remains the same in the sense that di erent
images of a protein under rigid motion have the same properties in a xed environment.
Though proteins are exible, it is important to distinguish their rigid structures that can
interact di erently [6] with other molecules, including medical drugs.

De nition 2.2.1 (Backbone Rigid Space BRLS. A protein backbone is a sequence of
< ordered triplets of main chain atoms (nitroges, #)-carbon g, and carbonyl carbon

g) given by their positions in R The structure of a backbone, or a protein chain (with
all side chains), or a biomolecule consisting of several chains is the equivalence class
of this geometric object under rigid motion i RFor any < 1, the classes of all
backbones of < triplets under rigid motion form the Backbone Rigid Space BRIS

Backbones were studied by incomplete invariants such as torsion angles, which allow
false positive pairs of non-equivalent backbones (& with 1(° = 1&°. Because all
atoms in a backbone ( are ordered, their distance matrix determines{, uRiquely
under isometry, but has a large quadratic size in the number < of residues and fails
to distinguish mirror images. Adding a sign of orientation creates discontinuity for
polygonal chains that are almost mirror-symmetric.

Problem 2.2.2 adapts Geo-Mapping Problem 1.4.5 to protein backbones. The com-
pleteness in 1.4.5(a) is restricted to polygonal chains, where each triplet of atoms
#g- g— gis notin a straight line, as we have checked for all experimental structures in
the PDB. The polynomial-time condition in 1.4.5(h) is strengthened to linear time.

Problem 2.2.2 (geo-mapping for protein backbones). For any < 1, design a map
:BRIS< | R # for some # satisfying the following conditions.

(a) Completeness: any backbones (—& 2 HRre rigidly equivalent if and only if
1(°= 1&°i.e. has no false negatives and no false positives.

(b) Reconstruction: any protein backbone ( Fan be reconstructed from its invariant
value 1(° uniquely under rigid motion.

(c) Metric: there is a distance 3 on invariant values satisfying all metric axioms in
De nition 1.3.1(a).

(d) Continuity: there is a constant _ such that, for any Y j 0, if & is obtained from ( by
perturbing every atom up to Euclidean distance Y, then 3* 1(°— 1&% Y.

(e) Atom matching: there is a constant ~ such that, for any backbones (- & with X =
31 1(°— 1&°° all their atoms can be matched up to a distance "X by a rigid motion.

(f) Realisability: the invariant space f-g =f1°j 2 -g can be parametrised so
that we can generate any value *° 2 f-g realisable by some object 2 -.

(9) Respecting subchains: for any subchain of residugs ' [' g oin a backbone
(, theinvariant *'g[ [' & ¢° can be obtained from (°in linear time $*9° with
respect to the length of the subchain.

(h) Linear-time computability: the invariant , the metric 3, a reconstruction in (b), and
a rigid motion in (e) can be computed in time $1<° for any backbone of < residues. /£
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The completeness in 2.2.2(a) means that is the strongest invariant and hence
distinguishes all protein backbones that cannot be exactly matched by rigid motion.
The reconstruction in 2.2.2(b) is more practical because may not allow an e ciently
computable inverse map from an invariant value (° to a backbone ( R

The continuity in 2.2.2(d) fails for invariants based on principal directions that can
discontinuously change in degenerate cases when eigenvalues become equal. The atom
matching in 2.2.2(e) says that, after nding a rigid motion 5 ¥ndhy atom ? 2 ( has
Euclidean distance at most "X to the corresponding atom @ 2 5&°.

Conditions 2.2.2(d,e) guarantee the Lipschitz continuity of and its inverse on the
image !BRIS° R #. Though Lemma 2.1.3 gives a two-sided criterion for the
realisability of distances by ordered pointg—3++—? 2 R~, the space of distance
matrices is highly singular and cannot be easily sampled. Since a random matrix of
potential distances for < j =, 1 is unlikely to be realisable by < ordered points in R
the realisability condition in 2.2.2(g) is non-trivial for the distance matrix.

Since Problem 2.2.2 asked for an invariant : BRISR ¥, the Euclidean embed-
dability in 1.4.5(g) hold automatically and has been replaced with condition 2.2.2(g),
motivated by secondary structures, which are subchains in full backbones.

The linear time in 2.2.2(h) makes all previous conditions practically useful because
even the distance matrix needs $3%time and space, substantially slower than linear
time $1<° for thousands of residues.

Past work on similarities of proteins is reviewed in [2, section 2]. Section 2.3
introduces the Backbone Rigid Invariant BRI : BRISR °<6 tosolve Problem 2.2.2
by Theorems 2.3.4, 2.3.7, 2.3.9. The numerical components of BRI play the role of
geocodes, which are geographic-style coordinates on the space. BRItre any
protein backbone has a uniquely de ned location. Section 2.5 describes how BRI
detected thousands of geometric duplicates in the PDB, some of which need updates.

2.3 Complete and bi-continuous Backbone Rigid Invariant

We start with the simpler triangular invariant that describes the rigid class of each
residue triangle 4# g gon three main atoms: nitrogerg#tJ-carbon g, and cagbonyl
carbon g for8 = 1-eee—<, see Fig. 2.1 (middle). For any points — 32I&j |

be the Euclidean length of the vectofrom to . The scalar and vector products

of vectors u—v 2 Rare denoted by u {and u {, respectively.

De nition 2.3.1 (triangular invariant TRIN). Let a backbone ( Rhave 3< ordered
atoms #, g g 8 = 1—---—<.|In thF plane of &4 3,|for the 2D basis obtained

by Gaussian orthogonalisation ofg#tg— g B the vector g#g has the coordinates

| |
Glghd =] gtgand Hi gt =0. Letx = ﬂ be the unit vector. Theng ghas

J ¢4,

|
the coordinates G =" g g xand Hlg ¢ =] g g G! g ¢X]in the direction
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orthogonal to x. The triangular invariant TRIN(° is the < 3 matrix whose 8-th row
consists of the coordinates G¥°, Gl g ,and Hlg L for8 = 1—eee—<, |

The 8-th row of TRIN2(° uniquely determines the rigid class ofgd¥ .

On May 4, 2024, the PDB had 213,191 entries with 1,091,420 chains. Protocol 2.3.2
below produced 104-688 49% entries with 707410 65% chains in 4 hours 48 min
11 sec. All experiments were run on CPU Core i7-11700 @2.50GHz RAM 32Gb.

Protocol 2.3.2 (selecting a subset of 707K+ chains in the PDB). The PDB was ltered
by removing the following entries and individual chains.

(1) 4513 non-proteins (the entity is labeled as "not a protein').

(2) 178153 disordered chains, where some atoms have occupancies Y 1.

(3) 201648 chains with residues having non-consecutive indices.

(4) 9941 incomplete chains missing one of the main atoms # s.

(5) 4364 chains with non-standard amino acids.

To guarantee new condition 2.2.2(e) respecting subchains, De nition 2.3.3 will repre-
sentatoms # 1— g 1— g1 inabasis of the previous 8-th residue. The rstresidue needs
only three invariants from De nition 2.3.1 to determine the rigid class ofi4# 1 in
R3. Due to cleaning in Protocol 2.3.2, all consecutive atoms along any backbone have
distances 3 0<0A and all angles in any residue triangle 4#; g are at least 3
which makes the bases of all residue triangles well-de ned in De nition 2.3.3 below.

De nition 2.3.3 (backbone rigid invariant BRI (° of a protein ba'ckbone (. Inthe nota-

tions of De nition 2.3.1, de ne the orthonormal basis vectorﬁu-,ﬂ, {s= jrl_Zj for
j st

! ! ‘g8 gfts

hs=" g g 1 g gHg 1g= T, and |g=ug { s The backbone rigid invariant

] &%
BRI (°isthe < 9 matrilxwholse 8-throw for8 = 2— ¢ « « — < contains the coe cients G— H-|

of the vectors g 1#g #g g g ginthe basisgi—f1—|g1. S0, for 8 = 2—eee—<,
thelz nine columns of BRIX(° contain the coordinates &{#¢— H1g 1#80—'I1 g 1#¢

of * g 1#g, followed by the three coordinates 91%0, Hig &P, 11#g &£ of #g gand

three coordinates Gg &, H1 g ¢, 11 g & of g g In the exceptional case 8 = 1,
the rst row of BRI*(° has only three non-zero coordinates G, G*; 1° and
H1 1°=H! ; 1°from the rstrow of the invariant TRIN(° in De nition 2.3.1. |

For a backbone of < residues, the rst row of the < 9 matrix BRI*(° contains
only three non-zero coordinates. Hence the matrix BRI1(° can be considered a vector
of length 91< 1° 3 = 9< 6. The simplest metric on BRIs as vectors in B ® is
I'1 equal to the maximum absolute di erence between all corresponding coordinates.

A small value X of } *BRI*(°— BRI*&°° guarantees by Theorem 2.3.9 that back-
bones (- & are closely matched by rigid motion. Another metric, such as Euclidean
distance or its normalisation by the chain length, has no such guarantees and can be
small even for a few outliers that can a ect the rigid structure and hence functional prop-
erties of a protein. Theorem 2.3.4 proves conditions 2.2.2(a,b,c,e,h) in Problem 2.2.2.
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All stated results below have references to the original papers with detailed proofs.

Theorem 2.3.4 (completeness, reconstruction, and subchains [2, Theorem 3.5]). (a)
Under any rigid motion in R the matrix TRIN2(° in De nition 2.3.1 is invariant, while
BRI(° in De nition 2.3.3 is a complete invariant, so any backbones (—& 3 Rre
matched by rigid motion if and only if BRI*(° = BRI*&°.

(b) For any backbone ( of < residues, the invariant BRI1(°, metric bn BRIs, and a
reconstruction of (R from BRI*(° can be computed in time $1<°.

(c) Let & be a subchain of 9 consecutive residues in a backbone¥ IfR includes

the rst residue of (, then BRI*&° consists of the rst 9 rows of BRI*(°. If & starts
from the 8-th residue of ( for 8 j 1, the rows 2— e+ +— 9 of BRI*&° coincide with the rows
8,1-¢¢+—8 9 1o0of BRI*(°. The 1strow of BRI*&° is computed from the 8-th row of
BRI1(° in a constant time, so BRI1&° is computed from BRI(° in time $19°, "

Corollary 2.3.5 (completeness under isometry [2, Corollary 3.6]). Any mirror image
( of a backbone (RS2 has the invarianBRI*(° := BRI (° obtained by reversing
the signs in all I-columns of BRI*(°. The unordered pair of BRI*(° aB®RI*(° is
complete under isometry. R

Since the realisability in condition 2.2.2(f) did not appear in [2, Problem 1.2], new
Lemma 2.3.6 describes the geometric realisability of non-degenerate polygonal lines in
R3. The physical realisability of protein backbones will be tackled in future work.

Lemma 2.3.6 (realisability of BRI). A sequence of < orde'red triplei\ts of points

#g g g 8 = 1—+++—<, is called non-degenerate if the vestorg and g g are

not parallel for 8 = 1-«e+e—< 1. The invariant space !BRI®, i.e. the collection of
BRIL(° 2 R%<% for all non-degenerate sequences ( of < ordered triplegs #- g,
consists of any sequence of numbers; j 0, G, H < 0, followed by < 1 triples of vectors
ag- k@ 8 = 2—+++—<, such thghad kyare not parallel for8 = 2—eee—< 1. i

Proof. The rst three numbers ; = jg g, G = Glg ¢, H = Hlg & form the
triangular invariant TRIN(° fron? De nitior} 2.3.1. The realisability conditions ; j O

and H < 0 mean that the vectorg#g and g g are not parallel and hence de ne
the orthonormal basisit-v—w associiated with thel rst residue triangle 4#;1 ;.

Similarly, every next pair of vectorga #g gand =" g gshould not be parallel so
that we can de ne an orthonormal basis of the 18, 1°-stresidue for8 = 2—eee—< 1. u

Theorem 2.3.7 will prove the Lipschitz continuity of BRI in condition 2.2.2(c). For
a given backbone ( and its perturbation &, lgt; and ! denote the minimum and
maximum bond length between any U-carbgrand nitrogen #in (— &, respectively.
The maximum bond lengths! —!_4 are similarly de ned for other types of bonds.

Theorem 2.3.7 (Lipschitz continuity of BRI, [2, Theorem 4.1]). Forany Y j O, let &
be obtained from a backbone ( Rby perturbing every atom of ( up to Euclidean
distance Y. Let = migjH?! g &j be the minimum height in triangles 4#g g at

g for all residues in the backbones (—&. Set ! = maxfk —!4»_ —-!_ g, =

1 2 I _
—0>, - 1,2 ,and _ =21 2! ° Then! 1 BRI}°-BRI*&®° _Y.

V- -
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Example 2.3.8 (continuity of BRI). For all 707K+ cleaned chains, the median upper
bound for _ is about 34.5, but the real values are smaller as in the example below.
Consider the backbone ( of the chain A (141 residues) from the standard hemoglobin
2hhbin the PDB. We perturb (to & by adding to each coordinate G— H—1 of all atoms in (
some uniform noise up to various thresholds Y = 0¢01— 0<02— . 2.2 (top left)
shows how the distance; 'BRI1(°— BRI1&°° averaged over 20 perturbations depends
on Y As expected by Theorem 2.3.7, the metrici$ perturbed linearly up to _Y for

4,

Since the metric § between invariants BRI (< 9 matrices) can be computed in
linear time $1<°, Theorem 2.3.7 also completes condition (2.2.2f) in Problem 2.2.2.
Theorem 2.3.9 will prove condition in 2.2.2(d).

Theorem 2.3.9 (inverse continuity of BRI, [2, Theorem 4.8]). For any X j 0 and

backbones (-& R with ! ; 1BRI}(°®-BRI*&°° Y X, there is a rigid motion 5

of R3 such that any atom of ( is “X-close to the corresponding atom of 51&° for
p-igle <1 1

= 3—gr— - Let BRI(° be BRIL(° after multiplying the 8-th row by

1g1o 8l g ’ -
T T for 8 = 2—eee—<. Then !BRIL(°—BRI1&° Y X guarantees a rigid
motion 5 of R such that any atom of the backbone Fiéx-close to the corresponding
atom of 51&°. ”

2.4 Average invariant, diagrams, and barcodes of backbones

This section simpli es the complete invariant BRI to its average vector SnaRd
introduces the diagram and barcode that visually represent the high-dimensional BRI.

De nition 2.4.1 (average invariant Brain, diagram BID, and barcode BIB). (a) For any
protein backbone ( of < residues, the backbone rigid average invariant Brain:(¢2 R
is the vector of nine column averages in BRI1(° excluding the rst row.

(b) The backbone invariant diagram BID(° consists of nine polygonal curves going
through the points 18—218°°, 8 = 2—s++—<, where 2 is one of the coordinates (columns)
of BRIL(°, see Fig. 2.2 (middle).

(c) For each atom type such as #, the coordinates §&-441#— |11#°° are linearly con-
verted into the RGB color value for 8 = 1— ¢+ e — <. The resulting color bars for the ordered
atoms #— — form the backbone invariant barcode BIB(°, see Fig. 2.2 (bottom). 1

Example 2.4.2 (hemoglobins). The PDB contains thousands of hemoglobin structures.
We consider here the structure 2hhb as a standard, and compare it with oxygenated
1hho, which contains an extra oxygen whose transport is facilitated by hemoglobin. In
both cases, we considered the main chains (entity 1, model 1, chain A) of 141 residues.

The top left image in Fig. 2.2 (top) shows that the Lipschitz constant from Theo-
rem 2.3.7is _ 4 for both hemoglobins. Fig. 2.2 (middle) illustrates the complexity of
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Fig. 2.2 Row 1: the Lipschitz continuity of BRI from Theorem 2.3.7 is illustrated on the left by
perturbing hemoglobins in Example 2.3.8, whose main chains A of 141 residues are shown in the
middle (oxygenated 1hho in green, standard 2hhb in cyan) and eight U-helices found by [12] on the
right. Row 2: the Backbone Invariant Diagram (BID) of the hemoglobins 1hho vs 2hhb in the PDB,
see De nition 2.4.1. Row 3: the Backbone Invariant Barcode (BIB), see Example 2.4.2.

identifying similar proteins with distant coordinates. The similarity under rigid motion
becomes clear by comparing their diagrams and barcodes in Fig. 2.2 (rows 2, 3).

More importantly, a rigidly repeated pattern such as U-helix or V-strand has constant
invariants over several residue indices, which are easily detectable in BID and visible in
BIB as intervals of uniform color. The PDB uses the baseline algorithm DSSP (De ne
Secondary Structure of Proteins) [12], which depends on several manual parameters
and sometimes outputs U-helices of only two residues.

For instance, the PDB entries 1hho and 2hhb in Fig. 2.2 (right) include HE4X
consisting of only residues 50 and 51, and HEPX of length 20 over residue indices
8 = 52—e«+¢—71. Fig. 2.2 shows that a "constant' interval of little noise appears only for
8 = 54—+++«—70. Hence new invariants allow a more objective detection of secondary
structures, which will be explored in future work.

2.5 A fast detection of duplicate chains in the Protein Data Bank

The linear time of the complete invariant BRI*(° has enabled all-vs-all compar-
isons for all tertiary structures in the PDB, which was additionally cleaned by
Protocol 2.3.2. To speed up comparisons, Lemma 2.5.1 proves that the metric
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I 1 IBRI*(°— BRI1&°° between complete invariants is not smaller than the faster dis-
tance !; 'Brain!(°-Brain1&°° between the averaged invariants (vectors of 9 coordi-
nates) from De nition 2.4.1.

Lemma 2.5.1 (metrics on BRI and Brain, [2, Lemma 6.1]). Any protein backbones
(— & of the same number of residues satisfy the inequalityBrain!(°— Brain1&°°
I 1 1BRIY(°—BRI1&°°. "

The complete invariants and their statistical summaries were computed in 3 hours 18
min 21 sec. After comparing all (888+ million) pairs of same-length backbones within 1
hour, we found 13907 pairs (— & with the exact zero-distanceBRI*(°-~ BRI1&°° = 0
between complete invariants meaning that all these backbones (— & are related by rigid
motion, but they may not be geometrically identical.

However, 9366 of these pairs turned out to have G— H— | coordinates of all main atoms
identical to the last digit despite many of them (763) coming from di erent PDB entries.
Table 2.1 lists nine pairs whose geometrically identical chains unexpectedly di er in
the sequences of amino acids. The duplicates from Table 2.1 were shown to the PDB
validation team, who did not know about the found coincidences (in coordinates) and
di erences (in amino acids), because the PDB validation is currently done only for an
individual protein (checking atom clashes, outliers etc).

Table 2.1 Chains with identical backbones but di erent sequences of amino acid residues.
PDB id1|method and |PDB id2 |all atoms have |di erent

& chain |resolutionsA |& chain |identical G— H+ésidues

1a0t-B |X-ray, 2.4, 2.410h2-B |all 3 413 9
lce7-A |X-ray, 2.7, 2.72mll-A |all3 241 1, GLY<HIS
1ruj-A |X-ray, 3,3 4rhv-A  |all 3 237 1, GLY<SER
1gli-B/D|X-ray, 2.5, 1.13hhb-B/Djall 3 146 1, MET<VAL
2hge-A [X-ray, 2,2 |204x-A |all3 217 1, GLN<GLU
5adx-T [EM, 4,8.2 |5afu-Zz |all3 165 1, ILE<VAL

5lj3-O |EM, 3.8,10 |5Ij5-P all3 252 1, ALA<VAL

8fdz-A |X-ray, 2.5, 2.28fe0-A |all3 200 1, THR<SER

In the row starting with 2hge in Table 2.1, the chain IDs A, B refer to two pairs of
duplicates: chain A of 2hge is identical to chain A of 204x, similarly for B. The notation
fB,Dg in the row starting with 1gli means 4 duplicates: each of the chains B,D in 1gli
is identical to each of the chains B,D in 3hhb.
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The histograms in [2, Fig. 5] reveal about 220K pairs of near-duplicates among
707K+ cleaned chains up to;! 0¢01A. The bound of 0«04 is considered noise
because the smallest inter-atomic distance is about 100 times largerFat@ ' m.

The physical meaning of distances follows from the bi-continuity conditions (c,d)
in Problem 2.2.2. If every atom of a backbone ( is shifted up to Euclidean distance
Y, then BRI1(° changes up to _Y in ! The Lipschitz constant _ was expressed in
Theorem 2.3.7 and estimated as _ 4 for the hemoglobin chains in Example 2.4.2. So
any small perturbation of atoms yields a small value pfih Angstroms.

The inverse Lipschitz continuity in 2.2.2(d) implies that a small Chebyshev distance
I 1 1BRI1(°-~BRI*&°° = X guarantees that all atoms of the backbones (—& can be
matched (under a suitable rigid motion) up to Euclidean distance “X in Theorem 2.3.9.

One potential explanation of identical coordinates is the molecular replacement
method [22], which uses an existing protein structure, often a previous PDB deposit
or part thereof, to solve a new structure. If the newly calculated electron density map
does not allow for further re nement then the coordinates may (reasonably) remain
unchanged. The same coincidences can happen with lower-quality cryo-EM maps in
which an existing PDB structure may be placed but where the resolution may not allow
for further re nement of atomic coordinates [19, 7].

We have checked that the found duplicate backbones also have identical distance
matrices on 3< ordered atoms, which were slower to compute in time?$ Bver two
days on a similar machine. The widely used DALI server [8] also con rmed the found
duplicates by the traditional Root Mean Square Deviation (RMSD) through optimal
alignment. The DALI took about 30 min on average to nd a short list of nearest
neighbors of one chain in the whole PDB. Extrapolating this time to all pairwise
comparisons for 707K+ cleaned chains yields 40+ years, slower by orders of magnitude
than 6 hours needed for all comparisons of BRIs on the same desktop computer.

The ultra-fast speed of all-vs-all comparisons by BRI is explained by the hierarchical
nature of this complete invariant. To nd near-duplicates in the PDB, we rst compared
only average invariants Brain(° 2°RBy Lemma 2.5.1 the full comparisons by BRI
are needed only for a tiny proportion of backbones with the closest vectors Brain(°.
This hierarchical speed-up is unavailable for any distance without underlying invariants.
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Chapter 3

Complete and polynomial-time invariants of
unordered points in R"

Abstract This chapter is the rstin the book to focus on Euclidean clouds of unordered
points under rigid motion in R We leverage Principal Component Analysis to construct

a direction-based invariant of point clouds, whose continuity and completeness under
isometry proved for principally generic clouds. This invariant is extended to a larger
distribution that is complete for all clouds under rigid motion. The main novelty are
polynomial-time algorithms for these invariants and distance metrics.

3.1 Towards complete and polynomial-time invariants for clouds

All sections in this chapter follow paper [9] with minor updates. Any nite chemical
system, such as a molecule, can be represented as a cloud of atoms whose nuclei are
real physical objects [12], while chemical bonds are not real sticks and only abstractly
represent inter-atomic interactions. In the hardest scenario, all atoms are modelled as
zero-sized points at all atomic centres without any labels such as chemical elements.
For example, the g3 molecule [8] consists of 60 unordered carbons. Allowing di erent
compositions enables a quantitative comparison of isomers, see Fig. 3.1.

Fig. 3.1 Isomers of g, benzene g€Hg, phenyllithium G Hs Li, chlorobenzene gHs Cl have many
indistinguishable atoms.

This chapter studies nite clouds of unordered points mfB a xed dimension
=. Problem 3.1.1 adjusts Geo-Mapping Problem 1.4.5 to unordered clouds under rigid
motion. The stronger problem with Lipschitz continuity will be solved in Chapter 6.

37
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Problem 3.1.1 (complete and polynomial-time invariants of clouds . RDesign an
invariant of all clouds of unordered points iT Ratisfying the conditions below.

(a) Completeness: any nie clouds — R of unordered points are related by rigid
motion (  )ifandonlyif 1©= 10,

(b) Reconstruction: any cloud R of unordered points can be reconstructed from
its invariant value * °, uniquely under rigid motion in R

(c) Metric: there is a distance 3 on the space f 1 °junordered clouds ~&satis-
fying all metric axioms in De nition 1.3.1(a).

(d) Computability: for a xed dimension =, the invariant * °, a reconstruction of
R ~from 1°, andthe metric 31 1 °—~ 190 gre computable in times that depend
polynomially on the maximum size maxfj j—j jg of any clouds — R. A

Based on Principal Component Analysis, section 3.2 introduces the Principal Coor-
dinates Invariant (PCI) to uniguely identify under isometry ma® point clouds that
allow a unique alignment by principal directions. Section 3.3 de nes a symmetrised
metric on PCls, which is continuous under perturbations in general position and can be
computed (for a xed dimension =) in a subquadratic time in the number of unordered
points. Section 3.4 extends the PCI to the Weighted Matrices Invariant (WMI), which
is complete for all point clouds under isometry if.FSection 3.5 applies the Linear
Assignment Cost and Earth Mover's Distance to de ne metrics on WMIs.

Fora xed dimension = of the ambient spacg Rll these invariants and metrics have
polynomial-time algorithms in the number < of the given points. For = = 2, the time
$1< 35log <° improves the time $1<° log <° of the only previous exact algorithm [4]
for the Hausdor distance on isometry classes of clouds.

As a potential extension of the side-side-side theorem to < unordered points in R
the seminal work [2] in 2004 proved that the total distribution of pairwise distances is a
complete invariant under isometry irT Ror generic clouds whose point coordinates are
not solutions of a complicated polynomial equation. However, in nitely many counter-
examples to the full completeness of this invariant were constructed even for < = 4
points in R [3]. The rst two pictures of Fig. 3.2 show the simplest non-isometric
clouds) ; of 4 points in R 2. Other past work was reviewed in [9, section 2].

Fig. 3.2 First and second: non-isometric sets)  of 4 points have the same 6 pairwise distances.
Third: the vertex set RC»:+ 3% of a 3; 2; » rectangle. Fourth: what is the distance between an
equilateral triangle 3 and a square 4? See new invariants and metrics in Examples 3.2.4, 3.3.4, 3.5.7.
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3.2 The Principal Coordinates Invariant of unordered clouds in R

This section recalls Principal Component Analysis (PCA), whose principal directions
[1] will be used to introduce the Principal Coordinates Invariant (PCI) in De ni-
tion 3.2.3. We assume that all coordinates mHhve the same units. In practice, we
should rst normalise all features given in di erent units.

- . 1

Any cloud R ~ of < unordered points has the centre of mass $1! 02— ?.
22

Shifting by the vector $! ° allows us to always assume that $ © is the origin
0. Then Problem 3.1.1 reduces to invariants only under orthogonal maps from the
orthogonal group $1R° instead of the full Euclidean group E*R

De nition 3.2.1 (covariance matrix Cov! ° of a point cloud ). If we arbitrarily order
points 2—esee—20f acloud R 7, we getthe sample = < matrix (or data table)
%1 °, whose 8-th column consists of = coordinates of the pgjift 28 = 1—see—<,
: : %? 9%t °) . iy :
The covariance = = matrix Cov?! © = ——1 is symmetric and positive semi-
de nite meaning that{Cov?* °{ 0 for any vector { 2 R . Hence the matrix Cov? ©
has real eigenvalues _ _ = Osatisfying Covt °v g= _gvgfor an eigenvector
Vg 2 R7, which can be scaled by any real B < 0. I

If all eigenvalues of the covariance matrix Cov? °© are distinct and positive, there
is an orthonormal basis of eigenvectogs-¥ « « —\wordered according to the decreasing
eigenvalues 4 j i _ =i 0. This eigenbasis is unique under re ection$ v gof
each eigenvector, 9 = 1—eee—=,

De nition 3.2.2 (principally generic cloud). A point cloud R~ is principally
generic if, after shifting $1 ° to the origin, the covariance matrix Cov?! ° has distinct
eigenvalues 1 j i _ =i 0. The 9-th eigenvalue g de nes the 9-th principal
direction parallel to an eigenvectopwhich is uniquely determined under scaling. 1

The vertex set of any rectangle irf Rbut not a square, is principally generic.

