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Abstract

This paper introduces a rigorous approach to the challenging Data Science prob-

lem of recognizing periodic patterns in any Euclidean space. The 3-dimensional

case is practically important for solid crystalline materials (periodic crystals)

including all medical drugs that are produced in a rigid form of tablets.

The main problem is to design efficient algorithms for continuous metrics be-

tween periodic point sets considered up to rigid motion or isometry maintaining

inter-point distances. All approaches via finite subsets hit the major obstacle

when a period or a unit cell of a periodic pattern discontinuously changes under

perturbations of points, which is motivated by noise in real measurements.

The key contribution is a family of continuous metrics on complete invariants

that are features with no false negatives and no false positives for all periodic

patterns. These metrics are approximated in a polynomial time with a small

factor in low dimensions, which suffices to quickly detect all near-duplicates

appearing in experimental databases and (in much larger numbers) among sim-

ulated crystals produced as near-duplicate approximations of local optima.

The new metrics provide examples of identical ‘needles in a haystack’, which

are unexpected duplicates in the world’s largest collection of real materials, now

under investigation by five journals for the integrity of the underlying articles.

∗The last author is supported by the Royal Academy of Engineering Industrial Fellowship
‘Data Science for Next Generation Engineering of Solid Crystalline Materials’ (IF2122/186)
at the Cambridge Crystallographic Data center, the EPSRC grants ‘Application-driven Topo-
logical Data Analysis’ (EP/R018472/1), ‘Inverse design of periodic crystals’ (EP/X018474/1).

Email address: vkurlin@liverpool.ac.uk, http://kurlin.org (V. Kurlin)

Preprint submitted to Pattern Recognition December 31, 2022



Keywords: periodic pattern, ambiguity, isometry invariant, continuous metric

2020 MSC: 52C25, 52C07, 51N20, 68W25

1. Continuous metric problem for periodic point sets and crystals

Periodic point sets include lattices and model all periodic crystals since any

atom has a physically meaningful nucleus and can be represented by its center.

The atomistic approach is more fundamental than models with chemical bonds,

which are not physical sticks or strings, hence only abstractly representing inter-5

atomic interactions depending on various thresholds for distances and angles.

Figure 1: Past invariants based on a minimal cell cannot continuously quantify similarities of

near duplicates. For example, under almost any perturbation, symmetry groups break down,

a primitive cell volume discontinuously changes, while the density remains constant.

A lattice Λ ⊂ Rn is the infinite set of all integer linear combinations of a basis

of Euclidean space Rn. Any basis spans a parallelepiped U called a primitive

unit cell of Λ, see yellow cells in Fig. 1. The first picture in Fig. 2 shows different

unit cells generating the same hexagonal lattice. A periodic point set S ⊂ Rn is10

a finite union of lattice translates Λ + p obtained from Λ by shifting the origin

to a point p from a finite motif M ⊂ U . Periodic point sets were classified

in many coarse ways, which are discontinuous under perturbations of points in

Fig. 1 and give only finitely many classes, say 230 symmetry groups in R3 [1].

The nomenclature in [2, Table 1] says that all known relations depend on15

thresholds and do not distinguish some simple crystals. Thresholding can lead

to a trivial classification as follows. Assuming that lattices are equivalent if

their bases are related by a perturbation up to some small ε > 0, we can join

any lattices by a long enough chain of tiny perturbations, see [3, Fig. 6.7]. Then
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Figure 2: Left: three (of infinitely many) primitive cells U,U ′, U ′′ of the same minimal area

for the hexagonal lattice Λ. Other images show periodic sets Λ+M with different cells and

motifs, which are all isometric to Λ whose hexagonal Voronoi domain is highlighted in yellow.

the transitivity axiom (if A ∼ B and B ∼ C then A ∼ C) with any positive20

threshold implies that all lattices in Rn become equivalent to each other.

