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Computer Vision problems
Problem (briefly): image in→ description out.

Input: a matrix of greyscale (or colour) values.

http://kos.informatik.uni-osnabrueck.de/3Dscans

Questions: how many objects, what are their
boundaries, how do they relate to each other?



Object recognition: error 6.6%
ImageNet database at http://image-net.org.

> 14M images, > 21K classes. Best algorithm:
Google deep neural net with 60M parameters.

Animals: 2.8M in 3822 classes (723 per class).

If we perturb 2% of pixels: a dog→ an ostrich.



Life story of a cloud: scale α = 0



Life story of a cloud: scale α ≈ 1.1



Life story of a cloud: scale α = 1.5



Life story of a cloud: scale α = 2



Life story of a cloud: scale α ≈ 2.6



α-offsets Cα in a metric space
Def : the α-offset of a cloud C ⊂ M is the union
of closed balls Cα = ∪p∈CB(p;α) of a radius α.

Filtration C = C0 ⊂ · · · ⊂ Cα ⊂ · · · ⊂ C+∞ = M.



Homology and its instability
Homology Hk(S) counts k-dimensional holes: a
vector space of combinations of simplices of S.

Hk(S) is unstable under perturbations of data.

But homology respects continuous f : X → Y ,
which always induce linear fk : Hk(X )→ Hk(Y ).



TDA: persistent homology

Any filtration S(α1) ⊂ S(α2) ⊂ · · · ⊂ S(αm)

of complexes induces linear maps in homology:

Hk(S(α1))→ Hk(S(α2))→ · · · → Hk(S(αm)),

where a hole (homology class) of S(α) is born
at αi = birth and then dies later at αj = death.

The evolution of homology across all scales is
summarised by bars [αi , αj) that form a barcode.



Bar code of a 1-variable function
For f : M → R, we take S(α) = f−1(−∞, α].

Components of sublevel sets S(α) have bars
[b,d) = [birth,death) that form the bar code of f .



Persistence diagram PD{S(α)}
Turn blue bars into red dots (birth, death) ∈ R2.

ε-perturbation of f ‘deforms’ PDf by at most ε.



1D persistence of α-offsets Cα

Dots with a high persistence↔ ‘true’ contours.
Red dots near the diagonal↔ ‘noisy’ contours.



Learning the shape of data

PCA for linear approximations, but a skeleton in
the ‘middle of data’ can be more complicated.

Skeletonisation algorithms are iterative or use
parameters (scale, weights of quality criteria).

Problem: given only a sample C of a graph G,
compute a skeleton provably approximating G
(the same homotopy, geometrically close to G).



Parameterless skeletonisation

We define a Homologically Persistent Skeleton
HoPeS(C) depending only on a cloud C (or
on any filtration of complexes on the cloud C).



Minimum Spanning Tree MST(C)

Def: a Minimum Spanning Tree MST(C) of a
cloud C is a tree (connected graph) that has
the vertex set C and the minimum total length.



MST and single-edge clustering
Lemma: for any scale α > 0, let MST(C;α) be
MST(C) without edges of length > 2α. Then
MST(C;α) describes single-edge clusters of C
(points at a distance ≤ 2α are in one cluster).



MST and 0D persistence of {Cα}
For a cloud C in any metric space, MST(C) is
an optimal structure on C that encodes all 0D
persistence for the filtration of α-offsets Cα.

HoPeS(C) extends this idea to 1D persistence.



HoPeS(C) = MST(C)∪ critical edges
Def: each critical edge gives birth to a class for
birth ≤ α < death in 1D persistence of {Cα}.

HoPeS(C) is a rotation-and-scale invariant
structure on C, encodes all 1D persistence.



Reduced skeleton HoPeS(C;α)

Def: for any scale α > 0 to get HoPeS(C;α)

from HoPeS(C), remove all edges with a length
|e| > 2α and critical edges e with death(e) ≤ α.



Optimality of HoPeS(C;α)
Th (VK’15). The reduced skeleton HoPeS(C;α)

for any cloud C and scale α has the minimum
length among all graphs G ⊂ Cα that have the
same homology H0 and H1 as the α-offset Cα.



Widest gap in persistence

Def: α(C) = max birth over all (birth, death)
above the 1st widest diagonal gap dgap(C)

{a < death− birth < b} in 1D persistence of C.



Derived skeleton HoPeS′(C)

Def: to get HoPeS′(C) from HoPeS(C), remove
edges with |e| > 2α(C) and critical edges with
death ≤ α(C) or (birth, death) below dgap(C).



Recognising visual markers
We reconstruct hieroglyphs from noisy samples.



Reconstruction by HoPeS′(C)

Input: only a cloud C without any parameters.

Output: derived HoPeS′(C) in time O(n log n).

Here are the guarantees of a correct output.

Th (VK, simplified). Let C be any noisy ε-sample
of a graph G ⊂ R2 with radii ρ1 ≤ · · · ≤ ρm. If
ρ1 > 7ε+ θ(G) + max

i=1,...,m−1
{ρi+1 − ρi}, then

α(C) ≤ ε, and the derived skeleton HoPeS′(C) is
in 2ε-offset G2ε and has the homotopy type of G.



Gap search method in persistence
Th (VK’15): any ε-sample C of a ‘good’ graph G
in a metric space has a bijective ε-perturbation
of finite subdiagrams VSk ,l(C)→ VSk ,l(G):
above the lowest of the first k widest diagonal
gaps to the left of the first l widest vertical gaps.



More skeletons for reconstruction
Def: derived skeleton HoPeSk ,l(C) is obtained
from MST(C) by adding critical edges of ‘almost
all’ dots in the vertical subdiagram VSk ,l(C).

k = 1, l = 1 give only one most persistent cycle.

Choose k = 7, l = 4 to find contours of both eyes.



Detecting most visible contours
Image→ Canny edge points C → HoPeS1,1(C).



Fast counting objects in images
Choosing indices k , l is easier than continuous α.



Global stability of HoPeS′(C)

Derived skeleton HoPeS′(C) contains MST(C)

on all points of a cloud C and is locally sensitive

to movements of C, remains in a small offset of
G for samples of a graph G with bounded noise.

Corollary: under the same conditions for any
ε-sample C of G, if a cloud C̃ is δ-close to C,

then HoPeS′(C̃) is (2δ + 4ε)-close to HoPeS′(C).



Summary: skeleton HoPeS(C)

• visualizes all 1D persistence on a cloud C,
in time O(n log n) for C ⊂ R2, and contains

• reduced skeletons that are shortest most
persistent subgraphs at any scale α > 0,

• derived skeletons for reconstructing graphs
from noisy sample with proved guarantees.

Examples and C++ code at http://kurlin.org

Extensions and collaborations are welcome!

http://kurlin.org