De nition 3.2.3 (matrix PCM and invariant PCIl). For= 1,let R~ beaprincipally
generic cloud of points {2+« «—?with the centre of mass $1°at 0 2 R Then

has principal directions along unit eigenvectors ve « =y de ned up to a sign. In the
orthonormal basis + = 4~e+++—9 , any point 32 has the principal coordinates

?g V1—***—?v-, which can be written as a vertical column = 1 denoted byg+The
Principal Coordinates Matrix is the = < matrix PCM! ° whose < columns are the
coordinate sequences 42+ ¢ « —+2 Two such matrices are equivalent under changing
signs of rows due to the ambiguity v ¢ of unit length eigenvectors in the basis
+. The Principal Coordinates Invariant PCI* °© is an equivalence class of PCM® ©. 1

For simplicity, we skip the dependence on a basis + in the notation PCM* °. The
columns of PCM! ° are unordered, though we can write them according to any order
of points in the cloud considered as the vector;13 « « —?, Then PCM? ° can be
viewed as the matrix product + consisting of the < columns = ¢ « —+72 One can
minimise the ambiguity under re-ordering of columns and switching sigris v o
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as follows. For each 9 = 1-+++—=, choose a sign so that a coordinate with a largest value
j?8 Vg is positive. Then write all columns in the lexicographically decreasing order:
121g-cee—=P j12,.—eee2fafew rstvalues (possibly none) coincidgg= 2g.
and then g29j 2 g: for the next index 8.
Example 3.2.4 (computing PCI). (a) For any j ; 2 i O, let the rectangular cloud
RCx»j— Y4 consist of the four vertices 1= ; 2° of the rectangle » j— ;¥4 » ;,—3%. Then

. ©11 71 1
RC»3i—»Y%4 has the centre at 0 2 &d the sample 2 4 matrix % =

«;2 12 32 2_

whose columns are in a 1-1 correspondence with (arbitrarily) ordered pojrts°t;

@D

2 0 a
: . it ®
Y1 32% 1 1—-2°% 11— 52° The covariance matrix CoviRG»jYa® = ! has
2
« 0 4'2 -
eigenvalues 1 = 4;% i_2= 4;%. If we choose unit length eigenvectorsw 11-0° and
vo = 10-1°, then PCMIRCp= 5%4° coincides with the matrix % above. The invariant

PCITRC»j— »%4° is the equivalence class of all matrices obtained from % by changing
signs of rows and re-ordering columns.

(b) The vertex set ) of the trapezium in the rst picture of Fig. 3.2 has four points

©2 1 1 2 §

written in the columns of the sample matrix %?1)°-= ®so that

102 162 102 12
«

-

©10 0OF
. . - ® .
the centre of mass $?)° is the origin 0. Then Cov?)° = has eigenvalues 10, 1
« 01
with orthonormal eigenvectors 11—-0°, 10— 1°, respectively. The invariant PCI*)° is the
equivalence class of the matrix %%1)° above. The vertex set of the kite in the second
picture of Fig. 3.2 consists of four points written in the columns of the sample matrix

€502 102 102 3¢2
% © = - so that the centre of mass $1 ° is the origin 0. Then
0O 1 1 o0

« =1

©9 0¢

® . . :
Covto = has eigenvalues 9, 2 with orthonormal eigenvectors 11-0°-10-1°,

02
« |
respectively. The invariant PCI® °© is the equivalence class of the matrix %1 °.

All results in this chapter have details proofs in the original paper [9].

Theorem 3.2.5 (generic completeness of PCI, [9, Theorem 3.5]). Any principally
generic clouds — R~ of < unordered points are isometric if and only if their PCI
invariants coincide as equivalence classes of matrices: PCIt © = PCIt °, "
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Lemma 3.2.6 (time complexity of PCI, [9, Lemma 3.6]). For a principally generic cloud
R ~ of < points, a matrix PCM? ° from the invariant PCI* © in De nition 3.2.3
can be computed in time $%=< _ = 30, ,

Theorem 3.2.5 requires that clouds — are principally generic, which holds with
100% probability due to noise. If real clouds are close to symmetric con gurations with
equal eigenvalues, to avoid numerical instability, we should use the slower but always
complete invariants from section 3.4.

3.3 A symmetrised metric on principally generic clouds in R

This section de nes ametric on PCl invariants, whose polynomial-time computation and
continuity will be proved in Theorems 3.3.5 and 3.3.6. For any { #=“G+-G2 R,
the maximum norm is jj§jj = 8_rrllax |GJ. Below we use the Chebyshev distance

I1D—{° = jju vjh between points D—{ Z"Rind the bottleneck distance BD from
Example 1.3.1(b) on matrices % interpreted as clouds »%%4 of column-vectors in R

De nition 3.3.1 (<-point cloud »%%2 Rofan = < matrix %). For any = < matrix
%, let »%%4 denote the unordered set of its < columns considered as vecCtorfien R
set »%%Y4 of < columns can be interpreted as a cloud of < unordered points inR

For any = < matrices %—&, let 6 : »%%4 | »&%4 be a bijection of columns indexed
by 1—-2—««+—<. Then the Chebyshev distante-61{°° between columns { 2 »%%4 and
61{° 2 »&¥4 is the maximum absolute di erence of corresponding coordinateslihdR
minimisation over all column bijections 6 : »%%a ! »&Y4 gives the bottleneck distance

BD»%Ya— »&Y2° = mimax! ;1 1{—6{°° between the sets »%%, »&% considered as
6:»%Yal» &2 » %Y

clouds of unordered points inR

An algorithm for detecting a potential isometry will check if SM* — ° =0
for the metric SM de ned via changes of signs. A change of signs in = rows can be
represented by a binary string f in the product group, #vhere % = f 1g, 1 means
no change, 1 means a change.

For instance, the binary string f = 11- 1° 2 ?acts on the matrix % =
PCMIRC»—»¥4° from Example 3.2.4 as follows:

. . .a . P .a
@l y1 y 1 l @11 1 21 1
- ® - ®

2 32 32 52 1232 12 52
« =1 K« =

De nition 3.3.2 (symmetrised metric SM on matrices and clouds). For any = <
matrices %-— &, the minimisation for éhanges of signs represented by strings f 2 Z

acting on rows gives the symmetrised metric SM»%%4— ;>282L144Bblwﬁ%%°1/4— »&Ya°.
2



42 3 Complete and polynomial-time invariants of unordered pointsin R

For any principally generic clouds — R, the symmetrised metric is SM! — © =
SM1»PCM!? °Y,— »PCM? °¥,° for matrices PCM! °~PCM?! ° in De nition 3.2.3. 1

If we denote the action of a column permutation 6 on a matrix % as 6%°, the matrix

di erence 61%° & has the maximum norrP2 rg)c;a/lxl {—61{°°. Then BD1»%Ya— »&¥4°

will be computed by an e cient algorithm for bottleneck matching in Theorem 3.3.5.

Lemma 3.3.3 (metric axioms for the symmetrised metric SM, [9, Lemma 4.4]). (a)
The metric SM1%—&° from De nition 3.3.2 is well-de ned on equivalence classes of
= < matrices %—& considered under changes of signs of rows and permutations of
columns, and satis es all metric axioms.

(b) The metric SM* — © from De nition 3.3.2 is well-de ned on isometry classes of
principally generic clouds — and satis es all axioms. "

Example 3.3.4 (computing the symmetrised metric SM). (a) By Example 3.2.4(a),
the vertex set RCyp+3Y4 of any rectangle with sides; 2; 2; » in the plane has

©., -, -, .48
- !1 !l ’ 1 ’ 1
PCI represented by the matrix PCMIREG»3Y4° =- The vertex set

25252 52
« |
RC»?— 31/4 of any other rectangle has a similar matrix whose element-wise subtraction
from PCM1RCx»j—3%4° consists of 1) ; ?and :» ;9. Re-ordering columns and
changing signs of rows minimises the maximum absolute value of these elements to
maxfj;1 ; %—j2 ; 2jg, which should equal SMRG»j»Ya— RC Jva°.

(b) The invariants PCI of the vertex sets ) and in Fig. 3.2 were computed in
Example 3.2.4(b) and represented by these matrices in De nition 3.2.3:

©2 1 1 2 €562 102 102 3:2
PCM1)° = - PCM: © =
(12102102 102 L0 1 10

The maximum absolute value of the element-wise di erence of these matrices is
j1 1t %Oj = %’ which cannot be smaller after permuting columns and changing signs
of rows. The symmetrised metric equals SM?)— ° = BD!PCM?)°-PCM? 00% _
Theorem 3.3.5 (time of the metric SM, [9, Theorem 4.6]). (a) Given any = <
matrices %— &, the symmetrised metric SM1%-&° in De nition 3.3.2 is computable in
time $1< 1527 Jog™ <°. If = = 2, the time is $1<1*®log <°.

(b) The above conclusions hold for SM* — © of any principally generic <-point clouds
— R T represented by = < matrices PCM! °—~PCM! ©°,

Theorem 3.3.6 proves the continuity in the weaker sense of Y— X because PClis de ned
only for generic clouds anyway. Explicit estimates in the proof from [9, section 4] are
based on recent bounds for perturbations of eigenvectors from of [5, Theorem 3].
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Theorem 3.3.6 (continuity of SM, [9, Theorem 4.9]). For any principally generic cloud
R TandanyY j0,thereis X j 0 (dependingon and Y) such thatif any principally
genericcloud R~ hasBD!—-°Y X,thenSM: —°Y Y. .,

3.4 A complete invariant for all clouds of unordered points in R

This section extends the PCI from De nition 3.2.3 to a complete WMI (Weighted
Matrices Invariant) of all possible clouds, which may not be principally generic.

Ifacloud R ~is not principally generic, some of the eigenvalugs _
_= 0 of the covariance matrix Cov! ° coincide or vanish. Let us start with the most
singular case when all eigenvalues are equal to _ j 0. The case _ = 0 means that
is a single point. Though has no preferred (principal) directions, still has the
well-de ned centre of mass $1 © = ?, which is at the origin 0 2 Ras always.
?2
For = = 2, we consider < possible vectors from the origin O to every point of n f0Og.

De nition 3.4.1 (Weighted Matrices Invariant WMI* © for clouds R?). Let a
cloud of < points ?1—+**—?in R? have the centre of mass at the origin 0. For any
point %52 nf0g, let v be the unit length vector parallel tags % 0. Let v, be tge
unit length vector orthogonal to;whose anti-clockwise angle from o v, is , —.

The 2 < matrix "1? ¢ consists of the < pairs of coordinates of all points ? 2
sa
. . . ZPd ® )
written in the orthonormal basig vy, for example, p = - Each matrix "1?¢

« |
is considered under re-ordering of columns. If one point ? of is the origin 0, there is
no basis de ned by ? =0, let "1?° be the zero matrix in this centred case. If : j 1 of
the matrices "1?¢° are equivalent under re-ordering of columns, we collapse them into

one matrix with the weight:. The unordered collection of the equivalence classes of
"120 with weights for all ? 2 is called the Weighted Matrices Invariant WMI? ©.

In comparison with the generic case in De nition 3.2.3, forany xed 8 = 1—see¢—<,
if ?g < 0, then the orthonormal basig-vy is uniquely de ned without the ambiguity
of signs, which will re-emerge for higher dimensions = j 2 in De nition 3.4.3 later.
The vertex sets of regular polygons have WMI consisting of a single matrix due to
extra symmetries as shown below.

Example 3.4.2 (regular clouds< R ?). Let < bethe vertex set of a regular <-sided
polygon inscribed into a circle of a radius A, see the last picture in Fig. 3.2. Due to the
<-fold rotational symmetry of -, the invariant WMI* . ° consists of a single matrix

CA cose8G,
(with weight 1) whose columns are the vectors ® 8 = 1—+e+—<, Forinstance,

- . ®
A sirs8
« -
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g@A A2 A2
(R)

the vertex set 3 of the equilateral triangle has WMI4° = 0

20432 AP32"
5 0A32 A 32

§_©A 00

The vertex set 4 of the square has WMI%° = - g .
OAADO

DK -

Let < be obtained from < by adding the origin 0 2 R Then WMI* _° has the

matrix from WMI? . © with the weigh 1 and the zero 2 4 matrix with the weight

t
<

5

1 . -
1 representing the added origin 0.

De nition 3.4.3 applies to all point clouds R including the most singular
case when all eigenvalues of the covariance matrix Cov! ° are equal, so we have no
preferred directions at all.

De nition 3.4.3 (Weighted Matrices Invariant WMI for any cloud K. Letacloud

R = of < points 71—« «—?have the centre of mass at the origin 0. For any ordered
sequence of points;2ee¢—?2 2 , build an orthonormal basis - ¢ ¢ « —\as follows.
The rst unit length vector y is ?1 normalised by its length. For 9 = 2—eee—= 1, the

. . {1 . .
unit length vector ygis ?g 1?9 Vv.°v. normalised by its length.

=1

Then every v is orthogonal to all previous vectorg-ve «  —v; and belongs to the
9-dimensional subspace spanned fy+3 « —g?De ne the last unit length vectoraby
its orthogonality to y— * « =\ and the positive sign of the determinantidet-« ¢ « =9
of the matrix with the columnsyy ¢« —v

The = < matrix "1? ;—ee*—2 ° consists of column vectors of all points ? 2
in the basis y—««+—<yfor example, ? = 1jj?1jj>—0—¢¢ «109f ?21—eee—2 2 are
a nely dependent, let "1?1—9+e¢—7 ° be the = < matrix of zeros in this centred
case. If : j 1 matrices are equivalent under re-ordering of columns, we collapse them

into a single matrix with the Weighé—, where # = <1< 10eeel< = 10,

The Weighted Matrices Invariant WMI* °isthe unordered set of equivalence classes
of matrices "1?,—99¢+—7 ° with weights for all sequences of?eee—2 2 . |

If Cov! © has some equal eigenvalues, WMI* © can be made smaller by choosing
bases only for subspaces of eigenvectors with the same eigenvalue.

Theorem 3.4.4 (completeness of WMI under rigid motion in,R9, Theorem 5.4]).
(8) Anyclouds — R ~ are related by rigid motion (orientation-preserving isometry)
if and only if there is a bijection WMIt ° | WMI! © preserving all weights or,
equivalently, some matrices % 2 WMIt °, & 2 WMI* ° are related by re-ordering of
columns. So WMI! ° is a complete invariant of under rigid motion.

(b) Any mirror re ection 5 : ! induces a bijection WMIt ° | WMIt ©
respecting their weights and changing the sign of the last row of every matrix. This pair
of WMIs is a complete invariant of under isometry including re ections. »
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It su ces to store in computer memory only one matrix "2+ ++—7 ° from the
full WMIt °, Any such matrix su ces to reconstruct a point cloud , uniquely under
rigid motion in R by Theorem 3.2.5, as required in Problem 3.1.1(b). The full invariant
WMI © can be computed from the reconstructed cloud R

Lemma 3.4.5 (time of WMI, [9, Lemma 5.5]). For any cloud R of < points
and a xed sequence of points;?eee—? 2 , the matrix "1? 1—eee—7 ° from

De nition 3.4.3 can be computed intime $1=< 20 All# = <1< 1%eeel< = 10 =

$1< = 1o matrices in the Weighted Matrices Invariant WMI* © can be computed in
time $11=< = 3040 =g1=< = =3<=1o0

3.5 Polynomial-time metrics for all clouds of unordered points in R

This section introduces two metrics on Weighted Matrices Invariants (WMiIs), which
are computable in polynomial time by Theorems 3.5.3 and 3.5.6. Since any rigid motion
5 : ! induces a bijection WMIt °© I WMIt °, we will use a linear assignment

cost [6] based on permutations of matrices.

De nition 3.5.1 (Linear Assignment Cost LAC). Recallthat De nition 3.3.2 introduced
the bottleneck distance BD on matrices considered under re-ordering of columns. For
any C|OlfldS — R 7 of < points, consider the Linear Assignment Cost LAC! — © =

min BD1%— 61%°° minimised [6] over all bijections 6 : WMI* ° I WM|1 ©
6 gp2wmit o

of full Weighted Matrices Invariants consisting of all # = <1< 1°see¢l< = 1°
equivalence classes of matrices. ]

Lemma 3.5.2 (LAC on clouds, [9, Lemma 6.2]). (a) The Linear Assignment Cost from
De nition 3.5.1 satis es all metric axioms on clouds under rigid motion.

(b) Let$? °be any mirrorimageofacloud R~.ThenminfLAC! — °—LAC1$! °— ©°g
is a metric on classes of clouds under isometry. "

Theorem 3.5.3 (time complexity of LAC on WMIs, [9, Theorem 6.3]). For any clouds
— R ~of<points, the invariants WMIt >~ WMI! ° consists of atmost # = <1<
1°eeel< = 10 = $1< =1 omatrices. Thenthe metric LACt — ©from De nition 3.5.1
can be computed in time $1¥5tog™ <0# 2 # 30 = $1< 2705 og™< < 3730 |f

= =2, the time is $1<3*%log <°.

The worst-case estimate # = $1X! ° of the size (number of matrices in) WMIt ©
is very rough. If the covariance matrix Cov?! © has equal eigenvalues, WMI* ° is often
smaller due to extra symmetries of .

However, for = = 2, even the rough estimate of the LAC time $*&og <° improves
the time $1<%log<° for computing the exact Hausdor distance between <-point
clouds under Euclidean motion irfR

Since real noise may include erroneous points, it is practically important to contin-
uously quantify the similarity between close clouds consisting of di erent numbers of
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points. The weights of matrices allow us to match them more exibly via the Earth
Mover's Distance [10] than via strict bijections WMI! ° | WMIt °. The Weighted
Matrices Invariant WMI® © can be considered as a nite distribution =f—see— g

of matrices (equivalent up to re-ordering columns) with weights.

De nition 3.5.4 (Earth Mover's Distance on weighted distributions). Let =
f j—see—gand =f ;—ee+— g be nite unordered set of objects with weights

. I
[t &,8=1-ece—: and |1, 9 = 1—+e+—;, respectively suchthgt £ =1 =
8=1
I . .
[+ . Let 3 be a ground metric between anyand o A ow from to is

9=1

a : ; matrix whose entry ggrepresents a ow from gto o The Earth Mover's

[

Distance is EMD! — © = B3 g ¢ minimised for §y2 »0-1Y4 subject to
8=19=1
[ [ [ A
Bo |1 £,8=1l-eee—, g |1 P, 9=1-eee—; and HFg=1. I
9=1 8=1 8=19=1

o . .
The rstcondition g |* ¢ means that not more than the weight | ows'
9=1

. . . _ ).

into all objects gvia Bg 9 = 1—+++—;. Similarly, the second conditiofgg |1 ¢°
8=1

means that allgh” ow' from g 8 = 1-ee+—: intogup to its weight |1 .

The last condition’ o= 1forcesto “ow'all gtoall o The EMD is a
8=19=1
partial case of more general Wasserstein metrics [11] in transportation theory [7]. For
nite distributions as in De nition 3.5.4, the metric axioms for EMD were proved in
[10, appendix]. EMD can compare any weighted distributions of di erent sizes. Instead
of the bottleneck distance BD on columns on PCM matrices, one can consider EMD on
the distributions of columns (with equal weights) in these matrices.

Lemma 3.5.5 (time complexity of EMD, [9, Lemma 6.5]). Any matrix % of a size

= <19° can be considered as a distribution of <1%° columns with equal weights
<1—%/00. For two such matrices %—& having the same number = of rows but potentially
di erent numbers <1%°—<1&° of columns, measure the distance between any columns
by the Chebyshev metricq! in R™. For the matrices %—& considered as weighted
distributions of columns, the Earth Mover's Distance EMD*%- &° can be computed in
time $1< 3log <°, where < = maxf<1%°—<1&°g. »

Theorem 3.5.6 (time of EMD on clouds, [9, Theorem 6.6]). Let clouds — TR

of up to < points have pre-computed invariants WMIt °~WMI! © of sizes at most
# <1< 10eeelc = 10=3%i< =10 Measure the distance between any matrices
% 2 WMIt °and & 2 WMIt © as EMD'%—&° from Lemma 3.5.5. Then the Earth
Mover's Distance EMD*WMI* °—WMI* °° from De nition 3.5.4 can be computed in
time $1< 3tlog<°#2  # Slog#° = $11< 271 =< 3=30jgg <o, .

Example 3.5.7 (EMD for a square and an equilateral triangle). Leaind 3 be the
vertex sets of a square and equilateral triangle inscribed into the circle of a radius A
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CA A2 A2 €A 0 0 AG

in Example 3.4.2. PCM13° = Cp D and PCM® 40 = - g
LA 32 A" 32 LAAD

Notice that switching the signs of the 2nd row keeps the PCI matrices the same up to

. . . 1
permutation of columns. The weights of the three columns in PCJVIJareé. The
. . 1 .
weights of the four columns in PCM%° are 7 The EMD optimally matches the

. . . 1 I
identical rst columns of PCM1 3° and PCM? 4° with welghtz1 contributing the cost

©pd
. 11 1 b
0. The remaining we|gr§ - = — ofthe rstcolumn- n PCM! 3°canbe equally
4 12 - ®
« =
©o
distributed between the closest (in the distance) columns g ontributing the cost
« -
A ©A A
I The column- in PCM? 4° has equal distances ! = > to the last columns
0
« |
© A2 A A
- in PCM1® 3° contributing the cos§. Finally, the distance{ = > between
A 32

©0 © A2 &
the columns nd- ith the common signs is counted with the WeigZ%t
AT T AP3R”

« - « =

©1e4 1424 124 0
(R)

&

: 5A : .
and contributes the coité.The nal optimal ow *5g.° matrix- 0 5¢24 0 18R

S

®
0O O 524 1.8

«

5A_ 5A

. A A
EMDIPCM: 0~ PCM1 00 = & 2 2A_ 54
gives 3 47128 48 16 -
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Chapter 4

Fast isometry invariants of nite clouds of
unordered points

Abstract This chapter adapts the general Geo-Mapping Problem to nite clouds under
isometry in a metric space. We start by discussing Sorted Pairwise Distances, which
distinguish all generic clouds under Euclidean isometry. Then we introduce the stronger
invariant PDD (Pointwise Distance Distribution), which was recently proved to be
complete for all 4-point clouds under isometry in any. R

4.1 Geo-mapping problem for generic clouds in a metric space

This chapter studies nite clouds of unordered points under isometry in any metric
space, thoughRremains an important partial case. Problem 4.1.4 adjusts Geo-Mapping
Problem 1.4.5 to include only realistically achievable conditions in an arbitrary metric
space. One realistic condition is a general position, as formally de ned below.

De nition 4.1.1 (general position in a metric space). Let be a set of < points in a

metric space " with a metric 3 . A cloud is called generic (or in a general position
. . <i< 1° . .
in")ifall ———— inter-point distances-31?— @?° for ?— @ 2 are not solutions of

a certain polynomial equation. I

To give an example of a general position in De nition 4.1.1, recall the the lexico-
graphic order on ordered pairs: 18— 9° Y 1:—:°if8 Y Qor8=9and: Y ;.

Example 4.1.2 (a polynomial for a general position). Lat2e. *—?be all points of

a set in a space " with a metric 3 . Set %! ° = 13g-9 3 ._.°, where
18—90<1;—;0

3g_9= 3+ 1?22 forl 8 Y9 <. lf<= 3,then %1° =13, , 31 913; 5,

3281313 3 2_%. By De nition 4.1.1, the polynomial condition %?* © < 0 describes

the general position for all clouds " that have distinct distances.

The concept of a general position allows us to weaken the concept of a complete
invariant from De nition 1.2.5(b) to a generically complete invariant below.

49
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De nition 4.1.3 (generically complete invariant). Let be an equivalence relation on
nite sets in a metric space ". An invariant under this equivalence is generically
complete if the implication 1°= 10) holds for all sets — "ina

general position for a certain polynomial on inter-point distances in De nition 4.1.1. 1

Instead of the full completeness in Problem 1.4.5, Problem 4.1.4 asks for a more
realistic generic completeness under isometry in the sense of De nition 4.1.3.

Problem 4.1.4 (geo-mapping for generic clouds under isometry in a metric space). For
a space " withametric 3 , nd anisometry invariant of generic clouds of unordered
points in " with values in a metric space satisfying the following conditions.

(a) Generic completeness: any generic clouds — " areisometricin",i.e. ',
ifandonlyif t°= 19

(b) Reconstruction: any generic cloud " can be reconstructed from its invariant
value 1! °, uniquely underisometry in ".

(c) Metric: there is a distance 3 on the invariant space f 1 °j  "g satisfying all
metric axioms in De nition 1.3.1(a).

(d) Continuity: there is a constant _ such that, forany Y O, if is obtained from by
perturbing every point of upto Y in the metric3 then 31 10— 100 Y,

(e) Computability: for a xed metric space ", the invariant 1°, the metric
3110 100 3nd a reconstruction of " from 1° can be computed in a
time that depends polynomially on the maximum size maxfj j—j jg of clouds — . £

De nition 4.1.5 introduces the invariant that nearly solved Problem 4.1.4 in 2004 by
[1, Theorem 2.6] under Euclidean isometry in.Rhough this seminal work [1] talks
about reconstructing point con gurations, the main result actually proves the generic
completeness of the following invariant under isometry naR stated in 4.1.4(a).

De nition 4.1.5 (Sorted Pairwise Distances SPD). For any nite cloud of unordered

points in a metric space ", the vector SPD? ° of Sorted Pairwise Distances consists
<< 10 . . o . %
of all — distances between all points of , written in increasing order. I

Any isometry in a metric space " preserves distances and hence SPD! ° for any
cloud ".Inthe Euclidean case " = R 7, if consists f < = 3 points, SPD? ©
coincides with the geocode of three inter-point distances, which classi ed all triangles
under isometry in Example 1.5.3(a). Foracloud 7Fofany < unordered points, [1,
Theorem 2.6] proved that SPD? ° is generically complete under isometry inviRe
leave as an exercise that SPD? ° is Lipschitz continuous, for example, in any Minkowski
metric ! @ because this Lipschitz continuity will be proved for stronger invariants in the
next section. Since SPD? ° needs a quadratic time of the size j j = <, this invariant
solves Problem 4.1.4 for generic clouds in.R

However, in nitely many counterexamples to the completeness of SPD have been
known at least since 1979 [2] even for < = 4 points iR.FFig. 4.1 shows the most
famous pair of a trapezium and a kite, which inspired the agship image of Geometric
Data Science in Fig. 1.4 (right). Fig. 4.2 illustrates in nitely many non-isometric 4-point
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Fig. 4.1 Non-isometric clouds of 4 points with the same 6 pairwise distances. Left: the trapezium )
has the vertices * 2—1°, 1 4— 1°. Right: the kite has the vertices 15-0°, 1 3—0°, 1 1— 2°,

clouds in K, which share three points;2 3— 3 in green and di er only in points 2,
but share 3 distanceg-33— 3 from ?, to three others.

Fig. 4.2 In nitely many non-isometric clouds- ; depending on free parameters 0—1-2-3 j 0

2].

We can leverage the Euclidean structure dt&introduce a simpler invariant below.