More than 1.2 million real structures [4] in the world’s largest collection of

real materials (CSD: Cambridge Structural Database) require finer algorithmic

classifications. Since crystal structures are determined in a rigid form, their

strongest and most practical equivalence is rigid motion or isometry. An isom-25

etry in R3 is a composition of translations, rotations, and mirror reflections. If

we exclude reflections, any orientation-preserving isometry can be realized as a

continuous rigid motion as a composition of translations and rotations.

It suffices to distinguish periodic point sets up to isometry, which will be our

main equivalence relation. Indeed, an isometry f of Rn preserves orientation30

if, for any single set of n + 1 affinely independent points p0, . . . , pn ∈ Rn, the

map f preserves the sign of the determinant of the n×n matrix whose columns

are the vectors p⃗1 − p⃗0, · · · , p⃗n − p⃗0. The size |S| of a periodic point set S is

the number m of points in its motif. Any lattice has m = 1. The first result is

Corollary 5.3 providing a polynomial-time algorithm for isometry testing of any35

periodic point sets S,Q ⊂ Rn. In R3, this algorithm has time O(m3 logm). Due

to extra symmetries of real crystals, the size m in the above algorithms reduces

to a small asymmetric part of a motif usually having less than 50 atoms.

Since the noise in real data is inevitable, the best way is not to ignore

perturbations up to a threshold, but to quantify a deviation by a metric below.40
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Definition 1.1 (metric). A metric on periodic point sets in Rn is a function

d(S,Q) satisfying the following axioms below:

(1.1a) d(S,Q) = 0 if and only if sets S,Q are isometric (or congruent): S ∼= Q;

(1.1b) symmetry: d(S,Q) = d(Q,S) for any periodic point sets S,Q in Rn;

(1.1c) triangle inequality: d(S,Q) + d(Q,T ) ≥ d(S, T ) for any S,Q, T . ■45

The hardest condition to guarantee for any potential metric d is the first

part of (1.1a): if d(S,Q) = 0 then S ∼= Q. Without this condition, even the

zero function d(S,Q) = 0 for all S,Q satisfies Definition 1.1a. An algorithmic

detection of S ∼= Q is enough to define the discrete metric d(S,Q) = 1 for any

S ̸∼= Q. This simplest metric d is discontinuous under perturbations because d50

is separated from 0 for all nearly identical sets in Fig. 1. Since atoms always

vibrate, we look for a computable metric d whose continuity is expressed via

the maximum displacement ε of atoms in condition (1.2b) below.

Problem 1.2 (continuous metric on periodic sets). Find a metric d such that

(1.2a) d is Lipschitz continuous : if Q is obtained from S by perturbing any55

point of S by at most ε, then d(S,Q) ≤ λε for a constant λ, and all S,Q ⊂ Rn;

(1.2b) d(S,Q) is computed or approximated in a polynomial time in max{|S|, |Q|}

for a fixed n, where |S|, |Q| are the sizes motifs of S,Q ⊂ Rn, respectively. ■

Problem 1.2 exemplifies the fundamental ambiguity challenge that emerges

for almost any real data such as similarity of images modulo projective maps.60

Condition (1.2a) goes beyond a complete classification of periodic point sets

modulo isometry. Indeed, any metric d satisfying (1.2a) detects all non-isometric

sets S ̸∼= Q by checking if d(S,Q) ̸= 0. Conversely, detecting an isometry S ∼= Q

gives only a discontinuous metric d, for example, d(S,Q) = 1 for any non-

isometric S ̸∼= Q and d(S,Q) = 0 for any isometric S ∼= Q. The Lipschitz65

continuity (1.2a) requires only an upper bound d ≤ λε in terms of a maximum

perturbation ε. A lower bound for d in terms of simpler invariants in The-

orem 6.7 shows that d is far away from the trivial metric. Problem 1.2 was
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recently resolved only in dimension n = 1 for periodic sequences [5] but re-

mained open for n > 1 and general periodic sets. For lattices in R2, continuous70

metrics were defined in [6, 7]. The recent progress for lattices in R3 is in [8, 9].