De nition 4.1.6 (Sorted Radial Distances SRD). For any nite cloud of unordered

points in K, a translation can x the centre of massf atthe origin 0 2 R ~. The

vector SRD? ° of Sorted Radial Distances consists of all < Euclidean distances from
= 0 to all points of , written in decreasing order. T

The orders of distances in De nitions 4.1.5 and 4.1.6 are motivated by applications to
molecules. The most characteristic inter-atomic distances are the smallest ones between
bonded atoms at the beginning of the SPD, written in increasing order.

On another hand, the simpler invariant SRD?* ° describes the global shape of a
molecule by the largest distances to atoms from the centre of mass.

Example 4.1.7 (SPD and SRD for 4-point clou?,s_in ig. 4.JF9._Th vertex sets )—  of
the trapezium and kite in Fég._4p1_haﬁe_ %FlD =R22-4- 210—2105_80, but are
distinguished by SRD1)° =1 17— 17— 5- 5° and SRD? © = 15—-3-5- 5°,
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The next two sections follow the nite (non-periodic) case of paper [13].

4.2 Pointwise Distance Distributions of unordered points

This section de nes our main isometry invariant, which we rstintroduced for periodic
point sets [12] in 2022 and only after that understood its importance in the nite case,
where it was previously studied under the name of a local distribution of distances [6].

De nition 4.2.1 (Pointwise Distance Distribution PDD!? ; :° for a nite cloud ). Let
=f? 1—e++—7y be a nite cloud of unordered points in a metric space ".

Fixaninteger: 1.Foreverypoint? 2 ,let31?° 3 . 17?°pethe distances
from ? to its : nearest neighbours in . The matrix *;:° has < rows consisting
of the distances 3 ??—+++—-3? for 8 = 1-eee—<.If any ; 2 rows coincide, we

collapse them into a single row with the Weigft

The resulting matrix of maximum < rows and : , 1 columns, including the extra
column of weights, is called the Pointwise Distance Distribution PDD? ; :°. I

Therows of PDD? ; :°are unordered, though we might write them in a lexicographic
order only for convenience. Hence PDD! ; :° can be considered a weighted distribution
of (say) < rows of : distances. Each row can also be interpreted as a pointin R

Then PDD? ; :° can be viewed as a cloud of < unordered points in Rhe crucial
di erence with the original cloud under isometry in Ris the xed coordinate system
for PDD? ;:° R -, notunder any equivalence.

Example 4.2.2 (PDD for 4-point clouds )— in Fig. 4.1). Table 4.1 shows the 4 3
matrices 1(;3° from De nition 4.2.1. The matrix 1);3° in Table 4.1 has two pairs
of identical rows, so the matrix PDD?); 3° consists of two rows of weiéhlelow.

The matrix ! ;3°in Table 4.1 has only one pair of identical rows, so PDD!? ; 3°
has three rows of weights 1, 3. Then)— are distinguished by PDDs even for : = 1.
o B ©1.4[2°2 7 8
©1212 2 4 zp 10 - D ®
PDDY° = - G<Popio= T10f3 4 o

;(1-2 P3P 10 s

EEEEE
I

B 1-42pﬂ)2pﬁ) 8

« -

Since any isometry preserves distances, PDD? ; :°isanisometry invariantof . The
brute-force algorithm for PDD! ; :° needs only a quadratic time inthe sizej j = <.In
a general metric space with certain expansion constants, we found counter-examples [3]
to past estimates for a parametrised complexity a nearest neighbour search and proved
new linear-time complexities [4] with extra parameters depending, for example, on a
dimension =. Hence, the invariant PDD? ; :° satis es the computability in 4.1.4(e).

Interpreting PDD! ;:° as a discrete distribution of rows (or points in )Rwith
weights as probabilities allows us to compare PDDs by many metrics on probability
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Table 4.1 Each point of )—

53

R 2 in Figure 4.1 has three distances to other points in increasing

order. After keeping only distances (not neighbours), the resulting PDDs distinguish ) ; .

points of ) |distance to neighbour{distance to neighbour{g8istance to neighbour 3
14- 10 P01 2-1° P10t 19- 10 8to 14— 1°
14- 10 P30 12- 10 P 10102 2-1° 8to 14— 1°

12 10 P01 4- 10 8to1,2— 1° P01 14— 10
12- 10 P30 14— 10 4t0 12— 1° P10t014- 10
points of |distance to neighbour{dlistance to neighbour|distance to neighbour 3
13-Q° Pr011- 20 P01 1- 20 810 15— 0°
15-Q° PT0t011- 20 P1010: 1-2° 8to 1 3-0°
11— 20 P31013-00 4t01 1- 2° 21010 15- 00
11- 20 P31013-00 4t0 11— 2° P10t 15-00

distributions. If we use the Earth Mover's Distance from De nition 3.5.4 with a ground
metric ! gon rows of PDD, we denote the resulting metric by EMDr all parameters

@ 2 »1-,1%. For PDD! ;:°, the notation EMD without any subscript means that the
ground metric is the Root Mean Square RMS#%.

The EMD satis es all metric axioms [7, appendix], needs $log <° time for
distributions of a maximum size <, and can be approximated in $1<° time [9].

Theorem 4.2.3 (Lipschitz continuity of PDD for a nite cloud, [13, Theorem 4.2(a)]).
Let be a nite cloud in a space " with a metric 3 . Forany Y j O, let be
obtained from by perturbing every point gf up to Y in the metrie 3 Fix any real
@ 2 »1-,1% and an integer : 1.éﬂn_terp t as 1 in the limit case @ = ,1. Then
EMDgPDD? ;:°—PDD? ;:%° 2Y ™.

Forany cloud R ~ of <unordered points, the vector SPD?* ° of Sorted Pairwise
Distances obtained from PDD? ; < 1° by writing all distances in a single distribution
and collapsing each pair of equal distances into one. Indeed, any distgnce §J?
appears in both rows 8— 9 of PDD! ;< 1°. Due to Example 4.2.2, PDD!? ;< 1°
is strictly stronger than SPD? °. Due to this strength, the generic completeness of
PDD?! ;< 1°underisometry in R~ is much easier to prove than for SPD?* °.

Theorem 4.2.4 (generic completeness of PDD for a nite cloud, [13, Theorem 5.1]).
Any cloud R = of < unordered points with distinct inter-point distances can be
reconstructed from PDD? ;< 1°, uniquely under isometry.

Proof. Since all inter-point distances are distinct, every such distance j? @] between
points ?— @ 2 appears twice in PDD?* ;< 1°: once in the row of ? and once in the
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row of @. Hence, after choosing an arbitrary order of points, we can use PDD? ;< 1°
to reconstruct the classical distance matrix on ordered points. This distance matrix
determines R~ uniquely under isometry [8]. u

The following open conjecture should be understandable to schools students.

Conjecture 4.2.5 (completeness of PDD irR Any cloud R 2 of < unordered
points can be reconstructed from PDD? ;< 1°, uniquely under isometry iA.R &£

In R3, the known non-isometric clouds with the same PDD inspired the stronger
invariant, which will distinguish all these examples in the next chapter. In a general
metric space, Problem 4.1.4 is notoriously hard, but provides targets for further research.

4.3 Extending the side-side-side theorem from 3 to 4 points in'R

Many authors considered criteria of congruence for plane quadrilaterals [10], whose
vertices are (cyclically) ordered. If a quadrilateral has xed side lengths, the resulting
moduli space under rigid motion in’Rvas explicitly described in [5, section 1.3].

In any R, the < < matrix of pairwise distances [8] and the Gram matrix of
scalar products [11] are complete and continuous invariants of < ordered points under
isometry, all known at least since 1935. The extension of this approach to < unordered
points leads to the exponential complexity because of <! permutations on < points.

For < = 4 unordered points, Theorem 4.3.1 will prove the completeness of
PDD? ;< 1° under isometry in any R™. For any <, the invariant PDD? ;< 1°
can be computed in quadratic time $2 For < = 4, PDD? ; 3° contains only 12
numbers (6 pairs of distances between 4 points), while 4! = 24 distance matrices on 4
points contain at least 144 numbers if we consider only distances above the diagonal.

Theorem 4.3.1 (completeness of PDD for < 4 points, [13, Theorem 5.3]). The
Pointwise Distance Distribution PDD? ;< 1° from De nition 4.2.1 is a complete
isometry invariant of all clouds R~ of any < 4 unordered points. "

Since Theorem 4.3.1 nally extends the side-side-side criterion of congruence to
< = 4 unordered points, without relying on brute-force permutations, we include the
detailed proof, which previously appeared only in supplementary materials of [13].

If a cloud of < points has a line or plane of symmetry ! in Ror R®, then all
points n! splitinto pairs of points that are symmetric in ! and hence have equal rows
in PDD? ;< 1° Lemma 4.3.2 shows that the converse holds for < = 4.

Lemma 4.3.2 (PDD detects symmetry of < = 4 points, [13, Lemma SM3.5]). For any
cloud R T of <=4 points for = = 2— 3, if PDD? ; 3° has two equal rows, then is
either (1) mirror symmetric in the plane passing through two points of orthogonally
to the line segment joining the other points of , or (2) symmetric by the 1&€gree
rotation around the line through the mid-points of two pairs of points of . If = = 2,
then de nes a kite, or a parallelogram or an isosceles trapezoid; see Fig. 4.3. "
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Fig. 4.3 Left:in R, the convex and non-convex kites have two equal rows fO— 1—2g in PDD* ; 3° and
are distinguished by 3 = j® ? 4j, see Lemma4.3.2. Middle: an isosceles trapezoid and parallelogram
have PDD? ; 3° with two pairs of equal rows fO— 1-2g and fO— 1- 39, e.g. arectangle for 2 = 3. Top
right: a trisosceles cloud. Bottom right: a 3-chain-equal cloud, see Example 4.3.3.

Proof of Lemma 4.3.2. Let points;?3 2 have the samerow 0 1 2 in
PDD?!? ; 3°. One of the distances 0—1-2 is between the poi#s3?Without loss
of generality, assume thatj?? ,j = 2. Then 73— % have distances 0—1 to the points
?3—% 2 nf? 13— 30, butitis unknown which distance corresponds to which point.
Isosceles case. Let§?? 3j=0=j?2 ?3jand |3 ?a4j=1=]?2 ?4j,see
Fig. 4.3 (left). Then has two equal triangles 4?3?4 = 47,7374 and two isosceles
triangles 4%?1?, and 42,717, with equal sides at 32 3, respectively. Let ! be the
plane that passes through-?2 and is orthogonal to the line segment» 2%. Then
the mirror re ection in ! swaps 72— 3. If = =2, de nes a (non-)convex kite.
Non-isosceles case. Thenj?? 3j=0=j?2 ?4andj? ?3j=1=)?1 ? 4j,
see Fig. 4.3 (middle). Let ! be the perpendicular bisector of the line segmert3V2.
The mirror re ection in ! swaps 3 $ ? 4 and either swaps;?$ ? , (then de nes
an isosceles trapezoid irfRor maps 3 to 29, so that 7— - 2— 2 satisfy the previous
case. In the latter case, the composition with the re ection in the plane throggfa ?
orthogonal to »{>- ’%1/4 is the 18@legree rotation that swaps the points a$? , and
?3$ ? 4. If==2,then de nes a parallelogram, see Fig. 4.3 (bottom middle). wu

Example 4.3.3 (trisosceles and 3-chain-equal clouds $ FEig. 4.3 (right) shows
trisosceles and 3-chain-equal clouds that have 3 pairs of equal distances and a chain of

o2, 001G
- ® - (®)
- ® - ®
-011%  -002%
3 equal distances, their PDDs are and: & respectively. _
0128  -013%
- ® - (®)
- ® - ®
122 023
« - « |

Proof of Theorem 4.3.1. Case < = 2. Any cloud R of < = 2 unordered points
?1— 2 (labelled only for convenience) has PDD? ; 1° consisting of the single distance
j?1 ? 2j, which uniquely determines under isometry in any R
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Case < =3.Anycloud R ~of <=3 unordered points with pairwise distances
Co 15,
(®)

0 1 2hasPDD*;2°= - 2 The (lexicographically) rst row of PDD? ; 2°

®)
®

12
« |
gives us 0 1. Each of the remaining two rows of PDD? ; 2° should contain at least
one value of 0 or 1, including in all degenerate cases such as 0 = 1. Removing these
repeated values from the other two rows gives us 2, also inthe case 1 = 2. So PDD!? ; 2°
identies0 1 2 andhence , uniquely under isometry in any R

Case< =4,then= 3.Foracloud R3of< =4 unordered points, PDD? ;3°
isa4 3 matrix. Assume that PDD!? ;3° hastwo equalrows 0 1 2.

Isosceles case. In the rst case of Lemma 4.3.2 in Fig. 4.3 (left), PDD? ; 3° has two
more rows f0—0-3g and f1-1-3g including two repeated distances (say, 0—1) among
0—1-2. We can form two isosceles triangles with sides 0—0-2 and 1-1- 2, which can be
rotated in R around their common side of the length 2, but their positions are xed
under isometry in Rby the distance 3 between their non-shared vertices.

Non-isosceles case. In the second case of Lemma 4.3.2 in Fig. 4.3 (middle),
PDD?! ; 3° has two pairs of equal rows of (unordered) distances fO— 1-2g and fO— 1-3g.
Each of these triples uniquely determines a pair of equal triangles with a common side
that are symmetric in the perpendicular bisector to this side. For example, if we start with
a xed position of »3— 2% in R, the union of equal triangles 4?3?24 = 42,2324 in
Fig. 4.3 (middle) is uniquely determined under isometry by the length 3 pf $%4. In
R?, the parallelogram and isosceles trapezoid are distinguished by this distance 3.

Now we can assume that all rows of PDD? ; 3° are di erent. Then all points can
be uniquely labelled as;? 23— 3— % according to the lexicographic order of rows. Our
aim is to get PDD1f3— 3— 20; 2°, reconstruct 45?374, and then uniquely add;?

Case of a row with 3 equal distances. Let PDD!? ;3° have a row of (say) ?
with 3 equal distances 0. After removing the row of, The distance 0 from the
rows of 2— 3— 2, we get PDDf— 3— 20; 2°. This smaller 3 2 matrix determines
42,2374, uniquely under isometry inRFor a xed 42,2374, the position of ?in R®
is determined by its distance 0 te-?3— 72, uniquely under the mirror re ection relative
to the plane of 43?3?4. If = = 2, then 3 is the unique circumcenter of 4$?37,4.

Case of a row with 3 unique distances. Let PDD? ;3° have a row of (say) ?
where each of the distances 0— 1- 2 (say, t83??4) appears in at most one other row
(then 0—1-2 are distinct). After removing the row ftlfe distance 0 from the row
7?2, the distance 1 from the row ofz?and the distance 2 from the row of, 2ve get
PDDf?,— 3— 20;2°. This 3 2 matrix determines 45?374, uniquely under isometry
in R3. Then the position of ?in R? is determined by its distances 0— 1— 202 2,
respectively, under a mirror re ection relative to the plane of the triangle%?,.
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Case of one distance in 4 rows. Then two pairs of points have disjoint edges of the
€1 25,
- ()

- (R
-0 3 4%
same length, e.qg. j?? 2j =0 =j?3 ? 4j,soPDD?! ;3°=- or1 =j?1 ? 3,

« |
2=]?71 ?4,,3=)% ?3,4=]2% ?4j.Then2 <3 and1<4,else PDD? ;3°has
two equal rows (considered above), similarly when 1 =2 and 3 = 4.

If 0 equals one of 1—- 2— 3— 4 (say, 4), then is a 3-chain-equal cloud in Fig. 4.3 (bottom
right) and the argument below still works. If 1 < 2, we remove the row gftRe
distance 1 from the only row ofz%containing 1, the distance 2 from the only row of
?4 containing 2, and then remove 0 from the remaining row ofThis reduction to
PDDf?,— 32— 24; 2° allows us to reconstruct , uniquely under isometry i d® in
the case of a row with 3 unique distances. If 1 = 2 but 3 < 4, we remove the row of ?
the distance 3 from the only row of;Zontaining 3, the distance 4 from the only row
of ?4 containing 4, and then remove 0 from the remaining row @fwhich allows us
to uniquely reconstruct as in the case of a row with 3 unique distances above.

The nal case: no distance appears in all 4 distinct rows, but every row has a distance
appearing in 3 rows, hence at least four times, including two times in the same row.
Then is a trisosceles cloud in Fig. 4.3 (top right). If any of the remaining distances
0-1-2 are equal, PDD!? ; 3° has two equal rows (the case considered above). Then we
remove any row (say 0—1- 1) with two repeated distances, the distance 1 from the only
two rows containing 1, and the distance 0 from the remaining row.

This reduction to PDDf2— 3— 20; 2°, allows us to reconstruct 4?3 ?,4, uniquely
under isometry in R Though 3 has equal distances to two of the vertices (say 3),
the ambiguity of reconstructing; ™ R2 by its distances to - 3— 2, is only under the
mirror re ections relative to the bisector plane of»»72% and the plane 0f42;7,. U

Chapters 5 and 6 will extend the PDD to the stronger invariants in a metric space
(SDD) and complete invariant (SCD) under rigid motion in afly & shown in Fig. 4.4.
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Chapter 5

Higher order distance distributions of unordered
points in a metric space

Abstract This chapter presents further advances towards a solution of the geo-mapping
problem under isometry in any metric space, as stated in the previous chapter. The Point-
wise Distance Distribution (PDD) will be extended to stronger isometry invariant by
collection distances to -point subsets. The resulting Simplexwise Distance Distribu-
tion (SDD) is Lipschitz continuous and computable in a polynomial time of the number
of points, for a xed order . For = 2, the SDD distinguishes all (in nitely many)
known counter-examples to the completeness of the PDD under isometfy in R

5.1 Simplexwise Distance Distributions of a cloud in a metric space

This chapter follows paper [8] and its extension [6] to metric spaces with measures.

We continue solving Problem 4.1.4 to nd geocodes of nite clouds in any met-
ric space. The rst section extends the Pointwise Distance Distribution (PDD) from
De nition 4.2.1 to a stronger invariant, which requires a few auxiliary de nitions.

The key idea of a stronger invariant is to use a base sequence of j 1 ordered points
instead of =1 pointin the PDD.

The lexicographic order u Y v on vectors u =ftPree—Band v = 1fj—see—¢
means thatif the rst8 coordinates (where 8 might be 0) of D—{ coincides th&n{p); .
Let ( denote the permutation group on indices 1—eee— .

De nition 5.1.1 (Relative Distance Distribution RDD?* ; °). Let be a cloud of <
unlabelled points in a space with a metric 3. A base sequence #=3%%+¢—-9? 2
consists of 1 Y < distinct points. Let ! ° be the triangular distance matrix
whose entry 1°g_g1is31%-2°forl 8 Y 9 , all other entries are zeros.

Any permutation b 2 (actson * ° by mapping *° goto *° .., where: ;
is the pair of indices b18°-b19° 1 written in increasing order. For any other point
@ 2 , write distances from @ to (~¢*+—?as acolumn. The 1< °-matrix
't ©°js formed by these < lexicographically ordered columns. The action of
b on 't; ° maps any 8-th row to the b8°-th row, after which all columns can be

59
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written in the lexicographic order. The Relative Distance Distribution RDD!? ; © is
the equivalence class of the pair » 1 °='1; °%, of matrices under permutations
b2(. ]

For =1 and a base sequence = %4?, the matrix ! °is emptyand't; °
is a single row of distances (in the increasing order) fronmo?all other points @ 2 .
For = 2 and a base sequence = 32 3°, the matrix ! ° is the single number
31?7;—3%and 't ; °consists of two rows of distances from 72— 3 to all other @ 2 .

Fig. 5.1 Left: triangular cloud of points 2— %— % with inter-point distances 0 1 2. Middle:
right-angled cloud ' of points 10— 0°, 14— 0°, 10— 3°. Right: square cloud ( of points *1-0°, * 1-0°,
10-1°,1 1-0°.

Example 5.1.2 (RDD for a 3-point cloud ). Let R 2 consist of 23— 2— 3 with
inter-point distances 0 1 2 ordered counter-clockwise as in Fig. 5.1 (left). Then

©.726 a
RDD™:? 10 = »;;11-20%—  RDDL: (@ = »0: —
?3 1
« | «K -
©93a a
RDD™:? 0 = »;;10-20%—  RDDL: @ = »17 —
?1 2
« | «K -
ol S
RDD? ; ? 3° = »;; 10— 1°V4— RDD; = »2- 4-
?2
« - « -
We have written RDD? ; © for a base sequence = g 2° of ordered points
represented by a column. Swapping the points3?? , makes the last RDD above
©,) a a
2 :
equivalentto RDD; - = 2;- g . _
-, ® - ®
71

« - «K -
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Though RDD? ; °is de ned up to a permutation b 2 ( of pointsin 2 ,
comparisons of RDDs will be practical for = 2—3 with metrics independent of b.

De nition 5.1.3 (Simplexwise Distance Distribution SDD* ; °). Let be a cloud

of < unlabelled points in a metric space. For an integer 1 Y <, the Simplexwise
Distance Distribution SDD* ; © of order is the unordered set of RDD!? ; © for all
unordered -point subsets . |

For order = 1 and any <-point cloud , the distribution SDD? ;1° can be
considered as a matrix of < rows of ordered distances from every point ? 2 to all
other < 1 points. If we lexicographically order these < rows and collapse any ; j 1
identical rows into a single one with the weight ; <, then we get the Pointwise Distance
Distribution PDD? ;< 1°introduced in De nition 4.2.1.

De nition 5.1.4 (moments of a weighted distribution). Let be any unordered set of

. . : N
real numbers §-««+—0with weights |1—«**—{], respectively, such that | g = 1.
. 8=1
. N K N
The 1st moment (average) is thgt'° = | 0. The 2nd moment is ;1 © =
s 8=1

1k
<

k ) -
| 80%. ForC 3, the C-th momentis<1C " | 80%, see [5, section 2.7]. I
8=1 8=1

The vector SPD? ° of Sorted Pairwise Distances was introduced in De nition 4.1.5.

De nition 5.1.5 (Simplexwise Distance Moments SDM). For any <-point cloud ina
metric space, let be a subset of unordered points. The vector Rt ; © 2 R
is obtained from the 1< © matrix '*; ° in De nition 5.1.1 by writing the
vector of < column averages in increasing order.
The pair »SPD?* °; R? ; °Y is the Average Distance Distribution ADD* ; ° con-
sidered a vector of Iengtﬁg—o , <. The unordered collection of ADD? ; ° for all
unordered subsets is the Average Simplexwise Distribution ASD? ; °.

The Simplexwise Distance Moment SDM? ; —CF° is the C-th moment of ASD? ; °
considered a probability distribution of vectors, separately for each coordinate. 1

Fig. 5.2 Left: trapezium cloud ) of points *1-1°, * 1-1°, * 2—0°, 12— 0°. Right: kite cloud of
points 10-1°, * 1-0°, 10— 1°, 13-0°.
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Example 5.1.6 (SDD and SDM for the 4-point clouds )— ). Fig. 5.2 shows the
nBQ—iﬁc_)meHii%ogint clouds )— with the same Ordered Pairwise Distances: SPD =
f' 2— 2—-2-10- 10-4g, see in nitely many examples in [1]. The arrows on the edges
of )— show orders of points in each pair of vertices for RDDs. Then )— are distin-

guished under isometry by SDD?); 2° <

SDD?!? ;2° in Table 5.1. The 1st coordinate

of SDM! ; 2—1° 2 R® is the average of the six distances from SPD (the same for)— )
but the other two coordinates (column averages from 't ; © matrices) di er.

RDD?); © in SDD?);2°

RDD? ; °in SDD? ;2°

p.© 2 P10}, p.©2 104
» 2— /4 2 » 2— /4 2
I p— ® Zip= ®
10 4 2 4
« = « -
oP3 P oz P52
»2~_ P p /4 >>2~_ P_ p_ /4
10 2 2 10
« = « -
b2 4 o2 2
» 10— ®Ya 2 » 10— 4 2
S P ® Ip—®
2 2 4 10
« = « -
oP5 Pige oPz P32
»4— /4 »4—= /4
-Pp— - ® -P— — ®
plO P plO plO
« b | « b |
ADD1Y); °in ASD?);2° ADD!? ; °in ASD!? ;2°
p— p_
_ — — P
P2 10 4Py, 5 P32 2 W00y,
P~ P— P- P—
»2— PRV P Ol»2— pi—pl_o oY,
2 2
P— 2 pi 43 T2 pm 43
» 10-L5——=550Y, 2 » 10— t—F——2550Y, 2

P~ P—- P; P—
12102 100
»4 > > Ya

D

P- P—
_ 12, 10__2 1001
»4— 18 == n Ya

D
4

D
FPs P= = FPax
SDM1:3’ 2, 10 SDM1:3’ 2, 10
- p— —  p—
DM, < 6,2 2.4 10 DM, < 8,5 2,3 10
2" 012 p 2- 012 o
16,4 2,4 10 16, 3 2,5 10
SDM;g = > SDM3 = —————

Table 5.1 Top: Relative Distance Distributions from De nition 5.1.1 for all 6 base sequences in the
4-point clouds )— in Fig. 5.2. The symbol 2 indicates a doubled RDD. The three bottom rows show

coordinates of SDM? ;2—1° 2 Rfrom De nition 5.1.5 for =2, C = 1 and

=)- . Dierent

elements arhigtlighted and imply that all invariants SDD— ADD— SDM distinguish ) ; .
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Some of the = RDDs in SDD! ; ° can concide as in Example 5.1.6. If we
collapse any ; j 1 identical RDDs into a single RDD with the weight";e, SDD can
be considered as a weighted probability distribution of RDDs.

In a general metric space, a point cloud is usually given by a distance matrix on
(arbitrarily ordered) points of . Hence, we assume that the distance between any points
of is accessible in a constant time.

Theorem 5.1.7 (invariance and time of SDD, [6, Theorem 3.6]). For any order 1
and any cloud of < unlabelled points in a metric space, SDD? ; ° is an isometry
invariant, which can be computed in time $3& 1 1°1° Forany C 1, the invariant

SDM?!; —-C° 2 R" ~—5— has the same asymptotic time.

5.2 The expressiveness of Simplexwise Distance Distributions

This section shows that SDD? ; 2° distinguishes all in nitely many known pairs [3,
Fig. S4] of non-isometric clouds (—& Rthat have equal PDD(° = PDD!&°

Examples 5.2.1 and 5.2.2 distinguish clouds of 5 points and 7 points, respectively,
in R3 by comparing their SDDs of order 2. In Example 5.2.3, the invariant SDD? ; 2°
distinguishes 6-point clouds in a family of pairs depending on three parameters.

Example 5.2.1 (5-point clouds). Fig. 5.3 shows the 5-point clouds R 2 taken from
[3, Figure S4(A)]. The clouds (ars_ncﬁlsgrpetric, because fas the triple of points

_— ="' with pairwise distances2— 6— 6, but ( has no such a triple.

Fig. 5.3 See Example 5.2.1 Left: 1G— H°-projection of the 5-point cloud R 2 consisting of
the green points = *1- 1-0° and = !1-1-0°, the red points '= ! 2-0- 2° and
' =12-0-2° andthe blue point = 0-1- 1°. Right:toget( R 3 from the cloud ( , replace
the point  with another point =~ = 10-1-1°.

Table 5.2highlights di erences between distance matrices. If we order distances to
neighbours, the matrices in Table 5.3 di er only in one pair.

If we ignore the labels of all points in columns, Table 5.3 implies thath@ve
identical Pointwise Distance Distribution (PDD). For easier visualisation, the matrix
below is obtained by lexicographically ordering the rows in Table 5.3:
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distanceso( |' ', distanceso( |' ', .
+12-0-20 0 P2 P5 P12 P “1o-0-2| 0 P2 Ps PP
' 12-0-2° P% o P12 "5 Pm 't 12-0-,2° P% o P12 "5 s
11-1-00|"5 " 0 P8 B 11210076 " o P "%
11-,1-0° P%Ps P8 o P2 11-,1-0° %P5 P8 o P2
10— ,1- 1° Ps P s P2 o 10-,1-,1° PP P P2 o

Table 5.2 Distance matrices of the clouds (R 2 in Fig. 5.3.

( distancesto

1st neighbour 2nd neighbour 3rd neighbour 4th neighbour

=ip-0-20| P8 ks v 5
© o =12-0-2° s Pz P 7
=11- 1-0° Ps s Pg v

o =11-1-0° P3 s Ps P
=10 1- 10| 3 P ’% v

(, distancesto |1st neighbour 2nd neighbour 3rd neighbour 4th neighbour

—i2-0-20| "% 1z 1 7
©ozip-0-20| P8 ks v 7
11— 1-00| Ps Pg 1

S =11-1-0° P3 5 Ps P1a
=iwm1-10] T3 P P% v

Table 5.3 For each point from the 5-point cloud (n Fig. 5.3, the distances to neighbours from
Table 5.2 are ordered in each row.

PDD?( °=SDD( ;1°=

© © @O
ol (V]| NI

©
ol

ol

© © ©
ol ol ol

©
ol
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Now we show that SDD*(;2° < SDD?*(_;2°. For = 2, the Simplexwise Distance
Distribution SDD? ; ° consists of RDD?* ; © for 2-point subsgts . Both sets

( have asingle pair of points* — °and* —  °atdistance 2. Hence it su ces
to show that the Relative Distance Distributions di er for this pair:

5P P e
© © @aa -
- . ®R = -p- P= —
- = 2—_p6 Ps P12 -

« « -
«

@pé pﬂ pf_ia
© © aa -
RDDI( = L@ Psp. p— po

=52-"6 14 6%°

«

The last rows in the above 3 3 matrices indicate a complementary point @ 2
for indexing columns of the 2 3 matrices ' ; °in De nition 5.1.1. The resulting
RDDs db‘ir llygcause any permutation of rows or columns of 't - on keeps
the pair 6— 6 in the same column but '*(;f — g° has no pair 6- 6 in one
column. Hence SDD?(; 2° < SDD?(_; 2°.

Fig. 5.4 See Example 5.2.2. Left: :G— H°-projection of the 7-point cloud B 3, which consists
of the red point ' = 1 2—0- 2°, green point = 12—0-2°, four blue points ; =t 1- 1-0°,

2 =11-2-0°, orange point$ = 10— 0— 1°. Right: to get the cloud &fromthe cloud & R 3,
replace the point$ with$ = 10-0- 1°.

Example 5.2.2 (7-point clouds). The clouds &n Fig. 5.4 taken from [3, Figure
4(B)] have distances in Table 5.4. Both sets have only two pairs of points at distance
6. Hence it su ces to compare RDDs for these pairs below.



66 5 Higher order distance distributions of unordered points in a metric space

distances 0 & ' 1 01 2 2 8
=120-22 |o "3 P @ 3 P P
—i20-20 "m0 "1 3 Pm
L =11-1-0|" P o Ps 3 P13 P3
1=41-,1-0° "2 P P 0 P5 1 P3
2 =11-2-0°| 3 p1_7 3 pg 0o 2 P~
2 =1,1-2-0° p1_7 3 pf3 1 2 0 P
¢ =10-0-1 |[P5 P13 Pz P3 P5 Pg o
distances 0 & ' 11 2 2 8
z12_0-20 | o P3PsPm 3 PP
1p-0-20 |[Pm 0P PsP17 3 P
y=11-1-0 "6 P 0 "5 3 P13 P3
1=11-,1-0° P2 PsPs 0o "5 1 P3
,=11-2-00| 3 "7 3 "5 0 2 "B
2 =11-2-0° P7 3P3 1 2 o "5
s =w0-0-1 "1 "5 "3 "3 "5 "5 o

Table 5.4 The distance matrices of the 7-point cloudsi& Fig. 5.4 taken from [3, Figure S4(B)].

I um 3 Pie
9 - p p p. &
& s =; 6 8 51 38
i ®

« « -

A
d
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P—

<f§pﬂ.3 17 5%
e 2 @ p_p. _p_p.G&
& —- 14°8 3 13 3§
1 Z 3
« « T 1 ) ) $
« |
CB 135, CB 5%
The pair above has submatrlees D nd- D utthe pair below has no such
1°3 3
. « = « b}
submatrices.
—P—pP— p—
§P32p14p17 3 5%
© 9 P—- P P p ®
-& ;- E:% -6 8 51 3%
A - 3
« « - i 1 ) ) $
« |
©D 3214 3 17 13§
© ' @ p_p. _p_ p.®
L& éﬁ 148 3 13 3 &
1 : 8
« « - 1 ) ) $
« -
© © aa © ©' a
The pair of RDD-& ;- %and RDD-& ;- diers from the pair
1 1
« « T « « T
© © 2 © ©'r aa
. @R = @R
RDD-& ;- and RDD-& ;- Hence SDD'& ;2° < SDD*& ; 2°.
« « ’1 T « « 1 T

Example 5.2.3 (6-point clouds). The clouds )n Fig. 5.5, which was motivated by
[3, Figure S4(C)], have the points '—= —$from the clouds & in Example 5.2.2 and
three new points 11G—h-0°, 21G—H-0° 3'G—H-0°suchthatj'ij = | 2],

i'" 21=] si,]' 31=] 1j. Denote by 2;— 25— 2; the lengths of these three pairs
of line segments after their projection to the GH-plane so that

§1@,2°2,H§:j' 27 4=12; 1°%-
150203010

_1Q 202,H§:j 3]2 4:12;102;
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Fig. 5.5 See Example 5.2.3. Left: 1G— H°-projection of the 6-point cloud R 3 consisting of
the red point ' = 1 2—0- 2°, green point = 12-0-2°, three blue points; = *G- H-0°,

2=1G-K-0° 3=1G-H-0° and orange point $= 10-0— 1°sothatj' 1j=2;3=] 2J,
i' 20=21=] 3" 3 =22=]j 1j. Right: togetthecloud) R 3 from the cloud),
replace the point $ with$ = 10-0- 1°.

§1Q,2°2,H§:j‘ 3% 4=12; 02—
150203020
_Elq 202>Hi:j 1j2 4:12;202;

él@l,?z,Hi:j' 1% 4=12; %~
150203430
21G 202 Hi=| o 4=12; 5%

Comparing the 1st part of 15¢2¢31° with the 2nd part of 15¢2¢3¢3°, we gt 12;

2 .2 2 .2 2 .2
4G = 12;3°2 4Gy, s0 G = 2 2’ 3. Similarly, G = 2 2’ lg=2 2’ 2 so that
2

G, G2, Gz = 0. From the second part of 152+3+2°, we detd®; , 4, H 2 = 4;2, so

i$ 1°=CG H2 1=4;2 4G, 3=2;2 2,2 3-
similarly j$  2j°=2;5,2;2 3-j$ 3j?=22,2;5 3e
Thenj 1 2j2:1(31 (3202,1H1 Hzozzq,Hi.

The last columns in Tables 5.6 and 5.7 show the pairs of distances that distin-
guish) ;) . The distributionsSDD?) ;2° can dier only by RDDs of the pairs
f—$ g-f—-% g—f'— gg—f— g9, where 8 2 f1-2—3g is considered modulo 3 so
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distances o) ' 1 2 3 $
p_ q q q p_
'=12-0- 20 0 3?2 22,1 221 2 2.1 5
p_ q g g b
=12-0-2° 32 0 221 2 21 2 21 13
q q ) ) ) ] q—
1=1G-h-0°|2 ;2,12 ;2.1 0 i1 o2 j o3 22,2,2 3
q q q——
2=1G-H-0°(2 212 2.1 | 1 0 i 2a 22,223
q q—
3=1G-HB-0°12 ;3,12 ;2,1 | 3 4 j 2 3 0 22,22 3
$ =10-0- 1 pg pﬁ q2'2 2,2 3 q2'2 2,23 22.2:23 0
2:%43 3541 1s%2
distances 0) ' 1 2 3 $,
P q q q -
'=12-0-2° | 0 2 221 221 2 321 13
P q q q p—
=12_0- 20 32 0 22,1 2 2.1 2 2.1 5
q q q—
1=1G-h-0°2 ;212 ;21 0 i1 2 i3 i 22,2,2 3
q q ) ) ) ) q— —
2=1G-H-0°12 ;2,12 ;5.1 ] 1 o 0 j2 3 2,2,2,2 3
q q ) ) ] ] q—n —
3=1G-H-0°2 ;2,12 ;2.1 j 3 4 J 2 3] 0 222,23
p_—_ p_- A q q
$ =10-0-,11 13 5 22,223 22,223 22,223 0

Table 5.5 The distance matrices of the 6-point cloudsn Fig. 5.5 motivated by [3, Figure S4(C)].

that 1 1 3 *mod 3°. In rows of corresponding pairs of points, some pairs of
distances are the same in b&BD?) ; 2°, but other pairs di er. If i—3—3 are pair-
wise distinct, the rows f'—$ g—f —$_g include three di erent pairs of distances, so
SDD?) ;2°<SDD?Y) ;2°.

Table 5.5 contains all pairwise distances between the points. &/ show that )
di er by the simpli ed invariantsSDD?) ;2° below. In each column of '*; ©, we
additionally allow any permutation of elements independent of other columns, so we
could order each column (a pair of distances) lexicographically. Denote the resulting
simpli cation of RDD by RDD. ThenSDD?) ;2° have identicaRDDs for the 2-point
subsets from the list f'—= g—f$ — gg—f g~ og for distinct 8— 9 = 1-2-3.

For example, botflRDD?) ;f'— ¢° stzﬂ't with tha distancej' j= p3_2 and then

include the same four pairs 5— 13°,12 ;2 1-2 ;2 1°for8 2 f1-2—3g modulo

3, which should be ordered and written lexicographically.
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) pair distance common pairs ir6DD?) ;2° pairs that di er inSDDY) ; 2°
q 2 q 2 2
. . . o]
12 2,1~ 22,2,2 300 4,
' Pz Pz P53 d 2 . 2 2
f-$ g 5 1 13- 32°to 12 55,1- 22,2,7 3°to
d 2 q 2 2
. . . o]
12 2,1~ 22,22 3°t0 3
q 2 d 2 2
; 2 o o
12 2,1- 22,22 3°t0 4,
— _pP— q q
f-%$ g p13 1p5—p32°t0' 1 2 1. 2:2 2:2 3019 ,
!3, 13, !1 il
2 q 2 2
. 2 o o
12 2,1~ 22,22 3°t0 3
[¢] 5 p_
. o
12 2,1~ 32°t0 -
q q p.d—————
f— 5102 :2,1(%2 ;2,,1-j g1 81j°t0 g1—| ( 5- 2:2,,2;3 3°t0$
12 ;2 ,1-j g g1j°to g
q > p_
12 32, .1- 32°t0 '~
d P q ) . p_q#
f— 8102 ;5,1(12 ;2. 1-] 81 s1j°t0 g1~ (13- 23,2;5, 3°t0$
12 35,.1-j 81 g°t0

Table 5.6 Pairs of distances in the simpli ed invarig8DD?) ;2°. For comparisonwit8DD?) ;2°,
see Table 5.7 . The highlighted di erences imply ti&2D?) ;2° <SDD?) ;2°,s0) ;) ..

Hence, it makes sense to comp&@D?) ;2° only by the remainingRDD?) ; °
for fromthelistf'—$ g—f-$ g-—f'— gg—f— ogin Tables 5.6 and 5.7.

Without loss of generality, assumethat ; » ; 3. Ifallthe lengths are distinct, then
;1i;2i; 3 Thentherows forf'—$ gandf—$ gdierinTables 5.6 and 5.7 even
after ordering each pair so that a smaller distance precedes a larger one, and after writing
all pairs lexicographically. S&DD?) ;2° < SDD?) ;2° unless two ofg are equal.

If (say) 1 = ;2, the lexicographically ordered rows of f'—$g and f —$ g coincide
in SDD?) ;2°, similarly for the rows of f —$ g and f'-$_g. Hence, it su ces to
compare only the six rows for the remaining pairs f'sg—f — og iNSDD?) ; 2°.

2 .2 2 .2

For;y = ;», we get G= -2 2’ l-0andG= G, = % In equation 15¢2¢3¢3°
the equality 1@, 2°2 , H2 = 1G 2° 2, H3 with G = G implies that &= H. The
more degenerate cases ;2 = ;3, means thatG= G = G =0and § = H = H,
hence at least two of1— »— 3 should coincide. The above contradiction means that it
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). pair |distance common pairs irsDD?) ;2° pairs that di er inSDD?) ;2°

12q'2 1—(422 2 3°to
12 5 12 s 1,

pP— p

f-$ g 5 P13 P50 10 a a
: 12 1- 22,2;2 3°to
13 13 s 23
q
12 ;f,l— 2;2,2,2 3°to 3
q
12 ;§,1— 22,22 3°t0 4,
. P— PzP
f'—% ’g 13 5— 32°to 12q 1 1_q232’ 2% 3% to 2
q q
12 ;21— 22,2,2 3°t0 3

1q-2 p_o
2 ’8131_ 32°to —

q q —— —
f— 81012 35,12 ;5,.,1-] 81 81i°t0 81— (13— 2,2,.2,5 3°t0$

12 32, ,1-j g 81j°to g

12q 2 1 Paoqgr
81>

q p.9——m—F—
f— 8102 ;5,12 32, ,1-j g1 s1j°t0 ga1—| ( 5- 2;5,2:5)1 3°t0$

12 32,.1-j 81 &i°t0 8

Table 5.7 Pairs of distances in the simpli ed invaris8idD?) ;2°. For comparison wit8DD?) ;2°,
see Table 5.6. The highlighted di erences imply t&2D?) ;2° <SDD?) ;2°,s0) ;) ..

remains to consider the cases ;2 j ; swhenG= G, <0=Gand H= H, see
Fig. 5.5.

If Hp = H, the clouds ) are isometric by :G—H—1° 7! 1 G—H- 1°4lf/HH ;
and H = 0, the clouds ) are isometric by the isometry 1G—H—1° 7! 1 G— H- [°. If
H = Hzand H<0,then ; =1G-H-0° ,=1G— H-0° 3 < 10-0-0° Then

among tht? six remaining rows, only the rows of f'+g, f — .0 have points at the
distance 2 § . 1, see Tables 5.6 and 5.7 for 8 = 3 considered modulo 3. Then8,1 1

Imod 30, 8 1 2 mod 30, 508,1 =1=;2=,81-
Looking at the rows of f'-= g, fq 20, the &hree common pairs in each of
SDD?) ;2° include the same distance g J1=2 ,2 ,lbutdierbyj g1 g =

j 23<j31j=]ss1jas 1= 2, 3<0-0-0°
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This couple ofﬁji%@t rows implies that SDD*) 2° < SDD?) ;2° due to the
swapped distancesS—pilC% in thgfremaining pairs, see Tables 5.8 for the cloudi)

Fig. 5.5with 3 =, = 23, ;3= 2. B

) pair|distance dist. to neighb. 1| dist. to neighb. 2 dist. to neighb. 3 dist. to neighb. 4

t— 19l 3 |P2PT7010 5| P5PEo 108 [P T7P20010 L P T7PE20 10

f— .0 3 |P8lmri0s |PT7 20010 4|PT7 26010 5P 1732010

). pair |distancedist. to neighb. 1 dist. to neighb. 2| dist. to neighb. 3 dist. to neighb. 4

f= 9| 3 |P2PT0w0 5[5 o w0s [P T0010 L P T7PFB0 10

- a0 3 |P5PEot0s [P0t 4| P T Te0 10 o P T TR0 10

Table 5.8 The above rows show that SDDR° < SDI%i)’ ; 20 Jgr the clouds ) with 1 =
11-2-0° ,=11- 2-0° 3=10-3-0°sothaty;,= -, ;3= —= in Tables 5.6 and 5.7.

Examples 5.2.1, 5.2.2, and 5.2.3 motivate the following conjecture.

Conjecture 5.2.4 (completeness of SDD? ; °inR). Forany = 2,thereis some 2
=such that the Simplexwise Distance Distribution SDD!? ; ° from De nition5.1.3
is a complete isometry invariant of all clouds R. yis

5.3 Continuous metrics on Simplexwise Distance Distributions

This section de nes Lipschitz continuous metrics on SDDs, which can be computable in
a polynomial time of the number < of points, for a xed order . The < permutable
columns of the matrix 't ; °in RDD from De nition 5.1.1 can be interpreted as <
unlabelled points in R Since any isometry is bijective, the simplest metric respecting
bijections is the bottleneck distance BD from Example 1.3.3(b).

De nition 5.3.1 (the max metric "; on RDDs). For any <-point clouds and ordered
-point base sequences  and ° 9 set
31p° = maxfl, 1h1 1 00— 1 ®o_Bp1p1'1 - 00_1 0; Ooog

for a permutation b 2 ( on points. Then the max metric on Relative Distance

Distributions is de ned as *; 1RDD? ; >~RDD? & ®o = tr)T;i(n 31po, I

We will use only = = for Euclidean space®Rso the factor !in De nition 5.3.1
is practically small for = = 2—3. For =1 and a 1-point sequence , the matrix
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10 js empty, so 3th° = BDb1't; °°—'1 O o The metric "; on RDDs will
be used for intermediate costs to get metrics on unordered collections of RDDs (SDDs)
by using the standard tools in De nitions 3.5.4 and 5.3.2 below.

De nition 5.3.2 (Linear Assignment Cost of a matrix [4]). Forany : : matrix of costs
|:
218—9° 0,8-9 2 fl—eee—:g, the Linear Assignment Cost:li_mgh: 218-618% s

8=1
minimized for all bijections 6 on the indices 1—ese+—:. I

The normalisation facto?l in LAC makes this metric better comparable with EMD
in De nition 3.5.4 whose weights sum up to 1. For both LAC and EMD, the matrix of
initial costs will consist of max metrics between all RDDs in two given SDDs.

Theorem 5.3.3(b) extends the $12log™ <° algorithm for xed clouds of < unla-
belled points in [2, Theorem 6.5] to the harder case of isometry classes but keeps the
polynomial time in < for a xed dimension =.

Theorem 5.3.3 (time of metrics on SDDs, [6, Theorem 5.5]). (a) For any <-point
clouds — 9in their own metric spaces and 1, let the Simplexwise Distance
Distributions SDD? ; °© and SDD* & © consistof : = < RDDs with equal weights

1 without collapsing identical RDDs.

(b) Using the : : matrix of costs computed by the max metric i* between
RDDs from SDD! ; °© and SDD! & ©, the Linear Assignment Cost LAC from
De nition 5.3.2 satis es all metric axioms on SDDs and can be computed in time
$111 2 < IPpg <0:2 : 3og:O.

(b) Let SDD*; © and SDD* % ° have a maximum size ; : after collapsing
identical RDDs. Using the same matrix of max metrics as in part (b), the EMD from
De nition 3.5.4 satis es all metric axioms on SDDs and can be computed in time
$ 11 2,< 1-5|Og <°;2,;3Iog;. .,

Theorem 5.3.4 substantially generalizes the fact that perturbing two points in their
Y-neighbourhoods changes the distance between these points by at most 2Y.

Theorem 5.3.4 (Lipschitz continuity of SDDs, [6, Theorem 5.8]). In any metric
space, let © be obtained from a cloud by perturbing every point of within its
Y-neighbourhood. For any order 1, SDD!; ° changes by at most 2Y in the
LAC and EMD metrics. The lower bound holds: EMBDD! ; °>~SpDt & o
jSDMt; —1° SDM: O —19j . ”

5.4 Measured Simplexwise Distributions for metric-measure spaces

This section adapts Simplexwise Distance Distributions SDD to metric-measure spaces.

De nition 5.4.1 (metric-measure space). A metric-measure space 1—3° is a
compact space - with a metric.3and a Borel measure “such that > 1-° Y 1. An
isomorphism between metric-measure spaces is an isometry 5 : - ! . that respects
the measures in the sense that*® = _ 151 1.9 for any subset* .. T
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Dividing ~ . *° by the measure > 1-° Y 1 for any * -, we can assume
that *. 1-° =1, s0 " . is a probability measure. Any metric space - of < points can

: . . . 1
be considered a metric-measure space with the uniform measuf® = - for all

? 2 -. On two points 0-1 in R, the metric-measure spaces - = 1f0— 1Hg°f and
. = 1f0-1g- 1%—%90 are isometric but not isomorphic because of di erent weights.

Problem 4.1.4 becomes much harder if we replace isometries between metric spaces
with isomorphisms between metric-measure spaces because all known isometry in-
variants should be further re ned to distinguish under isomorphism. De nition 5.4.2
extends the local distribution of distances from [7, De nition 5.5] to orders j 1.

De nition 5.4.2 (Measured Simplexwise Distribution MSD). Let :-=3 " ° be any
metric-measure space. For any base sequence =3%?+—?of 1 ordered points
of -, write the triangular distance matrix 1 ° from De nition 5.1.1 row-by-row as the
vectorvi® 2R % sothaty = 3. 1% %°for:= 18 1°,9 1,1 8Y 9
For avectord = 13—eee—3 2 R of distance thresholds, the vector m? ; d° 2R
consists of values - 1ff@ 2 -j3 1@—? 3gg°for8=1—eee— .

The Measured Simplexwise Distribution of order 1 is the function MSD»-; % :
- R IR ,1’10'2 mappingany 2 - andd 2 R to the pair »v* °-m? ;d°%a
considered as a concatenated vectorallnlli'2 . )

For = 1, the vector v! ° is empty and the Measured Simplexwise Distribution
of order = 1 coincides with the local distribution of distances [7, De nition 5.5]
MSD»-;1% : - R ! R mapping any point ? 2 - and a threshold 3 2 Ro the
measure value'1ff@ 2 - j3 1@—-?° 3g°.

Any permutation b on indices 1-<<+— naturally permutes the components of
MSD»-; Y. If - consists of < points, MSD»-; ¥ reduces to the nite collection
of = vectors VID! ° paired with elds VSM? ;d° : R ! R  only for unordered
-point subsets -, which can be re ned to a stronger analogue of SDD below.

Fig. 5.6 Non-isomorphic metric-measure spaces -—. from [7, Fig. 8] have equal local distributions
of distances but are distinguished by the new Weighted Simplexwise Distribution of order 1 and the
Measured Simplexwise Distributions of order 2, see details in Example 5.4.4. All edges hav%length
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De nition 5.4.3 (Weighted Simplexwise Distribution WSD). Let - be a nite metric-
measure space whose any point ? has a weighf|For 1 and a base sequence

= 1?2 j—eee—_? of ordered points of - in De nition 5.1.1, endow any distance
31?2—@° in 1t ° with the unordered pair |1?°—|t@° of weights. For every point @ 2
-, put the weight |*@° in the extra * | 1°-st row of the matrix "*-; © whose
columns are indexed by unordered @ 2 - .If =1and =72,set 1°=|[1? 4°

The Weighted Distance Distribution WDD?-; ° is the equivalence class of the pair
» 10;"1.. 0 under permutations b 2 (  acting on . The Weighted Simplexwise
Distribution WSD1-° is the unordered collection of WDD!-; ° for all subsets -

of unordered points. I

For nite metric-measure spaces, a metric on WDDs can be de ned similarito "
from De nition 5.3.1 by combining the weights and distances. Then LAC and EMD
from De nitions 5.3.2 and 3.5.4 can be computed as in Theorem 5.3.3.

Example 5.4.4 (the strength of WSD for 9-point trees). Fig. 5.6 shows metric-measure
spaces -—. on 9 points visualised as trees [7, Fig. 8]. All edges have Iémﬁh induce

the shortest-path metrics 3 3. The sum of weights in every small branch of 3 nodes

is 1 3. These metric-measure spaces -—. have all inter-point distances only 1 and 2, and
equal local distributions of distances MSD»- 1% = MSD».; 1¥4 by [7, Example 5.6].

Indeed, both MSDs can be considered the same set of 9 piecewise constant functions
*129 taking values |1?°, 1, and 1 on the intervals »0—1°, »1—2°, »2— 1°, respectively.

However, WSDs have more pointwise data: WSD»-; 1% has 1 ° = |1?°§’b
and the following 2 8 matrix

©1 1 2 2 2 2 2 2§
3167212413!_

«105 240 15 15 15 21 28 28+

1.: 90 =

but WSD».; 1% has another matrix for |[12°-2.

"1 .90 =

|||@

11 2 22 2 2 2%
(R)
211423167

«15 28 105 21 15 28 15 420~

The above matrices with freely permutable columns are di erent, so -—. are distin-
guished by the Weighted Simplexwise Distributon WSD of order = 1.

Also, MSD»-; 2¥4 < MSD».; 2¥4 because, for any base sequence = 17—@° 2 -
we have VSM»-;2V,1 : 8- 30 = 1|12°—|1@°° for 3—3 Y 1 since all other points
have minimum distance 1 from ?— @, similarly for .. The unique points ?— @ of weights

23
[1?0 = a nd [*@° = have di erent distances .3 ?— @° = 1 and 3?— @° =
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Then MSD»-; 24 < MSD». ; 2% di er by the uniquely identi able elds mapping »0— 1°
to the constant vector 1|1 ?°— [t @°° withVID °=1<2=VID  t°,

We conjecture that any metric-measure spaces -—. are distinguished under iso-
morphism by Measured Simplexwise Distributions for a high enough depending on
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Chapter 6

Complete and Lipschitz continuous invariants of
unordered points in R"

Abstract This chapter leverages the Euclidean structureofdRmprove the Simplex-

wise Distance Distribution to a smaller Simplexwise Centred Distribution (SCD) for
any unordered points. The new invariant is complete under rigid motion and computable
in polynomial time for a xed dimension. The key ingredient of Lipschitz continuity is
the new strength of a simplex, which is a linear-growth analogue of the simplex volume.

6.1 Geo-mapping problem under rigid motion in R"

This chapter follows paper [4] and its extension [2] to Euclidean spaces. Problem 6.1.1
adjusts Geo-Mapping Problem 1.4.5 to nite clouds of unordered pointSin R

The major di erence with Problem 4.1.4, which was stated under isometry in a
metric space, is the full completeness under the stronger equivalence of rigid motion in
R=.

Problem 6.1.1 (partial case of Problem 1.4.5 for clouds under rigid motion7p R

Designamap on nite clouds of unordered points inWith values in a metric space
satisfying the following conditions.

(a) Completeness: any clouds — R are related by rigid motion () in R~ if
andonlyif 1°= 10,

(b) Metric: there is a distance 3 on the invariant space f 1 °j  Rg satisfying all
metric axioms in De nition 1.3.1(a).

(c) Continuity: there is a constant _such that, forany Y j O, if is obtained from a cloud
R ~ by perturbing every point up to Euclidean distance Y, then 31 1 - 100 Y,

(d) Computability: for a xed dimension =, the invariant *° and the metric
31 10_ 100 can be computed in times that depend polynomially on the maximum
size maxfj j—j jgof clouds — R ~. yis

77



78 6 Complete and Lipschitz continuous invariants of unordered points in R

Problem 6.1.1 will be fully solved by the Oriented Simplexwise Distribution (OSD),
which we introduce in De nition 6.1.3 after a few auxiliary concepts below.