We will solve Problem 1.2 by defining a continuous metric on complete invari-

ant isosets from our past work [10]. The first step introduces in Definition 4.1

a tolerant metric on α-clusters from Definition 3.2, which continuously changes

when extra points cross a cluster boundary. All past attempts to resolve this75

boundary issue tried to smooth discontinuous functions at a fixed radius. The

novel idea avoids any cut-off radius and provides an algorithmic max-min for-

mula in Lemma 5.4 for the tolerant metric. The second step uses the Earth

Mover’s Distance [11] to extend the tolerant metric to isosets considered as

weighted distributions of α-clusters up to rotations. The key contributions are80

polynomial algorithms approximating the boundary-tolerant distance and the

metric on isosets in Rn with a small factor η, for example η ≈ 4 in R3.

The third step proves the metric axioms and continuity d(S,Q) ≤ 2ε, which

also has practical importance. Indeed, if d(S,Q) is approximated by a value d

with a factor η, we get the lower bound ε ≥ d
2η for the maximum displacement85

ε of points. Such a lower bound is impossible to guarantee by analyzing only

finite subsets, which can be very different in identical periodic sets, see section 2.

2. A review of the related past work on periodic point sets

A traditional way to detect if periodic point sets are isometric is to find an

isometry that makes them as close as possible. This approximate matching is90

much easier for finite sets. Hence it is very tempting to restrict any periodic

point set to a large rectangular box [12] or a cube with identified opposite sides

[13] (a fixed 3D torus). Since many periodic structures have non-rectangular

cells, differently located boxes or balls can contain non-isometric finite sets as

in Fig. 3 (left). Then extra justifications are needed to show that invariants of95

resulting finite sets remain invariants of the original periodic point sets.
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Figure 3: Left: for any lattice S and a fixed size of a box or a ball, one can choose many

non-isometric finite subsets of different sizes. Right: the blue set S and green set Q in the

line R have a small Hausdorff distance dH = ε but are not related by a small perturbation.

Definition 2.1 (Hausdorff distance dH , bottleneck distance dB). (a) For any

sets S,Q in a metric space, dH⃗(S,Q) = sup
p∈S

inf
q∈Q

d(p, q) is the directed Hausdorff

distance. The Hausdorff distance [14]is dH(S,Q) = max{dH⃗(S,Q), dH⃗(Q,S)}.

(b) The bottleneck distance dB(S,Q) = inf
g:S→Q

sup
p∈S

d(p, g(p)) for sets S,Q of the100

same cardinality is minimized over bijections g and maximized over p ∈ S. ■

Fig. 3 (right) shows the sets S,Q consisting of blue and green points, re-

spectively, where all green points of Q are covered by small closed blue balls

centered at all points of S in the top right picture, and vice versa. Hence a small

Hausdorff distance dH(S,Q) doesn’t guarantee that the sets S,Q are related by105

a small perturbation. A non-bijective matching of points is inappropriate for

real atoms that cannot disappear and reappear from thin air. Hence the bottle-

neck distance dB is more suitable for measuring atomic displacements. But dB

is not a metric on all periodic sets because dB = +∞ for nearly identical sets

S,Q even if they have the same point density equal to the number of points in110

a unit cell divided by the cell volume, see [15, Examples 2.1 and 2.2].

The Voronoi diagram of a point set [16] can be extended to the periodic

case but remains combinatorially unstable as for finite sets. Under almost any

perturbation, a rectangular lattice becomes generic with a hexagonal Voronoi

domain in R2. Hence all comparisons based on combinatorial structures of115

Voronoi domains lead to the same discontinuities as in Fig. 1. However, ge-

ometric characteristics such as the area or volume of Voronoi domains can be

continuously compared by the Hausdorff distance due to [17]. For lattices in Rn,

two continuous metrics based on Voronoi domains were defined in [18], though
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their implementation used finite sampling without approximation guarantees.120