De nition 6.1.2 (matrices *° and "*; ° for ). Let be a cloud of

< unordered points in Rwith a xed orientation. Let = 1?,—e++¢—? be a base
sequence of = distinct ordered points of . Let * © be the = =distance matrix whose
entry 1° g gs Euclidean distance }?? o for1 8 Y 9 =, all other entries are
zeros. For any otherpoint @ 2 , write distances from @ te-?+ «—7as a column.
Form the = 1< =°-matrix by these < =lexicographically ordered columns.

Atthe bottom of the columnofa@ 2 , add the sign of the determinant consisting
ofthe vectors @ #e++— @ =?Theresulting 1=, 1° 1< =°-matrix with signs in
the bottom 1= 1°-st row is the oriented relative distance matrix "* ; °. ]

Let (= denote the permutation group on indices 1—e«e«+—=. Any permutation b 2 (
is a composition of some C transpositions 8 $ 9 and has signtb° & 1 1°

De nition 6.1.3 (oriented distributions ORD?! ; °and OSD* °foracloud R 7).
Any permutation b 2 { acts on *° by mapping *° ggto *° .., where: ;
is the pair b18°—b19° 1 written in increasing order. Then the permutation b acts on
"1 ° by mapping any 8-th row to the b18°-th row and by multiplying the = 1°-st
row by signtb?®, after which all columns are written in the lexicographic order.
The Oriented Relative Distribution ORD?! ; ° is the equivalence class of the pair
» 10;"1 - 0L under all permutations b 2 ( = acting on both 1 °and "1 ; °.

The Oriented Simplexwise Distribution OSD?* ° is the unordered collection of
ORD!; °forall I unordered subsets of = points. ]

Any mirror re ection in R reverses the sign of the = = determinant consisting
of vectors {—e+++*={2 R7, hence reverses all signs in the 1= 1°-st rows of the
matrices "1 ; °in Oriented Relative Distributions. ORD? ; °and OSD! ° denote
the “mirror images' of ORD? ; © and OSD? °, respectively, with all signs reversed.

Fig. 6.1 1st: the right-angled cloud ' R consisting of points = 10— 0°, 3 = 14—0°, 310-3°,
and its mirror image of ? 1— %, and % = 10— 3° with respect to the G-axis. 2nd: the trapezium
cloud) R 2 consisting of points = 11-1°, 3 =1 1-1°, 23 = 1 2-0°, ?4 = 12—0°. 3rd: the
kite cloud R 2 consisting of points = 10-1°, 3 =1 1-0°, 23 = 10— 1°, ?4 = 13—0°. 4th:
the square cloud (R consisting of points 2= 11-0°, 3 = 10— 1°, ?3=1 1-0°, 74, = 10— 1°.

Example 6.1.4 (OSD for mirror images on right-angled clouds). #wmih the counter-
clockwise orientation, the right-angled cloud ' on the vertices=10-0°, 3 = 14—-Q°,
?3 = 10— 3° of the triangle in Fig. 6.1 (1st) has the distribution OSD*'° consisting of
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a
©5 &
- ®

1-19 0_ 700 = 27 ®,
ORD; ? 3 9 »3_44

- ®
- ®

« =

which di ers from OSD'° even if we swap points in each pair.

Example 6.1.5 (OSD for )— ). Fix the counter-clockwise orientation oA $ that

if a vector v is obtained from u by a counter-clockwise rotation, theA@e{ j O.
Table 6.1 shows the Oriented Simplexwise Distributions for the clouds )— in Fig. 6.1.
Each row contains the most similar ORDs whose di erencechighlighted.

Though Problem 6.1.1 did not include the reconstruction condition as in 1.4.5(b),
Lemma 6.1.6 below proves this reconstruction in more detail than [2, Lemma 3.6].

Recall that De nition 2.1.2 introduces the a ne dimension of a base sequence of
= ordered points {2~ * » * —7as the maximum dimension of the vector space generated
by all inter-point vectors  p gfor8—9 2 fl—eee—=g.

Lemma 6.1.6 (reconstruction from ORD). Acloud R of < j=unordered points
can be reconstructed, uniquely under rigid motion, from ORD?* ; °in De nition 6.1.3
for any base sequence withat°o== 1, ”

Proof. By Lemma 2.1.4(b), any base sequence can be reconstructed, uniquely
under rigid motion in R, from the triangular distance matrix * ©in De nition 6.1.3.

We may assume that the rst = pointg—=s ¢ « ——f span the subspace of the rst

= 1 coordinate axes of R. We prove that any point @ 2 has a unique location

in R™, determined by the = distances j@;j-2+ ¢ *—j@ =Pwritten in a column of the

matrix ORD? ; °. Since the points of do not belong to any = 1°-dimensional

a ne subspace of R, the = spheres (12j@ 7%j° of radii j@ ? g and centres &

8 = 1-+++—=, contain @ and their full intersections consists of one or two points. We can
uniguely choose @ among these two options due to the sign of the determinant on the
column vectorsq p—e**—q p inthe bottom row of ORD? ; °. u

Lemma6.1.6 impliesthat ORD? ; °can have identical columns only for degenerate
subsets witha 1 ° Y = 1. For example, let==3and consist of three points
?,— 23— 3 in the same straight line ! F. The three distances j@ g?8 = 1-2—3,
to any other point @ 2 outside ! de ne three spheres @@ %° that share a
common circle in R, so the position of @ is not uniquely determined in this case.

Though one ORD?®; © witha1° = = 1 suces to reconstruct R ~up
to rigid motion, the dependence on a subset required us to consider the larger
Oriented Simplexwise Distribution OSD? ° for all =-point subsets to get a

complete invariant in Theorem 6.1.7. Equality OSD?* ° = OSD® is interpreted as a
bijection OSD* © 1 OSD*  ® matching all ORDs.

Theorem 6.1.7 (completeness of OSD, [2, Theorem 3.7]). The Oriented Simplexwise
Distribution OSD? ° in De nition 6.1.3 is a complete isometry invariant and can be
computed in time $1<-1e1= 3019 Spo any clouds — © R ~ of < unlabelled points
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Table 6.1 The Oriented Simplexwise Distributions OSDs from De nition 6.1.3 for the 4-point clouds
)— inFig. 6.1. Forgetting all signs in the bottom rows of ORDs gives SDDs in Table 5.1.

J

are related by rigid motion (isometry, respectively) if and only if OSD?* © = OS[
(OSD*° =0SD! ® orits mirrorimageDSD* @, respectively).
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6.2 Simplexwise Centered Distributions of a cloud in R

This section simpli es the OSD invariant to the Simplexwise Centred Distribution
(SCD) in De nition 6.2.1. The Euclidean structure of Rillows us to translate the
11 . . - -
centre of mass- ? of a given <-point cloud R ~ to the origin 0 2 R. Then
?2

Problem 6.1.1 reduces to only rotations around O from the orthogonal group? O*R

De nition 6.1.3 introduced the Oriented Simplexwise Distribution (OSD) as an
ordered collection of ORD? ; © for all = unordered subsets of = points.
Including the centre of mass allows us to consider the smaller numbgT, ofsubsets

of = 1 points instead of =.

Though the centre of mass is uniquely determined for any cloud ~ & unordered
points, real applications may o er one or several labelled points of that substantially
speed up metrics on invariants. For example, an atomic neighbourhood in a solid
materialisacloud R3 of atoms around a central atom, which may not be the centre
of mass of , but can be an extra base point in all constructions below.

For any base sequence of= 1ordered pointg=2++—?2 2 ,addtheoriginOas
the =-th point and consider the = = distance matrix * [f0g® andthe 1=,1° 1< =°
matrix "t ; [fOg°in De nition 6.1.2. Any = vectorsv j—ee*—=\2 R~ can be written
as columns in the = = matrix whose determinant has a sign 1 or O (if the vectors
vi—e e e —\are linearly dependent). Any permutation b 2;( of = 1 points of acts
on 1 °hypermuting the rst= 1rowsof "1; [fOg° and by multiplying every
sign in the 1= 1°-st row by signtb°.

De nition 6.2.1 (Simplexwise Centred Distribution SCD). Let R be any cloud of

< unlabelled points. For any base sequence ofordergd<»+—? inacloud R ~
with the center of mass at 0 2"Rthe Oriented Centred Distribution OCD? ; ©is the
equivalence class of pairs » 1 [f0g°—"1; [f0g°Ys considered up to permutations
b 2 (-1 ofpointsof . The Simplexwise Centred Distribution SCD? ° is the unordered
set of distributions OCD? ; ° for all ;1 unordered = 1°-point subsets

The mirror imageSCD? © is obtained from SCD! °© by reversing all signs. ]

De nition 6.2.1 needs no permutations for any Ras = 1 = 1. Columns of
"1 [f0g° can be lexicographically ordered without a ecting future metrics.

Some of the ;1 OCDs in SCD* ° can be identical as in Example 6.2.2(b). If we
collapse any ; i 1 identical OCDs into a single OCD with the weight;s, SCD can
be considered as a weighted probability distribution of OCDs.

Example 6.2.2 (Simplexwise Centered Distribution SCDs for clouds in Fig. 6.1). (a) Let
' R 2 be the right-angled cloud of the points 2 10— 0°, 3 = 4-0°, 3 = 10-3%in
Fig. 6.1 (1st). Though {?= 10— 0°isincluded in ' and is not its centre of mass, SCD*'®
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©4 33
still makes sense. In OCD?'; * = —- 4 3®%, the matrix 1f? 1—0g°isj? 0j =0,
00
«
4 55
the top row has j2 ? 1j = 4,j?3 ?1j = 3.In OCD™; ? ° = @~ 3&, the rst
O
rowhasj? ?2=4,j?73 ? 2 =5,the secondrowhasj?0j=0,j?3 0j=3,
©3 54
©40% . -
det: Y 0. In OCD?®"; ?3° = —0 48, the rst row has j2 ? 3] = 3,
33 -
« - 0 )
«
©4 42,
j?2 ?3j = 5, the second row has {?0j = 0, j?, 0j = 4, det - i 0. So
30
« |

SCD1'¢ consists of the three OCDs above.

If we re ect ' with respect to the G-axis, the new cloudf the points ?1— 2—3% =
10— 3° has SCD? = SCD*'° with

©4 52 €3 5¢
OCD¥; ? 1° = OCD*°~OCD*; ? ,° = 8- ¢ 36— OCD*;?3° = B 4

0, 0

« «

whose signs changed under re ection, so SCD'° < SCD?
(b) Let (R 2 consist of < = 4 points * 1-0°— 10— 1° that are vertices of the square
in Fig. 6.1 (4th). The centre of mass is 0 2 &d has a distance 1 to each point of (.

For each 1-point subset = f?g (, the distance matrix * [f0g° on two
points is the single number 1. The matrix "1(; [f0g® has < =, 1 = 3 columns.

P332
© o 3
For 2, = 11-0°, we have - (; - : -1 118 where the columns are ordered
- ®)
« K« - - 0 ®

B

« |
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according to 3 = 10— 1°, ?3 = 10-1°, 2 =1 1-0° in Fig. 6.1 (4th). The sign in the
bottom right corner is 0 because the points-0—2are in a straight line. Due to the
rotational symmetry, "1(;f?g-0g° is independent of 8 = 1-2—3-4. So SCD(° can be

© O
considered as one OCD &—" -(; - of weight 1. »
0

K

Theorem 6.2.3 (completeness of SCD, [2, Theorem 3.10]). The Simplexwise Centred
Distribution SCD* ° in De nition 6.2.1 is a complete isometry invariant of clouds

R ~ of < unlabelled points with a centre of mass at the origin 02 &d can be
computed intime $1<e!= 4°1° Soanyclouds — © R ~are related by rigid motion
(isometry, respectively) if and only if SCD? © = SCD® (SCD? ° equals SCD* ®
or its mirror imageSCD* ®, respectively). For any <-point clouds -° R =, let
SCD? ° and SCD* ® consistof: = 5, OCDs. .

Corollary 6.2.4 follows from Lemma 6.1.6 by adding the centre of mass of as an
extra point to a base sequence

Corollary 6.2.4 (reconstruction from OCD). A cloud R of < j = unordered
points with the centre of mass $* © can be reconstructed, uniquely under rigid motion,
from OCD!? ; ° in De nition 6.1.3 for any base sequence with a 1f$t °g [
°0== 1.

Example 6.2.2(b) illustrates the key discontinuity challenge: jf=211-0° is
perturbed, the corresponding sign can discontinuously change to ,1 or 1.

To get a continuous metric on OCDs, we will multiply each sign by a continuous
strength function, which vanishes for any zero sign, as de ned in the next section.

6.3 The Lipschitz continuous strength of a simplex in R

This section resolves the discontinuity of signs of determinants by introducing the
multiplicative factor below.

De nition 6.3.1 (strength f* © of a simplex). For a set of =, 1 points @ =

I i1 . .
20— 1—*c=2nR7, let ?1° = %8 9]?8 ? ¢ be half of the sum of all pairwise

<
distances. Let +1 ° denote the volume the =-dimensional simplex on the set . De ne
the strength f1 © = + 21 067 25110, I

Example 6.3.2 (strengths in dimensions 1-2). (a) For==1and a seto—=7? R,
the volumeis+1°=j?y ?1j=2?1°s0f1°=2j? o ? ijisthe double length.

(b) For = =2 and atriangle  R? with sides 0— 1—2, Heron's formula gives ft © =
12 09?2 191? 20 0,1

2
=22 =210 - i
7 , 7 5 21 0 s the half-perimeter of .
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The strength f1 © depends only on the distance matrix t ° from De nition 6.1.2,
so the notation f* © is used only for brevity. In any R the squared volume? © is
expressed by the Cayley-Menger determinant [3] in pairwise distances between points
of . The strength f* © vanishes when the simplex on a set degenerates.

Theorem 6.4.5 will need the continuity of Bft °, when a sign B 2 f 1g from a
bottom row of ORD changes while passing through a degenerate set . In appendices,
the proof of the continuity of f* © in Theorem 6.3.3 gives an explicit upper bound for
a Lipschitz constant- below.

Theorem 6.3.3 (Lipschitz continuity of the strength f, [2, Theorem 4.2]). Let a cloud
9be obtained from another 1=, 1°-pointcloud R by perturbing every point within
its Y-neighbourhood. The strength ft © from De nition 6.3.1 is Lipschitz continuous

sothatjft ® f1oj 2Y_ _fora Lipschitz constant=. .

Example 6.3.4 (approximates constants of strength). For = 2, the proof of
[2, Theorem 4.2] implies the foIIovtgiDg approximate values for upper bounds of the
Lipschitz constant of strength, = 2" 3, 3 043, 4 0401, which quickly tend to
0 due to the “curse of dimensionality’. The plots in [4, Fig. 4] illustrate that the strength
f1 © behaves smoothly under perturbations and the derivati% is much smaller
than the proved bounds of _above.

6.4 Algorithms for continuous metrics on complete invariants

This section introduces Lipschitz continuous metrics on the invariants OSD and SCD
by using the strength of a simplex. By De nition 6.1.3 an Oriented Relative Distribution
ORD is a pair » 1 ©;"1; %1, of matrices considered up to permutations b 2_-(of

= ordered points of . Any column of "1 ; ©is a pair {—B°, where B 2 f 1-0g and

{ 2 R™ is a vector of distances from @ 2 0 7—eee—22 .

For simplicity and similar to the case of a general metric space, we assume that a
cloud R T~ is given by a matrix of pairwise Euclidean distances. If is given by
Euclidean coordinates of points, then any distance requires $1=° computations, and we
should add the factor = in all complexities below, keeping all times polynomial in <. The
< = permutable columns of the matrix "1 ; ©in ORD from De nition 6.1.3 can be
interpreted as < = unordered points inRSince any isometry is bijective, the simplest
metric respecting bijections is the bottleneck distance BD from Example 1.3.1(b).

De nition 6.4.1 (max metric on ORDs). Consider the bottleneck distance BD on
the set of < = permutable columns of "!; © as on a cloud of < = unordered
points {-Eft [f@g® 2 R =1. For another ORP= » ¢ ®;"1 0 ®1, gand any
permutation b 2 £ of indices 1—+++—=acting on * © and rows of "1 ; ©°, set

3.1p° = maxf! 1 ip1 1 00_ 1 Q)o_BD1b1"1 :00_m 0. 0009.

Then the max metric is de ned as;"1ORD-ORE = tr]nzi(n 3-1b°, |
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The coe cient ] in front of the strength f* [f@g° in De nitions 6.4.1 and 6.4.2

normalises the Lif)?schitz constant of f to 1 in line with changes of distances by at
most 2Y when points are perturbed within their Y-neighbourhoods.

De nition 6.4.2 (max metric on OCDs). Consider the bottleneck distance BD on the set
of permutable < =1 columns of " ; [f0g®as ona cloud of < =, 1 unordered

points {——Bf1 [fo-@g° 2 RL.ForanotherOCB=»1 0[f0ogo;"t & Of

fOg°¥a ana_any permutation b 2;( of indices 1-+++—= 1 actingon t [f0g° and
the rst= 1rowsof "t; [f0g° set3 .ib°=maxfl-,q,

where! =1, b11 [fogeo— 1  O[foge —

,=BD b"t; [fogee-"t % O[fog® .

Then the max metric is de ned as;'*OCD-OCP = brn(in 3s1b°. I
=1
The max metric "1 is used for intermediate costs to get metrics on unordered
collections OSDs and SCDs by using the metrics LAC and EMD from De ni-
tions 5.3.2and 3.5.4, respectively. Equality OSD! © = OSD® between unordered
collections of ORDs is best veri ed by checking if LAC or EMD between these OSDs
is 0.

Theorem 6.4.3 (times for metrics on OSDs, [2, Theorem 5.6]). (a) For the :
matrix of costs computed by the max metrig "between ORDs from OSD!? °© and
0sDt ® |AC from De nition 5.3.2 satis es all metric axioms on OSDs and needs
time $1=11=? < 1*5|pg™1 <0: 2 : 3jog:°.

(b) Let OSDs have a maximum size ; : after collapsing identical ORDs. The EMD
from De nition 3.5.4 satis es all metric axioms on OSDs and can be computed in time
$1=11=2 < 1¥)pg™1 <0;2 ; 3|og;°.

Equality SCD ° = SCD* @ is interpreted as a bijection between unordered sets
SCD° | SCD* @ matching all OCDs, which is best veri ed by checking if the
metrics between these SCDs vanish in Theorem 6.4.4.

Theorem 6.4.4 (times for metrics on SCDs, [2, Theorem 5.7]). (a) Forthe : : matrix
of costs computed by the max metrig "between OCDs in SCD? ° and SCD®, the
metric LAC from De nition 5.3.2 satis es all metric axioms on SCDs and needs time
$11= 1o11=2 < ISjpgT<0: 2 : 3jpg:O.

(b) Let SCDs have a maximum size ; : after collapsing identical OCDs. Then EMD
from De nition 3.5.4 satis es all metric axioms on SCDs and can be computed in time
$11= 1oli= 2 < 1~5|0g= <o;2 : 3Iog;°. y

If we estimate; := 5 =<I< 10eeelc = 20%=las$l< =1e=I° Theo-

rem 6.4.4 gives time $r=1g 1 e=(o3 log <° for metrics on SCDs, which is $1€log <°
for = = 2, and $1<8log <° for = = 3. Though the above estimates are very rough, the
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time $1<3log<° in R? is faster than the only past time $®og <° for comparing
<-point clouds by the Hausdor distance minimized over isometries [1].

Theorem 6.4.5 (continuity of OSD and SCD, [2, Corollary 6.1]). For any cloud
R~ of < unordered points, perturbing any point within its Y-neighbourhood changes
OSD! ° and SCD? ° by at most 2Y in the metrics LAC and EMD. ”

Theorems 6.2.3, 6.4.4, and 6.4.5 imply that the Simplexwise Centred Distribution
fully solves Problem 6.1.1. In addition, Corollary 6.2.4 proves that OCD? ; ° from
SCD! ° su ces to reconstruct R =, uniquely under rigid motion, if has a base
sequence of= 2 pointswitha f$t°g[ °== 1.

Forthcoming work will improve SCDs to better invariants that allow a reconstruction
in all degenerate cases and satisfy the much harder realisability condition as in 1.4.5(f).
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Chapter 7

One-periodic sequences in high-dimensional
Euclidean spaces

Abstract This chapter studies high-dimensional data that is periodic in one direction.
These periodic sequences live in a high-dimensional space® Rr any dimension

= 1 and were indistinguishable by past invariants even in dimension = = 2. Exper-
imental noise and atomic vibrations motivate a new continuous approach, because a
minimal periodic pattern breaks down under almost any perturbation.

7.1 One-periodic sequences under various isometries in R R*

All sections in this chapter follow paper [2] with minor updates.

De nition 7.1.1 (1-periodic sequences in R RY). Let g be the unit vector along
the rst axisin R R~! for = 1. For a period ; j 0, a motif " is a set of
points 2—e«++—2in the slice »0—;° R?! of the width ; j 0. We assume that the
time projections C12-e++—C2?under C : »0—;° R ! »0—;° are distinct, while
{1?10— e+« «—{LP under the value projection { : »0—;° R IR =1 are arbitrary.

A 1-periodic sequence (=", ;e1Z is the in nite sequence of points ?18 , <9° =
?g, 9;61 2 R7, which are indexed by 8, <9, where 9 2 Zand 8 = 1—see—<, i

Fig. 7.1 The periodic sequences —( R R are sampled from the sine and cosine graphs. The
motifs in the shaded slice »0—-2c® R are non-isometric, but (— are related by translation.

91



92 7 One-periodic sequences in high-dimensional Euclidean spaces

The slice »0—;° R?! excludes all points with C = ;, which are equivalent to points
with C = 0 by translation in the time factor R. Then all points < + —?2 »0—;° R 1
are counted once and ordered under the time projection C : »0=%°! $0—:°.

Example 7.1.2 (1-periodic sequences in R R). Fig. 7.1 (left) shows the 1-periodic
sequence (in R R (from the sine graph) with the period ; = 2¢c and motif bf

10— 0°— Gl £_ 3. ﬁ_lo_ 2¢_3o_ Pt 1,
6 2 3 2 2 3 2 6 2
P P
ogo- A8 Lo f#C 3. B¢ g0 P26 3, Hc 1,
6 2 3 2 2 3 2 6 2

Fig. 7.1 (right) shows another sequence with the same period ; = 2c and a di erent
motif" <" (. However, (- areidentical under translation: st , § = cos'@. _

Example 7.1.2 illustrates the ambiguity of digital representations when many real
objects look di erent in various coordinate systems despite being equivalent as rigid
objects. We adapt basic equivalences to sets in the product® .R

De nition 7.1.3 (cyclic vs dihedral isometries and rigid motions). A cyclic isometry
of R R =1 is acomposition of a translation in the time factor R and an isometry in the
value factor R 1 . If we allow compositions of a translation and symmetry G 7! G in
the time factor R, the resulting isometry of R R is dihedral.

If we allow only isometries that preserve orientation in the value factot Rhe
resulting equivalences are called cyclic and dihedral rigid motions, respectively. I

The adjectives cyclic and dihedral are motivated by the names of the cyclic group
< and the dihedral group < consisting of orientation-preserving isometries and all
isometries in R, respectively, that map the regular polygon on < vertices to itself.

The equivalences in De nition 7.1.3 make sense for any nite sequence of points
) R R ~1.However, the periodicity substantially worsens the ambiguity of repre-
sentations based a period ; and a motif " as follows. A translation in the time factor R
allows us to x any point ? of a motif " at C = 0, but this choice of ? is arbitrary, so a
motif " is de ned only modulo cyclic permutations of its points.

The set of integers can be de ned as Z with period 1 or as fO—1g , 2Z with period
2, or with any integer period ; j 0. For any sequence ( ={?+++—=7 , ;€1Z, we can
choose a minimal period ; such that ( can not be represented with a smaller period.

This classical approachin crystallography leads to an invariant based onaminimum
period (primitive cell) and de ned as a set of numerical properties preserved under any
rigid motion. Fixing a minimum period creates the following discontinuity.

Example 7.1.4 (discontinuity of a period). For any small Y j 0 and integer < 1, any
point of Z is Y-close to a unique point of the sequence f0—1,Y—eee—< Yg, 1<, 1°7Z,
though their minimum periods 1 and <, 1 are arbitrarily di erent. Hence comparing
periodic sequences by their minimal motifs can miss in nitely many near-duplicates. _

We assume that the input for a 1-periodic sequence ( consists of a period ; j 0 and
a motif of < = j(j points in the high-dimensional slice »0—;° "R
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Problem 7.1.5 (invariants of 1-periodic sequences in R= R). Design an invariant
of all 1-periodic sequences of points in R R satisfying the following conditions.

(a) Completeness: any 1-periodic sequences (—-& R~ R are related by cyclic
isometry (denoted as (&) in De nition 7.1.3 if and only if 1(° = 1&°.

(b) Reconstruction: any 1-periodic sequence ( R R is reconstructable from its
invariant value 1(°, uniquely under cyclic isometry.

(c) Metric: there is a distance 3 on the space f 1(°jall 1-periodic sequences (
R R =1 g satisfying all metric axioms in De nition 1.3.1(a).

(d) Continuity: there is a constant _ j 0, such that, for all su ciently small Y, if a
1-periodic sequence & is obtained by perturbing every point of a 1-periodic sequence
( R R ~uptoEuclidean distance Y, then 31 1(°— 1&°° Y,

(e) Computability: the invariant , a reconstruction of ( R R?! from 1(°, and
the metric 3t 1(°— 1&°° can be computed in times that depend polynomially on the
dimension = and the maximum maotif size of 1-periodic sequences (- &. yis

Further sections will develop invariants that solve Problem 7.1.5 for all 1-periodic
sequences under cyclic and dihedral isometries and rigid motions inR' R

Our constructions were inspired by the in nite family of 1-periodic sequences in [3,
Fig. 4] that were not distinguished by past invariants, see a review in [2, section 2].

7.2 Invariants and continuous metrics for nite sequences in R

This section studies complete invariants and metrics for isometry classes of nite
sequences of ordered points iT.RThese invariants are easily extendable to the 1-
periodic sequences in R R! and substantially di er from direction-based invariants

in chapter 3 and the backbone invariants in chapter 2, which were de ned only for
non-degenerate sequences of triplets of points’in R

De nition 7.2.1 (distance matrices DM and CDM). Let) be an ordered sequence of
< points ?1—eee—?2 R".

(a) In the distance matrix DM1)° of the size < <, each element Dj§)° is the
Euclidean distance jg? ? ojfor8—9 2 fl—eee—<g, =D for8 = 1—eee—<,.

(b) To de ne the cyclic distance matrix CDM?1)° of the size 1< 1° <, set element
CDMgd)® to the Euclidean distance g? ? g of for 8 2 fl—eee—< 1g and 9 2
f1—e«+—<g, where all indices are considered modulo <, for exampje =??;. 1

Any < = 3 points in R with pairwise distances g3 have the distance matrix

©0 312313
= o o _ ?312 323 3133 o
DM ="-3,, 0 3 and the cyclic distance matrix CDM = 5 CDM?)

: ® 313 312 323
« |
(S 0
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is obtained from DM?)° by removing the zero diagonal and cyclically shifting each
column so that the rst row of CDM?)° has distances frorgt@ the next point g ;.

Fig. 7.2 These sequences are distinguished by their cyclic distance matrices in Example 7.2.2.