Many approaches produce finite subsets by using a fixed number of neigh-

bors [19] or a fixed cut-off radius [20, 21, 22]. A reduction to one subset cannot

guarantee a complete and continuous classification because, under tiny per-

turbations, a primitive (minimal by volume) cell can become larger than any

bounded subset of a fixed size, see Fig. 1. One can guarantee continuity under125

perturbations by extra smoothing at a fixed cut-off radius so that non-matched

points ‘stealthy’ cross a fixed boundary [23]. For example, [24] starts from a

Gromov-Hausdorff distance between finite sets of any sizes and adds terms con-

verging to 0 at the boundary. The continuity of this distance was shown for

three motions [24, Fig. 3,4,5] but the triangle inequality needs a proof.130

Periodic crystals were traditionally compared by their reduced or conven-

tional cells. The most widely used is Niggli’s reduced cell [25, section 9.3],

which has a minimal volume and all angles as close to 90◦ as possible. Fig. 1

shows that any minimal cell discontinuously changes under perturbations of

points in periodic sets. Even for lattices, Niggli’s cell was known to be discon-135

tinuous since 1980 [26]. [27, section 1] mentioned that no reduced cell can be

continuously chosen for all lattices. Any such reduction cuts the continuous

space of all periodic point sets into disjoint pieces, see [28, Theorem 15].

General periodic point sets have density functions [27], which are practically

computable [29] complete invariants in general position in R3. The distance140

between sequences of density functions was defined in terms of two suprema

over infinitely many radii t ∈ R and indices k ∈ N, so the metric was approxi-

mated without guarantees. The density functions experimentally coincided [27,

section 5] for the periodic sets S15 = X + Y + 15Z and Q15 = X − Y + 15Z

for X = {0, 4, 9} and Y = {0, 1, 3}, which was theoretically proved in [30,145

Example 11]. This pair is distinguished by the faster invariants [28].

In general, a difference between invariants can be a metric only if they are

complete invariants. Otherwise, non-isometric sets can have identical invariant

values with distance 0. Hence a complete classification should take into account
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a potential high complexity of periodic sets and avoid fixed thresholds. Inspired150

by the seminal papers [31, 32, 33, 34], an isometry classification was reduced [10]

to only rotations of local neighborhoods (α-clusters) whose radius α depends

on S and can be as large as necessary to reconstruct the full periodic set S.

The previous work [10] built the complete invariant isoset without justifying

its continuity and algorithmic complexity. New polynomial time algorithms in155

section 5 extend approximate matching of finite sets [35, 36, 37, 38], approximate

nearest neighbors [39], Earth Movers’ Distance [11, 40], see the logic in Fig. 4.

Figure 4: Key definitions and main Theorems 4.8, 6.7 about the new continuous metrics on

complete invariant isosets with polynomial-time algorithms in Corollaries 5.3, 5.8.

3. Isometry classification of periodic point sets by complete invariants

This section reviews the complete invariant isoset [10]. Polynomial-time

algorithms for the isometry testing and continuous metric based on isosets are160

proved in section 5. Local clusters and m-regular sets were studied first by

Delone and co-authors in the seminal work [31, 32], more recently in [34], [41].

Definition 3.1 (global clusters and m-regular sets). For any point p in a peri-

odic set S ⊂ Rn, the global cluster is C(S, p) = {q− p : q ∈ S}. Global clusters

C(S, p) and C(S, q) are called isometric if there is an isometry f : C(S, p) →165