Example 7.2.2 (cyclic distance matrices). Fig. 7.2 showsthe sequepeces}—) R 2
whose points are in the integer latticsb that the minimum inter-point distance is 1. In

each sequence, the points are connected by straightlinesintheorder1 2! I<,
P~ . P = . P
©1 721 2§ _©02 1°21
. & i &
CDMY):°=-1 1 1 1 & CDMY)2°=-1 1 1 1 @are di erent but related
: ® - ®
-p= _  ® - _ _®
«p21p21 «1p21p2
by a cyclic shift of columns. This shift of indices in )gives a sequence isometric to
p_
§®1 11 1 :©1 11 5
)2 Then DM = - P53 P53 P5 P58 comy 0 = 1P5 P53 P53 P58 The cOMs of
: ® “p- ®
1111 51 11
« | « -

the sets }—) di er only by distances j? ?a4j=1lin)sand j3 ? 4 = p?‘; in the
highlighted cells below. If reduce the number < 1 of rows in CDM to the dimension
= = 2, the smaller matrices fail to distinguish the non-isometric sequeices .

p P p

@111'051@ ©1 1 1 "2 1 10§
- R -
P32P3 1 P55 3 P2 P31 P5Ps 3
- d): - Pz P
)si- 1 2 21 2 2 ®and): - 2 2 5 2 2 _
P5 3331 P5 P53 P3P3 1 5
P11 1P3 P11 1731
« = « =
+210
Recall that De nition 6.3.1 introduced the strength f °© =110 of a simplex
on any set of =, 1 points @ @-***—@ R~, where +1 ° is the volume of and
1 1 . . :
?10= — i@ @y is the half-perimeter.

208Y9
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De nition 7.2.3 (cyclic distances with signs CDS). For any sequence ) pf #¢ ¢ —?2
R™and 8 = 1—«++—<, lgfj° be the strength of the simplex on the pointg-?« * 5?2,
where all indices are modulo <. Let sig)® be the sign (1 or 0) of the = =
determinant with the columnsgp p &=@2 P gi1—***—g P g=1. The matrix
CDS?)° of cyclic distances with signs is obtained from CDM?®)° in De nition 7.2.1 by
attaching the extra <-th row signt)° = 1sigf)°— e « » — sigrt)°°. T

Example 7.2.4 (strengths and signs). For the rst sequencé)Fig. 7.2 with the
points %4 = 10-0°, 3 = 10-1°, 3 = 11-0°, 2 = 11-1°, the rst 2 2 determinant

¢ € 15
with the columns 2 ? 1 = - and 3 ?,=1-1°is det: has sign
1 11
«K - « -
©1 15 &1
1. The further determinants for 8 = 2—3-4 are-det : .1, det - ®= 1,
« - « -
©11§
det- : .1, sothe row of signsis signiy)° = 11— 1- 1- 1° Alltriangleson 4
10

« =
triples %- 3 1— 3 » for 8 = 1-2—3—4 (with indices considered modulo 4) have the sides

P~ . 1 1 1
1-1-2, half- ter ? =1 p=, + ==, and st th f =p— —.
alf-perimeter pE area 5 and streng W
Since the sign of a determinant discontinuously changes when a point set passes
through a degenerate con guration, this sign will be multiplied by the Lipschitz con-
tinuous strength to get a metric satisfying condition 7.1.5(d), see Theorem 7.2.8(d).

Section 7.4 will adapt the matrices from De nitions 7.2.1 and 7.2.3 to 1-periodic
sequences whose motifs of points should be considered under cyclic permutations.
The cyclic group < consists of < permutations on 1—e«++—< generated by the shift
permutation W : 11-2—eee—<0 71 12_eee_<—1° The dihedral grougpnsists of
2< permutations generated by Veind the reverse permutation | 11—2—eee—<° 7!
l<_e0ee_2 10,

Lemma 7.2.5 (actions on vectors and matrices). The shift permutatior2W

acts on the cyclic distance matrix CDM?2)° by cyclically shifting its < columns

and keeping all rows. The reverse permutatian 2 < reverses the order of

columns and rows in CDM?Y)°. These permutations act on the row of signs in

De nition 7.2.3 as WiB—Beee—B = B—e+ee<BR and L1B—Beee-P =

110 »3=2%B _eee,BR°. For any mirror imagg of ), the matrix CDSY)° is ob-

tained from CDS?)° by reversing all signs in the last row. Any element of the groups
<— < acts on any sequence of < numbers as a composition efflW ”
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Any matrix : < can be rewritten row-by-row as a vector { 2 R . For any
i« 1-@

@ 2 »1- 1%, the Minkowski norm is ji{§ ~ j{g@ ., where the limit case is
8=1
ii{iiL = o Tax i{sj- Any power 3*@for 0 j 0 is interpreted as 1 in the case @ = ,1.
=] —eee_:<

De nition 7.2.6 (metrics MCDgand MCSgfor nite sequences). For any Minkowski
norm with a parameter @ 2 »1— 1% and ordered sequences )={ oR< points,
use the matrices from De nition 7.2.1 to de ne the metric based on cyclic distances
jJICDM'(° CDMY)°j @
MCDg(-)° = -
1 o @
< <n 1

and the metric based on cyclic distances with

. 2 . . 0
signs MC% (—)° = max MCD@l(—)O——snlwax sigrgt(°f gt(° sign gh)°of gh)° e
~ — 8=1—eee<

I _

Example 7.2.7 (metric MCI). Forany @ 2 »1— 1°, we use cyclic distance matrices
from Example 7.2.2 to compute

MCDg}) 1—)%° = 1%01-@1'05 10—

MCD@) 3~ }° = 1%01'@1[)3 10—

p

MCD@l)l—)4°:1%1 2 10 @’ %1 5 pio@:l-@.

The triangle inequality holds for @ 1 as follows:

MCDg) 1—)° , MCD @) 3-)° ©=
1%01*@1p§ 10 1 %ol-@lpg 10 @
1%01-@1p§ 10 1 %ol-@lpg pio @

l-lpg P

1p§ 1

10@ 20@= MCDg) 1—)° @

NI

%le to 10 :IpO@ 0@ Jp@fobo 1ij0and @ 1.For@ =1, the inequghty becomes
2 10,1 5 10° 2.Then) ) ghave MCL@l)S—)GO—zl@l 1°.
1'@andg

We use the extra factorsi< 1° in the de nition above, where- isa

Lipschitz constant f from Theorem 6.3.3, to guarantee the Lipschitz constant 2 for the
new metrics. Indeed, perturbing any points up to Y changes the distance between them
up to 2Y. Instead of maxima in the formula for M@8-)°, one can consider other
metric transforms from [1, section 4.1], for example, sums of metrics.

Theorem 7.2.8 solves Problem 2.1.1 and will help solve Problem 7.1.5.

Theorem 7.2.8 (solution of Problem 2.1.1 for ordered points i R, Theorem 3.9]).
(a) For any sequence) R of < ordered points, the matrices CDM?)° and CDS?)°
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are complete invariants of ) R under isometry and rigid motion inTRwhich are
computable in times $1€=° and $1<?= <= 3° respectively.

(b) Any sequence) R of < points can be reconstructed from the invariants CDM?)°
and CDS*)°, uniquely under isometry and rigid motion, respectively, in time ¥<

(c) For any sequences (=) Rof < points, MCDg}(—)°-MCS% (—)° satisfy all
metric axioms and are computable in time $?*%and $1<?= <= 3° respectively.

(d) If (is obtained from any sequence) R by perturbing every point up to Euclidean
distance Y, then MCB(-)° 2Y and MCSg'(—)° 2Y for @ 2 »1— 1%a. "

7.3 Discontinuity of a minimal period for 1-periodic sequences

The invariants and metrics from section 7.2 will be used for a motif of a 1-periodic
sequence ( projected to the value factar R To solve Problem 7.1.5, we rst resolve
the discontinuity of a period under perturbations by projecting ( to the time factor R.

De nition 7.3.1 (time shift TS). Let ( R R ! be a 1-periodic sequence with
a period ; and a motif " of points 7—e++—?2 which have ordered time projection
Cio Y Y C12°in »0-:° under C : R "R ! R, see De nition 7.1.1. Set
3g=C131° C?Pfor8 = 1-eee—<, G4 = C17° ;. The time shift of the pair
(motif, period) of the 1-periodic sequence (is TS1";;° = §3eee -3, ]

The sequences(= f0—1g, 3Zand 3 (2 = f0—2g, 3Z are related by translation
but have di erent time shifts TS*f0—1g; 3° = 11-2° and TS*f0—2g; 3° = 12— 1°. To get
isometry invariants, these shifts are considered modulo cyclic or dihedral permutations.

De nition 7.3.2 (cyclic and dihedral invariants under isometries). (a) For any 1-
periodic sequence (=",;e:Z R R =1 with a minimum motif " of < points, let
{t"e R =1 pe the image of " under the value projection{ : R R' IR =1,

(b) The cyclic and dihedral isometry invariants CI1(°—DI*(° are the classes of the pair
1TS1"; ;°>— CDM{1"000 ynder permutations W from the groups— <, respectively,
acting simultaneously on the time shift TSt"; ;° and the matrix CDM1{1"°°,

(c) The cyclic and dihedral rigid invariants CR1(°—~DR(° are the classes of the pair
1TS1"; ;,°— CDS1{t"°°° ynder permutations W from the groups— <, respectively,
acting simultaneously on the time shift TS1"; ;° and the matrix CDS1{1"°°, 1

The matrices CDM—CDS are used for the projected motif {"° R and do
not depend on a period ;, because a shift along the time directitaeps the value
projection. For = = 1, when a periodic sequence ( =f3+¢—7 , ;Z isin the line
R, De nition 7.3.2 simpli es to a single time shift obtained by lexicographic ordering.

Recall the lexicographic order on vectors: 13 e+—~3 Y 13—eee-03 if 3, =
30—ee¢53 32forsome 0 8 Y <, where 8 = 0 means no identities, apd ¥ 37 .
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De nition 7.3.3 (time invariants CT—DT). Let (=f7—+++—<7, ;Z be a 1-periodic
sequencein R R 1 with a minimum period ; j 0. Set 8= ?g1 ?gfor8 =1-eee—<,
where 2 1 = ?1,;. Apply all permutations of cyclic group < to 13;—e««+—<3, order

all resulting lists lexicographically, and call the rst (smallest) list the cyclic time invari-
ant CT2(°. Similarly, de ne the dihedral time invariant DT1(° as the lexicographically
smallest list obtained from 43 ¢ « « <3 by the action of «. i

Example 7.3.4 (time invariants CT—DT). In R, the periodic sequences ( = f0—1-3g,6Z

and & =6 ( =f0-3-5g,6Zarerelated by re ection G 7! 6 G and not by translation.

Their time shifts are TS*f0—1-3g; 6° = 11-2—3° and TSf0-3-5g; 6° = 13— 2—1°. So the
dihedral time invariants of both (—& are equal to DT = 11-2-3°, but their cyclic time
invariants di er: CT1(° = 11-2-3° < 11-3-2° = CT1&°.

Though the time invariants from De nition 7.3.3 can be proved to be complete for
sequences in R, Example 7.3.5 and Fig. 7.3 show their discontinuity under noise.

Fig. 7.3 Left: the near-duplicate periodic sequenceg & fO—1 Y-3 Y-4g, 7Z have distant
time invariants from De nition 7.3.1, see Example 7.3.5. Right: the periodic sequence Z and its Y-
perturbation Z have incomparable time shifts TS1f0g; 1° = 11°and TSf0-1 Yg;2° =11 Y-1,Y°
of di erent lengths sizes. This discontinuity motivates period-independent metrics in De nition 7.4.1.

Example 7.3.5 (discontinuity of time shifts). In R, the periodic sequenge=(
fO—1-3—-4g, 7Z has two perturbations € fO—1 Y-3 Y-4g, 7Z for any small

Y i 0. Rewriting the time shifts TSf0—1 Y-3 Y-4g;7° =11 Y-2-1, 6 Y-3°and
TSf0-1,Y-3,Y-4g;7° =11 ,Y-2-1 Y-3°inincreasing order does not make them
close, as the minimal distance 1 Y is followed by the di erent distances 2 Y 3 in the
nearly identical (y forany Y j 0, see Fig. 7.3 (left). This discontinuity will be resolved

by minimising over cyclic permutations, but there is one more obstacle below.

It seems natural to always use a minimum period ; j 0 of ( =jf?e e+ < ,;€1Z
R R =1 .However, the time shift TS = 43-+ « « —3 of a xed size < cannot be directly
used for comparing sequences that have di erent sizes of motifs, see Fig. 7.3 (right).

7.4 Period-independent metrics for 1-periodic sequences
De nition 7.4.1 introduces continuous metrics after extending motifs to a common size.

De nition 7.4.1 (cyclic and dihedral metrics under isometry and rigid motion). (a)
For any 1-periodic sequences ( =", ; (e1Zand & ="¢ ,;g&ZiNR R~ 1 let
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< =lemij" (j—j"& j° be the lowestcommon multiple of their motif sizes (cardinalities).
<

<
Forthe integers = —— and g = ﬁ the extended motifs de ned as
( &
@ @
(= ".8e and e e = "e.8ge
8:l_u-_(.: 8=1—eeeyg:

have the same numberj" (j=<=: gj" &] of points.

Any permutation W from< — < acts on the projected motif {¢" ¢® R =1 asin
Lemma 7.2.5. For any parameter @ 2 »1— 1%, the cyclic and dihedral isometry metrics
are CIMg! (- &° = szin maxf3c-3g and DIMgt (- &° = Wrr%in maxf3c- 39, where

— 1-@ Lo P e _
3c=< TSI (" (5o ((® TSWig" g% :g:8° @
3{=MCDg@{: (" (—W{}" g%«

(b) The cyclic and dihedral rigid metrics CR DRMg are de ned by the same

formulae as CINg- DIMgatfter replacing MCIgwith MCSgfrom De nition 7.2.6. |
Inthe limitcase @ = 1, any factor &@ for 0 j Ois interpreted as@llilm or@ =1,

In De nition 7.4.1, the extended periodg ;¢ and 3¢ ;¢ can be di erent. For simplicity,
the metrics MCIz- MCwere written via projected motifs as in De nition 7.2.6 but
will be computable via the complete invariants from De nition 7.3.2.

For = = 1, the projected motifs are empty, so the cases of rigid motion and isometry
in R? trivially coincide. In both cases, the metrics are obtained by minimizing only the
di erences I between time shifts under cyclic and dihedral permutations.

Example 7.4.2 (invariant metrics). The periodic sequences ( = f0-1g, 3Z and & =
f0—1-3g, 6Z have motifs (' = f0—1g and "5 = f0—1—-3g of di erent sizes<= 2 and
<g = 3 whose lowest common multiple is < = 6. In the notations of De nition 7.4.1,
< <
we get i = o— =3, g = — = 2. The extended motifs and periods are 3=
&

" (]
f0—1-3-4-6-7g, 3;9, 2" ¢ = f0-1-3-6-7-9g, 2 12. Then TS13"(;9° =

11-2-1-2-1-2°and TQxA2° = 11— 2— 3— 1-2— 3°. Any cyclic or dihedral permutation
of the time shift TS13"(; 9° relative to TS'2" ; 12° gives the maximum component-
wise distance j1 3j=2,s0CIM *(—-&°=2=DIM 3 }(-&°.

Theorem 7.4.3 (solution to Problem 7.1.5 for 1-periodic sequences, [2, Theorem 4.8]).
(a) For any 1-periodic sequence ( R R with a motif of < points, CI*(°—DI(°

from De nition 7.3.2 are complete invariants under cyclic and dihedral isometry in
R R =1, respectively, and are computable in time $=°. Then the invariants
CR(°—DR(° are complete under cyclic and dihedral rigid motion in R R re-
spectively, and are computable in time $3= | < 2=%,

(b) Any 1-periodic sequence (R R° 1 with a motif of < points can be reconstructed
from its complete invariant under a relevant equivalence from part (a) in time'$%.<
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Table 7.1 Acronyms and references for the new invariants and metrics in sections 7.2, 7.3, 7.4.
CDM1?)° Cyclic Distance Matrix of a nite sequence) R De nition 7.2.1

CDS?)° matrix of Cyclic Distances and Signs of a sequence ) R  De nition 7.2.3

MCDg Metric on Cyclic Distance matrices (CDM) De nition 7.2.6
MCSg Metric on matrices of Cyclic distances and Signs (CDS) De nition 7.2.6
TS1";;° Time Shift for a motif " and period ; of a sequence De nition 7.3.1
Cli(° Cyclic Isometry invariant of a sequence ( R K1 De nition 7.3.2
Dili(° Dihedral Isometry invariant of a sequence ( R R1 De nition 7.3.2
CR(° Cyclic Rigid invariant of a sequence ( R R°! De nition 7.3.2
DR1(° Dihedral Rigid invariant of a sequence ( R R 1 De nition 7.3.2
Cli(° Cyclic Isometry invariant of a sequence ( R R 1! De nition 7.3.2
DI(° Dihedral Isometry invariant of a sequence ( R R?! De nition 7.3.2

CIMg  Cyclic Isometry Metric on 1-periodic sequences in R=R  De nition 7.4.1
DIMg Dihedral Isometry Metric on 1-periodic sequences in R R De nition 7.4.1
CRMg Cyclic Rigid Metric on 1-periodic sequences in R R De nition 7.4.1

DRMg Dihedral Rigid Metric on 1-periodic sequences in R “R De nition 7.4.1

(c) The metrics in De nition 7.4.1 remain invariant if any 1-periodic sequence ( =
" ;e 1Zis alternatively represented by an extended motif :" and a period :; for any
integer : i 0. For any 1-periodic sequences (-& R R! with a lowest common
multiple < of motif sizes, the distances Ci$t DIMg- CRMyp- DRNgin De nition 7.4.1
satisfy all metric axioms and are computable in times $£2 and $1<3= < 2=%¢ for

the cases of isometry and rigid motion, respectively.

(d) Let & be a 1-periodic sequence ( R R after perturbing every point of (up
to some Euclidean distance Y that is smaller than a half-distance between any points of
C1(° and of C*&°. Then Cg(—)°—DIMg' (— &°— CRNy' (— &°— DRMgH (- &°  2Y.,

Example 7.4.4 (challenging 1-periodic sequences). The in nite family of counter-
examples in [3, Fig. 4] to the completeness of past distance-based invariants includes
the pairs of the 1-periodic sequences R R 2?with a period ; j 0 and 6-point motifs
"eo=f, & —+— -0 Pgand" =f, & —+— - O—49 with the points + =
Ye-{-00,, =1 '§—|H—’||°, =14-2 2/°, and free parameters ;x| — 22 i

0, and & 2 »0+%. Any point denoted with a prime is obtained by 6:G—H-I° =
1G , 5—H- I°. The time projections are identical: C*"= 10— 55— , { &
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Fig. 7.4 These 1-periodic sequences R R 2from [3, Fig. 2] have identical past invariants.

Assuming that § 2 *4—° as in Fig. 7.4, the time shifts are

o= g1 A
TS™ 5 i 6 g3 leg 6 73

{c-
Order value projections along the G-axis frono the right:
{1" 0 — f1| H— | I o_ 12'_ 2| o_ 1{_'_ 00_ 1‘_'_ | I o_ 12'_ 2| o_ 1{_'_ 009.
The cyclic distance matrices of " and " are on the left and right, respectively:

€311 312 321 311 312 3ap €32 312 3 32 312 3ag

S

321 322 312321 322 31281321 311 312321 311 312

trrar g
@D

trran g
RECRSTR)

201121210 2i[1j212i0 _ 2i11i2iaj0 2i1j2i2j0

The di erences in distances are highlightecyellow:

q e —
311= M 2W2,1 1,2, 9%-32= 2y { 02,27~

q -
2= Yu 212,Y 1 21°2%=31= Yy {02,] P

The matrix di erence has the norm jjCDM%"® CDM!"  ©jj; =311 32 i 0

unless2=0or|,; =0.1f2, =0, areidentical. If|; =0, then are isometric

101
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by 6:G—H-1° = 1G+H- I°. If both 2-|; <0, thenCIM; * - — ©is obtained by
minimizing over 6 cyclic permutations W 2. The trivial permutation and the shift by
3 positions give j&1 3 12j. Any other permutation givesc3= maxf{c 37— { g
from comparing TS*" ;;° with W1TS?" ;;°° and 3 = maxfj0 1jg maximized for
all pairs of parameters 0— 1 213 3,— 31— 320.

In all cases, the metric is positive: CIM* - — © j3 11 329 i 0. Then the
invariant Cl from De nition 7.3.2 distinguishes these sequences

Geo-Mapping Problem 1.4.5 becomes much harder for point sets that are periodic
in two directions. The next chapter will solve the case of 2-dimensional lattices.
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Chapter 8

Moduli spaces of 2D lattices under isometry and
rigid motion

Abstract This chapter continuously parametrises moduli spaces of 2-dimensional
lattices under Euclidean isometry, rigid motion, dilation, and homothety. The new root
invariants have easily computable metrics and settle the past discontinuity of reduced
bases. The moduli space of 2-dimensional lattices under rigid motion can be mapped
to the sphere without one point. Hence, any geographic location on Earth can be
associated with a canonical lattice. We also de ne chiral distances that continuously
measure deviations from higher-symmetry lattices.

8.1 Representations of lattices by unit cells and reduced bases

All sections in this chapter follow papers [17, 6, 7] with minor updates of notations.

Recall that the most practical equivalence relations (rigid motion, isometry, dilation,
homothety) on arbitrary subsets of Rere introduced in Example 1.2.3.

De nition 8.1.1 (a basis and a primitive unit cell *y—e«++—¢ of a lattice R 7).

(a) Let vectors y—---—IEvform a linear basis in R A lattice R = consists of

all linear combinations 2gvg with integer coe cients 2 2 Z. The parallelepiped
8=1

I _. s . N
*ly j—eee @ = GQvgj @2 »0—1° R Tis called a primitive unit cell of . ]
8=1
The inequalites 0 €Y 1 in De nition 8.1.1(a) guarantee that the copies of
primitive unit cells *1v,;—e««+—9 translated by all v 2 are disjoint and coverR

Recall that the special linear group SLiZ consists of all = = matrices with
integer entries and determinant 1. Let vectors & «—=v2 R~ form one basis of a
lattice R =. Then, for any matrix 2 SL1Z°, the vectors v—ee**— vy form
another basis of with a very di erent primitive cell *1 v ;—e«+— \° see Fig. 8.1.

The past approach to tackling the ambiguity of lattice representations was to consider
areduced basis, brie y as rectangular as possible 3|{B3] reviewed several reduced

103



104 8 Moduli spaces of 2D lattices under isometry and rigid motion

Fig. 8.1 Left: a 2-dimensional layer of graphene is formed by carbon atoms. Right: one can generate
a hexagonal lattice (as any other) by in nitely many bases and continuously deform into a rectangular
lattice (far right) whose bases f¥vg and fu— g are related by an orientation-reversing map. The
yellow Voronoi domain+1 © of any point p in a lattice consists of all points @ 2 Rthat are
non-strictly closer to p than to other points n f?g in the lattice, see De nition 8.1.3(a).

bases. The most common is Niggli's cell [20], whose 2-dimensional version is intro-
duced below. For anyv= 101—@°andy = 11;— 3°in R?, letdetv;—y° = 011, 0 21

€01 11
be the determinant of the matrjx ith the columns y—.

02 1,
« -

De nition 8.1.2 (reduced cell). (a) For a lattice  R? under isometry, a basis and its
unit cell *1v 1—y° are reduced (non-acute) ifjjv jv »j and %vf vi vy O

(b) Under rigid motion, the conditions are weakerijjv jv 2j and jvu  Vzj %\é
detlv;—y° i 0, and the new special condition : if jy = jvpj theny v, O. |

All bases in Fig. 8.1 are reduced under rigid motion. The conditign \yj %vi
in De nition 8.1.2 geometrically means thaj-vy are close to being orthogonal: the
projection of s to vy is between 3jv1j. The conditions jpj jv sjand 3v2 v 1 v,
0 in De nition 8.1.2 coincide with the conventional de nition from [3, section 9.2.2]
for type Il (non-acute) cells in Rif we choose y to be very long and orthogonal to

vi1—\. Alternative type | cells with non-obtuse angles have 0; w» %vf

[17, Proposition 3.10(a)] proves the uniqueness of a reduced basis under isometry.

Another well-known cell of a lattice R~ is the Voronoi domain [22], also called
the Wigner-Seitz cell, Brillouin zone or Dirichlet cell. We use the word domain not
to confuse it with a unit cell in De nition 8.1.1. Though the Voronoi domain can be
de ned for any point of a lattice, it su ces to consider only the origin O.

De nition 8.1.3 (Voronoi domaint+1 °). (a) The Voronoi domain of a lattice R~
is the neighbourhooti!®=fp 2 R ~:jpj jp vjforanyv 2 g of O consisting of
all p 2 R™ that are non-strictly closer to 0 than to other pointsv 2 .

(b) A vector v 2 is called a Voronoi vector if the bisector hyperspace 10-v° =
fp 2 R7jp v = %vzg between 0 and v intersectd °. If +1°\ 10—v° is an

1= 1°-dimensional face of-1 ©, then v is called a strict Voronoi vector. |
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Fig. 8.2 Left: a generic lattice ~ R? has a hexagonal Voronoi domain with an obtuse superbase
Vi—\%—\§ = V 1 V 2, which is unique under permutations and central symmetry. Other pictures: two
pairs of obtuse superbases (related by re ection) for a rectangular lattice.

Fig. 8.2 shows how the Voronoi domaiit © can be obtained as the intersection of
the closed half-spaces (10—-{° = fp ZRp Vv %vzg whose boundaries 10-{° are
bisectors between 0 and all strict Voronoi vectors v 2 . A generic lattice  Fhas
a hexagonal Voronoi domaint °© with six Voronoi vectors.

Any lattice is determined by its Voronoi domain by [17, Lemma A.2]. However,
the combinatorial structure ef! © is discontinuous under perturbations. Almost any
perturbation of arectangular basis ifigtves a non-rectangular basis generating a lattice
whose Voronoi domainr ! © is hexagonal, not rectangular. Hence, any integer-valued
descriptors of * ©, such as the numbers of vertices or edges, are always discontinuous
and unsuitable for continuous quanti cations.

Lemma 8.1.4 shows how to nd all Voronoi vectors of any lattice R The
doubled lattice is 2 = f2vjv 2 g. Vectors u—-v 2 are called 2 -equivalent if
u v22.Thenanyvectorv 2 generatesits2-classv,2 =fv, 2uju?2 g,
which is 2 translated by v and containing v. All classes of 2 -equivalent vectors
form the quotient space <2 . Any 1-dimensional lattice generated by a vector v has
the quotient <2 consisting of only two classes and v, .

Lemma 8.1.4 (criterion for Voronoi vectors [19], [8, Theorem 2]). For any lattice
R 7=, anon-zero vectorv 2 is a Voronoi vector of if and only if v is a shortest

vectorinits 2 -class v, 2 . Also, v is a strict Voronoi vector if and only if v are the

only shortest vectorsinthe 2 -class v, 2. "

Any lattice R 2 generated by -y has 2 =fv 1—y—\ , Vv,g, . Notice
that the vectorsy v ; belong to the same 2 -class. Assume thatw are not longer
than v , v », which holds if the angle Ui y°® 2 »60—120%. If the sumyv, v » is
shorter thany v » asin Fig. 8.2 (left), then has three pairs of strict Voronoi vectors
vV 1— Vo— vy, v 0. If vi Vv 5 have the same length, the unit cell spanned byw
degenerates to a rectangle, has four non-strict Voronoi vectors v ;.

The triple of vector pairs y— vo— 1vi, v 2° in Fig. 8.2 motivates the concept of
a superbase v,\iith the extra vectgrv v 1 Vv 2, which extends to any dimension = by

I
setting \p = v=. For dimensions 2 and 3, [17, Theorem 2.9] proved that any lattice

has an obtuse _superbase of vectors whose pairwise scalar products are non-positive and
are called Selling parameters [21]. For any superbaseTintiie negated parameters
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?89= V g Vgcan be interpreted as conorms of lattice characters, which are functions
j: 1 f1g satisfying jtu, v° = jlu®jiv°), see [8, Theorem 6]. So ?  gowill be
de ned as conorms only for an obtuse superbase below.
De nition 8.1.5 (obtuse superbase and conormgg ?For any basisy- ¢ « « —\0f R~, the

, =
superbase ¢ \—* ¢ « =\includes the vectory= vg. The conorms @9= Vv g Vg

8=1

are the negative scalar products of the vectors above. The superbase is obtuse if all
conorms 3g 0, so all angles between vectorgv\w are non-acute for distinct indices
8- 9 2 f0—1—+++—=g. The superbase is called strigigif all ? |

Formula (1) in [8] has a typo initially de ning gas exact Selling parameters, but
later [8, Theorems 3, 7, 8] use the non-negative conorgRs % g vg 0.

The indices of a conormggare distinct and unordered. We sefg2 ? ogfor all
indices 8- 9. For = = 1, the 1-dimensional lattice generated by a vettas the
obtuse superbase consisting of the two vectgrs w 1 and v, so the only conorm

[0}

5

?01= Vg V1= vi is the squared length ofivAny superbase of Rhas
conorms 7gg for example, three conormg? 39— 12 in dimension 2.

De nition 8.1.6 (partial sums y and vonorms %). Let a lattice R = have a
superbase = fyy—\{—e***—=yg. For any proper subset ( f0— 1—--~|— =g of indices,
consider its complemerft= fO—1—+«+—=g n ( and the partial sym=  vgwhose

82(

squared Iengths(zvare called the vonorms of and can be expressed as
~ | ~ ~ ~
O ©0 a o] @]
Vg - Vy®= Vg Vo= 759
82( « 9 4 82(-92 82(-92

—~N

For = = 2, we get the following simple formulae
18e1+60° §="201. 7?0 =201, 7?10 =202, ? 100

The above formulae allow us to express the conorms via vonorms as follows

1 1 1
o — 2 2 20 — 2 2 20 — 2 20
18¢1-61 ’fz—élvl,vz Vo-— 31—51V0>V1 V5 = 32—§1V0,V2 v 1o

1 - -
S0 %o= zlvg .,V 2 v 20fordistinct 8— 9 2 f0-1-2g and : = f0-1-2g 8- 9g. |

Lemma 8.1.7 will later help to prove that a lattice is uniquely determined under
isometry by an obtuse superbase, hence by its vonorms or, equivalently, conorms.

Lemma 8.1.7 (Voronoi vectors ({ [8, Theorem 3]). For any obtuse superbase
{o—{—=++={of a lattice, all partial sums {from De nition 8.1.6 split into Z 1
symmetric pairs{ = { (, which are Voronoi vectors representing distinct 2 -classes
in <2 . All Voronoi vectors { ( are strictif and only if all 39j O. N
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By Conway and Sloane [8, section 2], any lattice Rthat has an obtuse superbase
is called a lattice of Voronoi's rstkind. Any lattice in dimensions 2 and 3 is of Voronoi's
rst kind due to [22, p. 277] for = = 2 and [4, Section 111.4.3] for = = 3.

Theorem 8.1.8 (reduction to an obtuse superbase). Any lattice in dimensions 2
and 3 has an obtuse superbasg-f{—e++*—=§ so that { = {s and all conorms

8=1
?89= { 8 {9 Oforall distinctindices 8— 9 2 f0—1—ee+—=q. N

Conway and Sloane in [8, section 7] attempted to prove Theorem 8.1.8 for = = 3
by example, which is corrected in [16]. Theorem 8.1.8 for = = 2 is proved in [17,
appendix A]. Proposition 8.3.8 will establish a 1-1 correspondence between obtuse
superbases and reduced bases. The latter bases are implemented by many fast algorithms
in crystallography [2]. So our lattice input will be any obtuse superbase.

8.2 Geo-mapping problem for lattices under equivalences in R

This section shows how past approaches to lattice classi cations remained discontinuous
and states a suitable version of Geo-Mapping 1.4.5 for 2-dimensional lattices. Fig. 8.3
illustrates how both reduced basis and obtuse superbase discontinuously change under
rigid motion. As for many other objects, we need invariants, because [23, Theorem 15]
proved that any reduced basis is discontinuous under coordinate-wise comparisons.

Fig. 8.3 Discontinuity of obtuse superbases under rigid motion. The obtuse superbase of the vectors
vy = 11-0°, y1C° = 1 C-2° 3C° = 1C 1- 2° deforms for C 2 »0-1%. The initial and nal
superbases at C = 0 and C = 1 generate the same rectangular lattice but are not related by rigid motion.

Any lattice R 2 with a basis y— de nes the positive quadratic form

&G-H° = 1gyHv,*? = @@ , 2@,GH , @+ Oforall G-H 2 R-
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where @ = v, @, = V5, @, = V1 V.. Changing the basisy¥# (possibly by

re ection) is equivalent to replacing G— H by the linear combinations of the coordinates
of Gy , Hvy in a new basis. Conversely, any positive quadratic form &'G—H° can be
written as a sum 05 | 1;H® 10 ,G , 1,H%, see [11, Theorem 2 on p. 116], and

de nes the lattice with the basis = 101—Q°, vo = 11— 1°.

In 1773, Lagrange [9] proved that any positive quadratic form can be rewritten so
that0Y @ @22and @1 2@.2 O. The resulting non-acute reduced basis
satises 0 Y ¥ v3and vi 2vi vy O without the new special conditions
in De nition 8.1.2. Alternatively, 0 2@, @ and 0 2v; v, Vv f dene a
non-obtuse reduced basis. The mirror imagesof * %0 in Fig. 8.3 (top) generated
by the obtuse reduced basesv'1-0°y =1 %1— 2° have the same reduced form
&1G-H° =°G $GH , 4Pinot distinguishing  under rigid motion.

If vi—¥ form a unique reduced basis, Lemma 8.5.2 shows thai—fy—\ , v 2g are
the three (pairs of) shortest Voronoi vectors. Then the metric ten{enfvvz— \go is
a complete isometry invariant but doesn't distinguish mirror images (enantiomorphs).
Instead of one scalar product and two squared lengths, Delone used the homogeneous
parameters [10, section 29] equal to the conorggrdm De nition 8.1.5:

_ 2 _ _
200=@1, @2=V],V1 V2=V1 V1 ,V2°=Vg V-
202= @2, @2=V5,V1 V2=Va V1,V°= Vo Vo
?120= @12=V 1 Vo°

The quadratic form becomes a sum of squares=82¢1& , ? 2oH , ? 1,!G H®. The
inequalities for @are equivalent to the simple ordering 0 12 ? 01 ? 02, Which
De nition 8.3.1 will use to introduce a more convenient root invariant.

Bi-continuity conditions in general Problem 1.4.5(d,e) become challenging for peri-
odic sets already in dimension 1. Any lattice under rigid motion in R is equivalent to a
periodic sequence ;Z for a period ; j 0. However, forany small Y j O, the Y perturbation
of ; up to (say) ; , Y makes the perturbed sequence 1; , Y°Z very di erent from ;Z.
Indeed, extra Y-shifts gradually move points 1; | Y°= further and further away from
;= as = 2 / increases. Nonetheless, we will prove bi-continuity of bijections between
invariant spaces of 2D lattices and the following metric spaces of obtuse superbases.

De nition 8.2.1 (spaces of obtuse superbases under equivalences). Let ggfy
and °=fu 805 be any obtuse superbases n R

(a) Let SBRIR® be the space of equivalence classes obtuse of superbases under
isometry under the action of special orthogonal maps 5 2 SQO4kh the superbase
rigidmetricSRM t — ®= min max j5 V g.

g N!L 52S0O1R° 8:0_..._'1: ¢ 8]
(b) Let SBIR™° be the space of equivalence classes obtuse of superbases underisometry
under the action of orthogonal maps 5 2 C*Rith the superbase isometry metric

SIM;t— ®= min max j5 v g.
5 201R 0 8=0—ses—=
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(c) Let SBDR™® be the space of equivalence classes obtuse of superbases under dilation
under the action of dilation maps 5 2 SO?RR  with the superbase dilation metric
SDM;t— ® = min max j51y Vv g.
52SOIR® R 8=0—see—=
(d) Let SBHR™® be the space of equivalence classes obtuse of superbases under
homothety under the action of homothety maps 5 27©*R  with the superbase
homothety metric SHM* — ® = min max j51yP Vv g. ]
5201R° R 8=0—ses—=

Since any continuous function over a compact domain achieves its minimum value
and SOR°-0O*R® are compact, the minima in De nition 8.2.1(a,b) are achievable.
For xed superbases -9 one can restrict uniform scaling by reasonable bounds to
guarantee the existence of minima in De nition 8.2.1(c,d).

Problem 8.2.2 is a case of Problem 1.4.5 for 2D lattices. We use isometry as the main
equivalence, but moduli spaces of lattices will also be parametrised under rigid motion
and their compositions with uniform scaling (dilation and homothety).

Problem 8.2.2 (geo-mapping for 2D lattices). Design a geocode on the space of 2D
lattices under isometry that is an invariant satisfying the following conditions.
(a) Completeness: any lattices ' Care isometric in Rifand only if 1t©= 1 @

(b) Reconstruction: any lattice ~ R? can be reconstructed from its invariant value
1o uniquely under isometry in R.

(c) Metric: there is a metric 3 on the invariant space f 1 °jlattices  Rg, which
satis es all axioms in De nition 1.3.1(a).

(d) Continuity: there is a constant _ j 0 such that, for any Y j 0, if any lattices &

R? have obtuse harye obtuse superbases’, respectively with SIM® — ® Y, then
3110_1 Ooo _ Y.

(e) Inverse continuity: for any Y i O, there is X j O such that if lattices & R 2
satisfy 31 10— 1 ®o X then they have obtuse superbases %-respectively, with
SIM; 11— ® v,

(f) Realisability: the invariant space f 1 °jlattices R?g can be parametrised so
that we can generate any value ! ° realisable by some lattice 2R

(g) Euclidean embedding: the invariant space f 1 °jlattices Ry with the metric
3 allows a Lipschitz embedding into a suitable Euclidean spdcéoRsome #.

(h) Computability: the invariant and the metric 31 1 °— 0 can be computed in a
constant time $11° from reduced bases of £ A

A geocode that satis es Problem 8.2.2 continuously parametrises the space of 2D
lattices under isometries, similarly de ned for other equivalences below.

De nition 8.2.3 (moduli spaces of lattices under four equivalencesih RVe consider
all lattices R ~ below.

(a) The Lattice Isometry Space LISERis the space of lattices under isometry.

(b) The Lattice Rigid Space LRS*Ris the space of lattices under rigid motion.
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(c) The Lattice Homothety Space LHS*Hs the space of lattices under homothety.
(d) The Lattice Dilation Space LDSTR is the space of lattices under dilation. ]

The traditional approach to deciding if lattices are isometric is to compare their
conventional or reduced cells. Though this comparison theoretically gives a complete
invariant, in practice, all real lattices in periodic crystals are non-isometric due to noise
in measurements. Since all atoms vibrate, any real lattice basis is always perturbed. The
discontinuity of reduced bases under perturbations was experimentally known since
1965 [18, p. 80] and was proved for all potential reductions in [23, Theorem 15].

A more practical goal is to design a complete invariant that is continuous under any
perturbations of (bases of) lattices. Such a geocode, which is more generally de ned
in Problem 1.4.5, will unambiguously parametrise the Lattice Rigid Space LRS!R
consisting of in nitely many equivalence classes of lattices under rigid motiortin R
For example, our Earth is continuously parametrised by the latitude and longitude, very
similar to the Lattice Dilation Space LDS2Ras will become clear soon.

The Lattice Rigid Space LRSR is continuous and connected because any two
lattices can be joined by a continuous deformation of their bases as in Fig. 8.1. Such
deformation can always be visualised as a continuous path in the space ITRS'R

The Euclidean embeddability in 8.2.2(g) raises Problem 8.2.2 above metric geometry
to de ne a simpler Euclidean structure on LIS*R It is easy to multiply any lattice
by a xed scalar, but a sum of any two lattices is harder to de ne in a meaningful way
independent of lattice bases. We will overcome this obstacle by a natural embedding of
invariant spaces of lattices intc?Rnd R to fully solve Problem 8.2.2.

The isometry classi cation condition in 8.2.2(a) can be interpreted via group actions
as follows, see [12] and [24]. LetBbe the space of all linear bases in.R

Under a change of basis, all lattices if ®orm the =-dimensional orbit space
L- = B=*GL1Z7°, see [12, formula (1.38), p. 34]. Under homothety, the orbit space
L2 =L =R becomes = 1°-dimensional. Under orthogonal maps from the group
O*R™, the orbit space of lattices can be identi ed with the coné@.° = B-+O*R™ of
positive quadratic forms, where-@enotes the space of real symmetric = = matrices,
see [12, formula (1.67), p. 41]. The Lattice Isometry Space LT84Ras called the
space of intrinsic lattices £ = C 1Q-°«GL'Z7° in [12, formula (1.70), p. 42].

Another approach to identify an intrinsic lattice (isometry class), say for = = 2, was
to choose a fundamental domain of the action of Gl°1@n the cone CQ.°. This
choice is equivalent to a choice of a reduced basis, which can be discontinuous.

Mirror re ections of any lattice correspond to quadratic formg«@& 2@1,GH ,
@-H that di er by a sign of @. To distinguish mirrorimages of lattices, De nition 8.3.4
will introduce sign? °. Then continuous deformations of lattices become continuous
paths in a space of invariants, see Remark 8.5.1.

Fig. 8.4 summarises the past obstacles and a full solution to Problem 8.2.2. The Root
Invariant Space RIS®R consists of ordered triples of square roots of conorms from
De nition 8.1.5. Related invariants will continuously parametrise spaces of lattices
under rigid motion, dilation, and homothety, as de ned below.
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Fig. 8.4 LISLR® is bijectively and continuously mapped to the space of root invariants, which are
ordered triples of square roots of scalar products of vectors of an obtuse superbase of a lattiée R

8.3 Invariants of an obtuse superbase of a 2-dimensional lattice

De nition 8.3.1 introduces voforms VF and coforms CF, which are triangular cycles
whose three nodes are marked by vonorms and conorms, respectively. We start from
any obtuse superbase of a lattice R to de ne VF, CF, and a root invariant RI.
Lemma 8.3.7(a) will justify that RI depends only on , noton .

Fig. 8.5 1st picture: a voform VF! ° of a 2D lattice with an obtuse superbase =dv¥v-\sg.2nd
picture: nodes of a coform CF! © are marked by conormgg?3rd and 4th pictures: VF and CF of
the hexagonal and square lattice with a minimum inter-point distance 0.

De nition 8.3.1 (voform VF, coform CF, ordered root invariant RI). For any ordered
obtuse superbase in & the voform VF! ° is the cycle on three nodes marked by
the vonorms §-¥—¥, see Fig. 8.5. The coform CF! ° is the cycle on three nodes
marked by the conorms;2- 92— 1. Since all conorms gy 0, we can de ne the root
products Ag= " ?gg The root invariant RIt © is obtained by writing the three root
products f— A— A in the increasing order. 1
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By Theorem 8.1.8 any lattice R has an obtuse superbase with adlg? 0.
At least two root productsg@should be positive, otherwise one vonorm vanishes, but
there are no other restrictions ogA0. The vonorms Vi—¥—¥ j 0 should satisfy
three triangle inequalities such a§ w f LV % only one of them can be an equality.
The ordering & Ao1 Aoz is equivalentto § v 2 v 2 by formulae (8.1.6a).
Root products have the same units as original coordinates of basis vectors, for example,
Angstroms: 1 = 10 ®m. The ordered root invariant RI* ° is more convenient than
VF1 ° and CF! °, which depend on an order of vectors of .

Example 8.3.2. (a) A lattice with a rectangular cell of sides 0 1 has an obtuse
superbase withy =10-0° y =10-1°y9=10- 1° and RI* ° = 10-0-1°.

(b) Forany lattice R 2whose Voronoi domait? © is a mirror-symmetric hexagon,
assume that the G-axis is its line of symmetry. Siricgis centrally symmetric with
respect to the origin 0, the H-axis is also its line of symmetry, see Fig. 8.6.

Then has the centred rectangular (non-primitive) cell with sides 20 21. The
obﬁu_seggp&rbase withv= 120-0° v = 1 0=1° vo = 10— 1° has RI*° =
10 2- pl2 02°forl 0 3.ForO 1YO 3,weshouldswap= 12 02

2—
withA,=0 2to get an ordered root invariant RI* °.

Fig. 8.6 Left: has a rectangular cell and obtuse superbase with ¥ 10-0°, y = 10-1°,

Vo =1 0- 1°, see Example 8.3.2 and Lemma 8.3.3. Other lattices have a rectangular cell 20 21
d an obtuse superbase WitllBC 120-0°, ¢ = 1 0—60, vg = 1 0- 1°, Mi%dle: RIt© =

112 02-02-02°0 1 0 3.RightRIt°=10 2-02- 12 02°,0 3 1.

Alattice R 7 that can be mapped to itself by a mirror re ection with respect to
a = 1°-dimensional hyperspace can be called mirror-symmetric or achiral. Since a
mirror re ection of any lattice R 2 with respectto aline ! R?can be realised by
a rotation in R around ! through 180, the term achiral sometimes applies to all 2D
lattices and becomes non-trivial only for 3D lattices. This paper for 2D lattices uses the
clearer adjective mirror-symmetric.

Lemma 8.3.3 (root invariants of mirror-symmetric lattices R [17, Lemma 3.3]).
An obtuse superbase generates a mirror-symmetric lattice * ° if and only if
(a) the root invariant RI* © contains a zero value and ! ° is rectangular, or

(b) RI* ° has equal root products and the Voronoi domain of ! ° is a square or a
hexagon whose symmetry group has two orthogonal axes of symmetry. B
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De nition 8.3.4 (signt °, the oriented root invariant Rt °). If an obtuse superbase
generates a mirror-symmetric lattice, set signt © = 0. Else all vectors of have

di erent lengths and angles not equal to 98 Lemma 8.3.3. Lety be the shortest

vectors of so that jyj Y jwj. Then signt© = 1 is the sign of the determinant

detlv;—y° of the matrix with the columnsi+\. The oriented root invariant Rt ©

is obtained by adding sign? ° as a superscript to RI* °, see Fig. 8.3. I

Fig. 8.7pIq§_IaF;tlces — Oare mirror re ections of each other and have oriented root invariants
RI> =1 3— 6— 7° with opposite signs introduced in De nition 8.3.4, see Example 8.3.5.

If signt © = 0, this zero superscript in Rt © can be skipped for simplicity, so
RI71 © = RI? °in this case. Theorem 8.3.6 will show that sign? ° can be considered
as an invariant of a lattice under dilation.

In De nition 8.3.4 the determinant dbat;—° is the signed area of the unit cell
*1y -y equal to jyj jvoj sin Uy—y°, where the angle is measured fromte v in
the anticlockwise direction around the origin 0 2.For a strict obtuse superbase |,
all angles between its basis vectors are strictly obtuse. Then signt © = 1 if %9
is in the positive range 196 180°, else signt ° = 1.

Example 8.3.5 (signs of lattices in Fig. 8.3). (a) The lattice in the rst picture of
Fig. 8.3 hﬂs_ﬂ}g:ﬁbtuse superbase with¥ 13-0°,y = 11-3° vy = 12— 3° of
lengths 3— 10— 13, respectively, so: is not mirror-symmetric. Since;+\ are the

©3 15
two shortest vectors of- and detv;—y° = det- i 0, we get signt -° = 1.
03
. « -
The anticlockwise angle is Utvy® = 180 arcsin 931:0 108 .

(b) Thelattice inthe last picture of Fig. 8.3 is obtained from by a mirror re ection
arﬁiﬂaﬁme obtuse superbasewith u; = vy, up =1 2-3°, up =* 1- 3° of lengths
3— 13- 10, respectively, so is not mirror-symmetric. Sincejt  are the shortest

B 1
vectors, defu;— 1y° = det: Y 0, we getsign® ° = 1. The anticlockwise angle

03

« =

is Ulu—w° = arcsimae’l:0 180 108

Theorem 8.3.6 below is crucial for a complete classi cation of 2D lattices in Theo-
rem 8.4.2 and Corollary 8.4.5. Theorem 8.3.6 highlights that mirror-symmetric lattices



114 8 Moduli spaces of 2D lattices under isometry and rigid motion

have more options for obtuse superbases under rigid motion. The same rectangular
lattice can have two obtuse bases with=v11-0°, y = 10— 2°, which are related by

re ection in the G-axis, not by rigid motion. This symmetry-related ambiguity is much
harder to resolve for 3D lattices even under isometry, see [16].

Theorem 8.3.6 (isometric obtuse superbases, [17, Theorem 3.7]). Any latticés —
R? are isometric if and only if any obtuse superbases of%are isometric. If — Care
not rectangular, the same conclusion holds for rigid motion instead of isometry. Any
rectangular (non-square) lattice has two obtuse superbases related by re ection. "

Lemma 8.3.7 (lattice invariants, [17, Lemma 3.8]). (a) For any obtuse superbase
of alattice R 2, the root invariant RI* ° is an isometry invariant of and can be
denoted by RI °, Similarly, RF1 ° and sign? © are invariants of a lattice under
rigid motion and dilation, respectively.

(b) Alattice R 2 is mirror-symmetric if and only if sign® © = 0. B

Fig. 8.8 Left: any reduced basis in De nition 8.1.2 can be mapped under dilation to the basis of
v = 11-0° and ¥ = :G— H° 2 Red from Proposition 8.3.8. Right: for each of the lattice?—
represented by small blue, green, red circles/disks on the right, the conditions of De nition 8.1.2 choose
one reduced basis among two bases that di er under rigid motion.

Proposition 8.3.8 (reduced bases, [17, Proposition 3.10]). (a) Under isometr3; @R

reduced bases ¥y from De nition 8.1.2 are in a 1-1 correspondence with all obtuse

superbases = fy\—\—vg such that jj jv 2] |V oj. Under isometry, any lattice
R 2 has a unique reduced basis in the conditions of De nition 8.1.2, see Fig. 8.8.

(b) Under rigid motion, any lattice has a unique reduced basis in De nition 8.1.2.

8.4 Complete invariants of 2D lattices under four equivalences

Lemma 8.3.7 showed that RI °— Rl © are invariants of lattices under isometry and
rigid motion, respectively. To prove completeness of the invariants in Theorem 8.4.2,
Lemma 8.4.1 reconstructs an obtuse superbase of . Corollary 8.4.5 will classify lattices
under homothety by projected invariants introduced in De nition 8.4.4.
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Lemma 8.4.1 (superbase reconstruction, [17, Lemma 4.1]). An obtuse superbase =
fvo—v—vg of a lattice R 2 can be uniquely reconstructed under isometry and
under rigid motion from its root invariant Rl © and its oriented root invariantR?,
respectively. If RI* © = 1A;— fy— f°, the basis vectors ¥+ are determined by

o G A . AL,
il = K AG— Qi = A, Af— cosUlwy° = g 2']' -
Ko Ao A2 A

q
and span a primitive unit cell of the area 1°= A/  AZ /K A A, ,

Theorem 8.4.2 (completeness of root invariants, [17, Theorem 4.2]). (a) Any lattices
— 0 R ?are isometric if and only if their root invariants coincide: RI* © = RI%°,

(b) Any lattices — are related by rigid motion if and only if Rt° =Rl 1 ®_

The above classi cation helps prove that some other isometry invariants of lattices
are also complete and continuous. By (8.1.6ab) the voform VF5=#+ ° and coform
CF = 1?10 31— 92° are both complete if considered under 3! permutations. The root
invariant Rl is a uniquely ordered version of CF and deserves its own name. The square
roots Ag= p‘?g_ghave original units of the vector coordinates.

Theorem 8.4.2 and Lemma 8.5.2 imply that, after taking square roots of vonorms,
the ordered lengths, sayijv jv 2] Vv oj, form a complete invariant that should satisfy
the triangle inequality jj , jv2j jVv oj. This inequality is the only disadvantage of
the complete invariant jy jv 2j jv oj in comparison with ordered root products
A> A1 Aoz, Which are easier to visualise in Fig. 8.9, 8.10.

Classi cation Theorem 8.4.2 says that all isometry classes of lattices 2 &e in
a 1-1 correspondence with all ordered triples 012AAp1  Ag2 of root products in
RI* ©. Only the smallest root product+A can be zero, two othergsA Aoz should be
positive, otherwise¥= A, , A3, = 0 by formulae (8.1.6a).

We explicitly describe the set of all possible root invariants, which will be later
converted into metric spaces with continuous metrics in De nitions 8.6.1 and 8.6.3.

De nition 8.4.3 (triangular cone TC). All root invariants RI1° = 15— f— f° of
lattices R 2liveinthe triangularcone TC =f0 A, Ag1 Ag2g within the octant
Oct = »0—,1° excluding the axes in the coordinatgs-A8:— fp, see Fig. 8.9 (left).

The boundary miTC° of the cone TC consists of root invariants of all mirror-
symmetric lattices from Lemma 8.3.3: the bisector plangs $4%.g and fA; = Ay10
within TC. The orange line fO Y& = A1 = Aio)g mITCP in Fig. 8.9 (left),consists
of root invariants of hexagonal lattices with a minimum inter-point distange2\ The
blue line fA, = 0 Y A1 = Aog mTCO consists of root invariants of square lattices
with a minimum inter-point distanceA 1

To classify lattices under homothety, it is convenient to scale them by the size
ji=A12,A01, Aoz This sum is a simpler uniform measure of size than (say) the unit
cell area 1°from Lemma 8.4.1, which can be small even for long cells.
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Fig. 8.9 Left: the triangular cone TC = f4—A1—A° 2 RRjO A1, Agr Agy < 0Og represents
the space RIS of all root invariants of 2D lattices, see De nition 8.4.3. Middle: TC projects to the
guotient triangle QT = TC\ fA>, Ao1, Aoz = 1g representing the space LHS of 2D lattices under
homothety, see Corollary 8.4.5. Right: the quotient triangle QT can be parametrised by,GA\pA2
»0—1° and H = 3A2 »0- 1%, see QT also in Fig. 8.10.

De nition 8.4.4 (projected invariants P11 © and P11 °). The triangular projection

TP : TC ! fA 12,A01,Ap2 = 1g divides each coordinate by the size j j £2AA01, Aoz
J— 1 _ A0

and giveRIt © = 1A 1~ A—AL° = Az b8\ royia 12.A01,A02 = 1g. Thenwe

) A2, Ao, Aoz )
map A>—R1—A:° to the projected invariant P11 © = 1G— H° with Ggz AA o1 2 »0-1°

and H = 3/ 2 »0- 1% in the quotient triangle
QT=f1G-H°2R0 GY1-0 H 1-G,H 1g-

see Fig. 8.10. All oriented root invariants™RP live in the doubled cone DC that is
the union of two triangular cones TCwhere we identify any two boundary points
representing the same root invariant RI* © with signt © = 0. The oriented projected
invariant PP1 © = 1G— H° is PI* ° with the superscript from sign? °. ]

The inequality 1 G, H =18, Ao1°, 3A12 follows after multiplying both sides by
the size j j, becauseA , Ap1, Aoz Aoz Aop1°, 3A1p becomesfA Ajo.

The set of oriented projected invariants' 4 visualised in Fig. 8.10 (right) as the
guotient square QS obtained by gluing the quotient triangle @ith its mirror image
QT . The boundaries of both triangles excluding the vertex :G—H° = 11-0° are glued
by the diagonal re ection 1G—H° $ 11 H-1 G°. Any pair of points 1G—H°2 QT
and 1 H-1 G° 2 QT in Fig. 8.10 (right) represent mirror images of a lattice under
homothety, see Corollary 8.4.5. So QS is a topological sphere without a single point
and will be parameterised by geographic-style coordinates in [6].

Following Fig. 8.5, any square lattice has a root invariant Rl = 10-0-0°, so its
projected invariant Pl = 10—0Q° is at the bottom left vertex of QT in Fig. 8.10 (left),
identi ed with top right vertex of QS in Fig. 8.10 (right). Any hexagonal lattice has
a root invariant Rl = 10— 0-0°, so its projected invariant Pl = 10—1° is at the top left
vertex of QT in Fig. 8.10 (left), identi ed with bottom right vertex of QS.

By Example 8.3.2(a) any rectangular lattice has Rl = 10—0—1° for 0 Y 1, hence its
projected invariant Pl = %—2—00 belongs to the bottom edge of QT identi ed with
the top edge of QS. By Example 8.3.2(b) any lattice with a mirror-symmetric Voronoi
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Fig. 8.10 Left: all projected invariants PI* © of lattices R? live in the quotient triangle QT
from Fig. 8.9, which is parameterised by Gg AA 91 2 »0—1° and H = 8A2 »0— 1%. Right: mirror

re ections  of any non-mirror-symmetric lattice can be represented by a pair of points in the quotient
square QS = QT[QT symmetric in the diagonal G , H = 1.

domain has RI with 0 or two equal root products. Such lattices have a rhombic unit
cell and form the centred rectangular Bravais class. Their projected invariants belong
to the vertical edges and diagonal of QS in Fig. 8.10 (right). The companion paper [6]
discusses Bravais classes of 2-dimensional lattices in detail.

Corollary 8.4.5 (completeness of PI, [17, Corollary 4.6]). Any lattices & R 2 are
related by homothety if and only if their projected invariants are equal: P1t © = 91
Any lattices — Care related by dilation if and only if Pt° = P| >1 @, ”

Lemma 8.4.6 (criteria of mirror-symmetric lattices irf 17, Lemma 4.7]). A lattice

in R 2 is mirror-symmetric if and only if one of the following equivalent conditions
holds: signt® = 0 or RI1® 2 mTC or PI*° 2 mQT. So the boundaries of the
triangular cone TC and the quotient triangle QT consist of root invariants and projected
invariants, respectively, of all mirror-symmetric lattices R "

8.5 Inverse design and a spherical map of 2D lattices

This section discusses lattices in terms of group actions, inversely designs lattices from
invariants, and embeds the Lattice Rigid Space LRStRa 2-dimensional sphere.

In the theory of complex functions, any lattice R can be considered as a
subgroup of the complex plane C whose quotient Ce is a torus. By the Riemann
mapping theorem any compact Riemann surface of genus 1 is conformally equivalent
(holomorphically homeomorphic) to the quotient Cs for some lattice , see [15,
Section 5.3]. These tori C+ and Ce?are conformally equivalent if and only if —°
are related by homothety, see [14, Theorem 6.1.4]. The spaces PMSAR LDS1R°
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of all lattices C = R 2 under homothety and dilation are the quotient triangle QT
and the quotient square QS, respectively, see Fig. 8.10.

Remark 8.5.1 (lattices via group actions). Another parametrisation of the Lattice

Homothety Space LHS®R can be obtained from a fundamental domain of the action

of GL1Z?° R on the cone CQ2° of positive quadratic forms. Recall that any lattice
R 2 with a basis y— de nes the positive quadratic form

& 1G-H° = 1gyHV,°? = viG | 2v 1v,GH , ¥H = @G , 2@1.GH , @H 0

whose positivity for all :G—H° Z R0 means that @ Y @:@;. The cone C'Q,°
of all positive quadratic forms projects to the unit disk § 2 Y 1 parameterised by

@> @u1 2@ o » .
b==2"="and[ = ——=—. Indeed, the positivity condition?@¥ @@ for the
@, e @ e positivity @ @@

form & 1G-H°is equivalent t,ij 2 Y 1 in the coordinates above.

The quadratic form & is in a reduced (non-acute) formif0 2@ @11 @22
and @ j 0O, see [12, formula (1.130) on p. 75]. The above conditions de ne the
fundamental domain) =f0 b Y1- 0 [ %— b, 2[ 1g, see[24, Fig. 8.1]. This
non-isosceles triangle is one of the in nitely many triangular domains within the disk
b2 [ 2Y 1in[12, Fig. 1.2 on p. 82] or [24, Fig. 6.2]. Choosing one triangular domain
is equivalent to choosing a reduced basis under isometry, not under rigid motion.

For instance, the mirror-symmetric basgsvt1-0°,y =1 %— 1° have the same
reduced non-acute fornf GGH , 2H represented only by tb—[° F12°. The above
ambiguity under rigid motion is resolved by sign? ° in the twice larger space LD8!R
visualised as the quotient square QS, see Example 8.8.2.

More importantly, the inverse map fromRI° to a reduced basis is discontinuous
at any rectangular lattice with a unitcell 0 1. Indeed, slight perturbations of have
unique reduced bases that are not close to each other, being close to the distant bases
10—0°-10- 1°, which are not equivalent under rigid motion for 0 Y 1. This discontinuity
of lattice bases will emerge inReven under isometry [16]. IngRCorollary 8.8.4 will
completely settle the basis discontinuity under rigid motion.

Another complete invariant is the ordered vofortn w 3 v 2 or the lengths jyj
jv2j jv o of the three shortest Voronoi vectors from Lemma 8.5.2 below. However,
this invariant doesn't extend even to dimension = = 3 due to a 6-parameter family of
pairs of non-isometric lattices 2 that have the same lengths of seven shortest
Voronoi vectors in R, see [16]. The above reasons justify the choice of homogeneous
coordinates #y which easily extend to higher dimensions.

Lemma8.5.2 ([8, Theorem 7]). Forany obtuse superbageff §° ofalattice R 2,
the vonorms 3—£— £ are squared lengths of shortest Voronoi vectors. )

The projected invariant Pl = 1G— H° obtained from Rl is preferable to the coordinates
1b—[°, which de ne a non-isosceles triangle, while the isosceles quotient triangle QT
will lead to easier formulae for metrics in the next section. Since the metric tensor
1vf—\1 v2—\§° = 1@1— @ @&@° and its 3-dimensional analogue are more familiar to
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crystallographers, we will rephrase key results from sections 8.6-8.7 by using these
non-homogeneous coordinates in the companion paper [6].

Proposition 8.5.3 (inverse design of 2D lattices, [17, Proposition 4.9]). For B j 0 and
any point :G—H° in the quotient triangle QT, there is a unique (under isometry) lattice
with the projected invariant P11 © = 1G—H° and size j j = B1z A1, Agz2- Then

B, B B
18+5+30° RITC = 1A — f—H° = Z_SH_613 3G H0_613’3G HO »

If 1G—H° is in the interior of QT, the invariant Rl de nes a pair of lattices
that have opposite sigas and unique (urader isometry) reduced basis vegcters v
with the lengths jyj = A, A3, jwoj = A,, A3, and the anticlockwise angle
4H?
19@,5H2 6H,9°2 36G213 HoZ'
Example 8.5.4 shows the power of Proposition 8.5.3 based on Theorem 8.4.2 and
Corollary 8.4.5 for inverse design by sampling the square QS at interesting places.

18¢5e31° U y° = arccosp

Fig. 8.11 (right) visualises the doubled cone DC of oriented root invariaritfr&h
De nition 8.3.4 by uniting the triangular cone TC = f0 & A1 Apzg with its
mirror re ection in the vertical plane fA = Ay2g including the &-axis.

The lattice ¢ with Rl = 11-1-4° is represented by two boundary points of DC
identi ed by A1—#f° $ Aox—M°. The lattices ; with the root invariant Rl =
LA p—A° = 11-4-7° are represented by 11-4—7° and its mirror image 11-7—4° in
DC related by the re ection in the vertical bisector plang A Ay, containing the root
invariants of 4— . The superscript shows sign{© = 1.

Example 8.5.4 (inverse design of 2D lattices). We will inversely design the lattices
4— 6= 0— ,— 1.See theirvisualised invariants in Fig. 8.11 (right).

(' 4) We design the square lattice starting from its projected invariant at the origin
PIt 4° = 10-0° 2 QT, which is identi ed with the top right vertex 11-1° 2 QS in
Fig. 8.11 (left). Formula (8.5.3a) for the size4j = 2 (only to get simplest integers)
gives RIt 4° = 10-1-1°. An obtuse superbasg-fy¥—\yg can be reconstructed by
Lemma8.4.1. The vonorms aré¥ v3 = 02,12 =1,v5 =12 12 = 2. We can choose
the standard obtuse superbageVt1-0° y = 10-1°, ¢y = 1 1- 1°.

( 6) We design the hexagonal lattice; starting from the projected invariant at the
top left vertex P11 ¢° = 10— 1° 2 QT, which is identi ed with the bottom right vertex
11-0° 2 QSinFig. 8.11 (left). Formula (8.5.3a) for the sizg £ 3 (only to get simplest
integers) gives RI1g° = 11-1-1°. To reconstruct an obtuse superbaseifvsg by
Lemma 8.4.1, nd the vonorms= v3 = vZ = 12 12 = 2. Formula (8.5.3b) gives

the angle Uly-y° = arccospﬁ = arccos % = 120 . We can choose the

P i P
superbasey=1 2—-0° y=1 pl—i—p—go Vo=1 pl—é— p—go.

( o) We inversely design the latticeg in Fig. 8.11 starting from PI1e® = 1G—H° at
the centre %—%0 2 QS. Formula (8.5.3a) for the sizegj = 6 (only to get simplest
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Fig. 8.11 Left: QS = QF [ QT includes mirror-symmetric latticesa— e— o and non-mirror-
symmetric lattices ; , see Example 8.6.2 and Table 8.1 later. Right: the doubled cone DC is visualised
as f0O A1z minfAp1—#pg i 0g bounded by the planes fA= 0g, fA2 = A0, fA2 = Ay2g with

the identi cations 1Ao— A1— H® $ 1A 10— Ho— A.° on the boundary mDC.

integers) gives RI1p® = 11-1-4° To reconstruct an obtuse superbasedfvygg
by Lemma 8.4.1, nd the vonormsiv= 1% 12 = 2, v3 = v3 = 12 42 = 17.
, - 4
Formula (8.5.3b) gives the angle iw° = arccosg =
1% % 3 902 g1 ;5102

arccos pé: 99¢9 . We can choose the following superbase, see Fig 84z v

1p§—0°,y:jv2jlcosUly— o—sin U0 = 1 pl— 330 ,Vp=1 91— 330

~

( 2) We inversely design the lattice, in Fig. 8.11 startlng from thelr projected
invariants Pl ,° = 1—19——39— which will maximise the chiral distance PC»V4
in Theorem 8.7.5(a). Form%a (8553 .3a) for B1e sizgjj= 6 (only to simplify the root
invariant) gives RI* ,° = 12 2 1-5  2°.Since all root products are non-zero
and distinct, by Lemma 8.3.3 there is a pair of latticeswith sign* ,° = 1. The
lattices , are related by re ection, not by rigid motion.

To r%construct an oBtuse superbasg-fy—vg of ? by Lemma 8.4.1, nd
vi=12"2 102’15p 202=19 4 20 127 10 2°=36 14 2 16e2—
vi=12 202 1272 102=16 4720 19 4 " 20=15 8 2 3e7-

V3 =12 p§°2,15 p§°2:16 4p§°,127 10 p§°:33 1472 13+2—

. A2
and the anticlockwise angle Uliw° = arccos——=2—  92¢8 . Then , have
JVlJp JV2) B

the following obtuse superbases in Fig. 8.12:=v* 15 8 2-0° 11.9-0° x=
jvojicos Uly—yo—sin U~y 1 0e18—3¢63°,\ ! 1e72— 363°.

( 1) We inversely design the lattice; in Fig. 8.12 starting from P11 © = 1G—H° at
the mid-point —° of the segment between PI°—PIt o° 2 QT. Formula (8.5.3a)
for the size j 1 j = 12 (only to simplify the root invariant) gives RI% © = 11—-4—7°,
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Fig. 8.12 The doubled cone DC in Fig. 8.11 (right) projects to the doubled triangle DT parameterised
by G 2 11-1° H 2 »0-1% and obtained by gluing two copie®fQfie quotient triangle along
vertical sides instead of hypotenuses as in QS, see Example 8.5.4 and Table 8.1.

Since all root products are non-zero and distinct, by Lemma 8.3.3 there is a pair of
lattices ; of opposite signs sign?; °© = 1.

To reconstruct an obtuse superbasg—fy—yg of ; by Lemma 8.4.1, nd the
vonorms § = 42 72 = 65, v = 12 42 = 17,v; = 1?2 /72 = 50, and the

. A?
anticlockwise angle Uivy° = arccos—=2— = arccos p< 92 . Then ;
Vi) vz 80
have the following obtuse superbases in Fig. 8.12:¥ 17-0° 14.12-0°,
!
A

V, = jvajicos Uly—y°—sin Uly-yo° = = P 0e24— 7e1°—

P—
Vo=V Vv,=1 pl%— 98%90 13488— 7410, see all forms in Table 8.1.

Since the quotient square QS = QTQT with identi ed sides is a punctured
sphere, it is natural to visualise QS as the round surface of Earth witha@The
north/south hemispheres separated by the equator along their common boundary of QT
represented by projected invariants PI* © of all mirror-symmetric lattices .

We can choose any internal point of the quotient triangle QT as the north pole.
The most natural choice is the incentre ¢pole), the centre of the circle inscribed
into QT because the rays from: %o the vertices of QT equally bisect the angles
90 — 45— 45. The incentre of QT has the coordinates :G— G°, where Gf% = 2—395
The lattice ; with the projected invariant P1%,° = 1G—G° has the basis {1+9-0°,

{2 10°18-3+63° inversely designed in Example 8.5.4}.
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Table 8.1 Various invariants of the lattices computed in Example 8.5.4, see Fig. 8.11 and 8.12.

4 6 0 2 1

jo° 2 3 6 6 12

11 1 1 11

10 1N—N° 1N—_-10 —_— —_ —_
RI>t° ((0,1,1) (1,1,1) (1,1,4) 125803 125 Po 11-4-7°
VFio |(2,1,1) (2,2,2) (17,2,17) 115 B2-33 147-36 1420 (65,17,50)

Fig. 8.13 Left: in)QT , the Greenwich line goes from the “empty’ point (1,0) through incentred

the point =10-" 2 1°. Middle: the hemisphere HS has the north pole at-%the equator mQTof
mirror-symmetric lattices. Right: the longitude * 2 * 180-,180 ¥ anticlockwise measures angles
from the Greenwich line, the latitude i 2 » 96- 90 ¥ measures angles from the equator to the north.

De nition 8.5.5 (spherical lattice map SLM : QS ! (?). (a) The spherical map SLM

sends the incentre:%f QT to the north pole of the hemisphere -H&d the boundary

mQT to the equator of HSsee Fig. 8.5 (middle). Linearly map the line segment
between %and any point :G— H° in the boundary mQT to the shortest arc connecting the
north pole SLM1%®° to SLM*G— H° in the equator of HExtend the spherical map to
SLM: QS ! ( 2 by sending any pair of invariants Pl © with sign? © = 1 to the
northern/southern hemispheres of the 2-dimensional spReregpectively.

(b) For any lattice R 2, the latitude i1° 2 » 90 — 90 % is the angle from the
equatorial plane EP of¥(to the radius-vector to the point SLM*PI°° 2 ( 2 in the
upwards direction. Let {* ° be the %ttlogonal projection of this radius-vector to EP.
De ne the Greenwich pointas =10-2 1° 2 mQT in the line through %and *1-0°.
This represents all centred rectangular lattices with a conventigmal unitcell 20 21

whose ratio A = can be found from Example 8.3.2(I:E))§ 1= —$150°  Setting

P p_ . p___ 202 1202
B= A& 1,weget 2 1= %,B:%,A: B .1 1-1. The Greenwich

meridian is the great circle orf(passing through the point SLM? ° in the equator .
The longitude "1° 2 1180 —180% is the anticlockwise angle from the Greenwich
plane through the Greenwich meridian to the vector {* © above. ]
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For lattices with P11 ° in the straight-line segment between the excluded vertex
11-0° and the incentre %we choose the longitude ~ = ,180rather than 180.
Proposition 8.5.6 computes the longitude and latitude coordinates "1 °—il° via
PIt °© = 1G—-HC in terms of the projected invariant PI* © = 1G—H° .

Proposition 8.5.6 (formulae for spherical lattice map SLM, [6, Proposition 5.2]). For
. . . 1
any lattice R 2 with PI1° = 1G-H° 2 QT,if G < C = 1p—§, then set k =

arctang—(é otherwise k = signtH C°90

%k,ZZ-S ifG Y C-

(a) The longitude of the lattice is "1°= _k 157¢5 ifG C—k 22¢5 —

3k, 2025 ifG C—k 225«

p%p—fgo if 7102 »45 — 67<5V4—
(b) The latitude is it © = signt © p"g_fgo if 102 » 675 — 180 Y4—

255190 if 1025180 - 45 Yae
The incentres %2 QT have k = Oandi= 90 , respectively, " is unde ned. ”

Example 8.5.7 (prominent lattices). Any mirror-symmetric lattice Rhas
signt © = 0, hence belongs to the equator of{and has it ° = 0 by (8.5.6b). Any
square lattice 4 with P11 4° = 10-0° has "1 4° = arctan 1,22+5 = 675 by (8.5.6a).
Any hexagonal lattice g with PI* 4° = 10—1°has "1 4° = arctanl—Jp—é,22°5 = 45 .

Any rectangular lattice with PI*° =11 p%—OO has 1°2= 90 ,202¢5 =112+5.

Any centered rectangular lattice with P11 ° = %—%0 at the mid-point of the diago-
nal of QT has "1° = arctan1l 1575 = 1125 . Any Greenwich lattice  with

PIL ©°= =10- P2 1°hast ©°=arctanl P3 ,22¢5 =0.

In addition to the original paper [17], we add new Corollary 8.5.8 to ful ll the
realisability and Euclidean embeddability conditions in Problem 8.2.2(f,9).

Corollary 8.5.8 (Euclidean embeddings of lattice spaces). (a) For all lattices 2 R
under isometry, the Root Invariant Space RIFR fRI1 °j lattices R 2gconsists
of all ordered triples 0 A2 Ao1 Ag2, Where the smallest root produgbAan be
zero. Then RIS'R is embedded into Ras the triangular cone TC in De nition 8.4.3.

(b) For all lattices R 2 under homothety, the invariant space fPI* °| lattices
R2g consists of all points :G— He in the quotient triangle Q¥ frdtn De nition 8.4.4.

(c) Foralllattices R ?under dilation, the invariant space fPI° lattices R 2g
can be embedded ontd ¢ fone pointg R® by the map SLM from De nition 8.5.5.

(d) For all lattices R 2 under rigid motion, the space fP1°] lattices R 2g
can be embedded onto?r fone pointg® 10-,1° R 4. )
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Proof. Parts (a,b,c) follow De nitions 8.4.3, 8.4.4, and 8.5.5. Part (d) is obtained by
extending the embedding ( R 2 from part (c) by a scaling factor B 2 10— ,1° All
embeddings are bi-Lipschitz because all invariant spaces can be compacti ed and all
underlying maps are expressed via elementary functions as in 8.5.6. u

8.6 Metrics on spaces of 2D lattices under all four equivalences

All lattices R 2 are uniquely represented under isometry and homothety by their
invariants Rl 2 TC and PI 2 QT, respectively. Then any metric 3 on the triangular cone
TC R 3 or the quotient triangle QT R gives rise to a metric in De nition 8.6.1

on the spaces LIS and LHS, respectively. The oriented case in De nition 8.6.3 will be
harder because of identi cations on the boundary mTC.

De nition 8.6.1 (root metrics RM, projected metrics PM). Any metric 3 o Be-
nes the root metric RM® ;— ,° = 31RI1 ;°—RI ,°° on lattices 1— » R 2 un-
der isometry. The Root Invariant Space RIS = 1TC-3° is the triangular cone with a

. . . — = .
xed metric 3. If we use the Minkowski norm @H{° = ji{ije=* jG® @of a

8=1

vectorv = 1G—e+++—=06G2 R forany real @ 2 »1-,1Y4, the root metric is denoted by
RMg@ 1—- 2°=jjRI* 1° RI* %jjg Thelimitcase @ = ,1usesjj{jj= max |Gj.
The projected metric PM1;— ,° = 31PIt 1°—PI1 ,°° js on lattices under homothety
for any metric 3 on R The space of projected invariants PIN = :QT- 3° is the quotient
triangle with a metric 3. The notation R 1— 2° = jjPI* 1° PI* 0jjgincludes a
parameter @ 2 »1- 1Y of" )

m
8=1

The Minkowski distance "gfor @ = 2 is Euclidean. The root metric an
take any large values in original units of vector coordinates such as Angstroms. The
projected metric Phis unitless and the space PIN = *QT-3° is bounded.

Example 8.6.2 (metrics R\~ PMyp. Table 8.2 summarises metric computations for
the lattices 4— s— o— 1, Which were inversely designed in Example 8.5.4.

Since the mirrorimages, have the same root invariant RI} © = 11— 4—7°, for any
lattice , the distances RM* — ; ®and PM* — , °are independentofsignj © = 1.
Any mirrorimages haveRM! - — °=0=PM?! .- ©because areisometric
to each other. The metric RM from De nition 8.6.1 is well-de ned only for lattices under
any isometry including re ections.

De nition 8.6.3 introduces the metric RMon lattices under rigid motion so that
RM>1 . — ©; 0 on mirrorimages of a non-mirror-symmetric lattice, see Fig. 8.14.

De nition 8.6.3 (orientation-aware metrics RM-PM). For lattices 1— » R ?2
with sign? 1°sign! ,° 0, the orientation-aware root metric is RWE 1— ,° =
RM! ;— ,° as in De nition 8.6.1. If any lattices ;— » have opposite signs, set

RM”1 1— 0= ilnf OlRM1 1— 3°, RM® »— 3°°. The orientation-based metric
signt 3°=

PM>1 — ,°is de ned by the same formula, where we replace RM by PM. |
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Table 8.2 Metrics RMpand PNgfor the lattices from Example 8.6.2 and shown Fig. 8.11 and 8.12.

RM; 4 6 0 1 PM¢ 4 6 0 1

RIt ,°=10-1-190 1 3 6 PIt ,°=10-0°|0 1 % %

RIt ®=11-1-191 0 3 6 PIt g°=10-1°|1 0 § 2

RIt ®=11-1-493 3 0 3 PIt po=13-1011 1 o0 2

RIt ;0=11-4-7°6 6 3 0 PIt jo=1310/1 3 1 ¢
RMgfor @ 2 »1-1 4 6 0 1

RIt 4°=10-1-1° 0 1 1] ,3601*@1] 3@ gGol:@
RIt 40 =11-1-1° 1 0 3 139 g @l@
RIt ¢°=11-1-4° | 11 3@1@ 3 0 3 2@
RIt ;©0=11-4-7° 11 3@ g@1'@130 g®l:@ 3 1@ 0
PMgfor@ 2 »1-1 4 6 o 1

PIt 40 =10-0° 0 1 el ec2

Pl ° =10-1° 1 0 21@°11117 3@1@

PIt 00:1%_%0 211-@‘—"1 211-@01 0 211-@02

PIt jo=11-lo 121@°2)11] 3Gol:@3'1@°2 0

Thein muminRM”t — ,°isthe greatestlower bound de ning a metric on a union
of metric spaces glued by isometries. Theoretically, this bound may not be achieved over
a non-compact domain. When using a Minkowski base metggcPropositions 8.6.5-
8.6.6 explicitly compute RIg-PNpfor @ = 2—,1, so the in mum in De nition 8.6.3
can be replaced by a minimum in practice.

The oriented root invariant space RI&nd the space of oriented projected invariants
PIN” can be de ned similarly to RIS and PIN in De nition 8.6.1 as the doubled cone DC
and quotient square QS with any metrics from De nition 8.6.3. [17, Lemmas 5.3 and
5.5] prove the metric axioms for RM—PM and RMPM, respectively. Lemma 8.6.4
speeds up computations in the oriented case, see Example 8.7.7.

Lemma 8.6.4 (reversed signs, [17, Lemma 5.6]). Iflatticgs- , R 2 have speci ed
signs, thenRM* ;,— ,°=RM”* - ,%and PM?® ;- ,°o=PM°t — .0 |

If lattices ;1— > have non-opposite signs, so sign?signt ,° 0, then the metrics
RMgand PMgfrom De nition 8.6.3 coincide with the easily computable unoriented
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Fig.8.14 By De nition 8.6.3, the projected metric P ; — , °isthe minimumsum Pyt 3 — 3°,
PMzt 3 ,°achieved in the leftimage, see computations in Proposition 8.6.5.

metrics RMa- PMpfrom De nition 8.6.1. Hence Propositions 8.6.5 and 8.6.6 compute
RMg 1— 2°and PMg 1— 2° only for lattices of opposite signs.

Proposition 8.6.5 (root metrics for @ = 2— 1, [17, Proposition 5.8]). Let- » R ?2
be lattices of opposite signs with RI11° = 1A — f— H°, RIT 2° = 1B >— Bi— B°.

(a) Rle 1— 2% is the minimum of the Euclidean distances from the point R?to
the three points * By— Bi— B°, 1B1— B— B°, and 1By— B— B1° in R3.

(b) RM7 11— 2° =minf3¢—3- 39, where

30 = maxfA, Bio—jhs Boij—jbe Bo2jg—

31 = maxfMS*A— f— B—B1°—jée Bo2jg,

32 = maxfjAz Bi12j—MS4—Ao— Bi— B0,

where MS10—-1-2-3° = maxfj0 1j—j2 gjie, 1 2 3jg. ”
Proposition 8.6.6 (projected metrics for @ = 2— 1, [17, Proposition 5.9]). Let -
be lattices with opposite signs and invariants R = 1G— kP, P11 ,° = 1G— KP.

(a) PMZ1 1— 2°is the minimum of the Euclidean distances from PI? = 1G— kP to
the three points ! G- BP— G- H°-11 H—1 G°in R2.

(b) ForG G, PM1 ;— 2° = minf3g- 3+ %19 for 35 = maxfG Gi—H, H1g,
3y=maxfG, Gi—jH Hijg, Zu=maxfG Gi-1 G Hz,j1 H; Gjjg. [

8.7 Real-valued chiral distances measure asymmetry of lattices

The classical concept of chirality is a binary property distinguishing mirror images of
the same object such as a molecule or a periodic crystal. Continuous classi cations
in Theorem 8.4.2 and Corollary 8.4.5 imply that the binary chirality is discontinuous
under almost any perturbations similar to other discrete invariants such as symmetry
groups. To avoid arbitrary thresholds, it makes more sense to continuously quantify a
deviation of a lattice from a higher-symmetry neighbour.
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