C(S, q) such that f(p) = q. A periodic point set S ⊂ Rn is called m-regular if

all global clusters of S form exactly m ≥ 1 isometry classes. ■
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For any point p ∈ S, its global cluster is a view of S from the position of a

point p. We view all astronomical stars in the universe S from our planet Earth

considered as a point p. Any lattice is 1-regular since all its global clusters170

are related by translations. Though the global clusters C(S, p), C(S, q) at any

different points p, q ∈ S contain the same set S, they may not match under the

translation shifting p to q. The global clusters are infinite, hence distinguishing

them up to isometry is not easier than original sets. However, the m-regularity

of a periodic set can be checked in terms of finite local α-clusters below.175

Definition 3.2 (local α-clusters C(S, p;α), groups Sym(S, p;α)). For a point

p in a periodic point set S ⊂ Rn and any α ≥ 0, the local α-cluster C(S, p;α)

is the set of all vectors q− p such that q ∈ S and |q− p| ≤ α. An isometry f of

Rn between local α-clusters should match their centers. The symmetry group

Sym(S, p;α) consists of all self-isometries of C(S, p;α) that fix p. ■180

Figure 5: Left: in R2, the periodic point set S1 has the square unit cell [0, 10)2 containing

the four points (2, 2), (2, 8), (8, 2), (8, 8), so S1 isn’t a lattice, but is 1-regular by Definition 3.1,

and β(S1) = 6. All local α-clusters of S1 are isometric, shown by red arrows for α = 5, 6, 8,

see Definition 3.2. Right: S2 has the extra point (5, 5) in the center of the cell [0, 10)2 and

is 2-regular with β(S2) = 3
√
2, so S2 has green and yellow isometry types of α-clusters.

Fig. 5 (left) shows the 1-regular periodic set S1 ⊂ R2 whose all points

have isometric global clusters related by translations and rotations through

90◦, 180◦, 270◦. The set S2 has extra points in centers of unit squares. The
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local α-clusters of these new central points and previous corner points differ for

α ≥ β = 3
√

2. If α is smaller than the minimum distance between all points of S,185

then any α-cluster C(S, p;α) is the single-point set {p} and its symmetry group

O(Rn) consists of all isometries fixing the center p. When α is increasing, the α-

clusters C(S, p;α) become larger and can have fewer (not more) self-isometries.

So the group Sym(S, p;α) can become smaller (not larger) and eventually sta-

bilizes, see Definition 3.5. The set S1 in Fig. 5 for any p ∈ S1 has the symmetry190

group Sym(S1, p;α) = O(R2) for α ∈ [0, 4). The group Sym(S1, p;α) stabilizes

as Z2 for α ≥ 4 as soon as C(S1, p;α) includes one more point.

Definition 3.3 (bridge length β(S)). For a periodic point set S ⊂ Rn, the

bridge length is a minimum distance β(S) > 0 such that any p, q ∈ S can be

connected by a finite sequence of points p0 = p, p1, . . . , pk = q such that any195

two successive points pi−1, pi are close: |pi−1 − pi| ≤ β(S) for i = 1, . . . , k. ■

The past research focused on criteria of m-regularity of a single set [32,

Theorem 1.3]. We extend these ideas to compare any periodic sets. The isotree

in Definition 3.4 is inspired by a clustering dendrogram but points of S are

partitioned into isometry classes of α-clusters at different α, not at a fixed α.200

Definition 3.4 (isotree IT(S) of α-partitions). Fix a periodic point set S ⊂ Rn.

Points p, q ∈ S are α-equivalent if their α-clusters C(S, p;α) and C(S, q;α) are

isometric so that their centers are matched. The isometry class [C(S, p;α)]

consists of all α-clusters isometric to C(S, p;α). The α-partition P (S;α) is

the splitting of S into α-equivalence classes of points. If we represent each α-205

equivalence class by a point, these points for all α ≥ 0 form the isotree IT(S),

which is a metric space with the shortest path metric. ■

For any periodic point set S ⊂ Rn, the root vertex of IT(S) at α = 0 is the

single class S, because any 0-cluster C(S, p; 0) of a point p ∈ S consists only of

its center p. When the radius α is increasing, α-clusters C(S, p;α) include more210

points, hence are less likely to be isometric. In other words, any α-equivalence

class from P (S;α) may split into two or more classes, which cannot merge at any
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Figure 6: Left: the 1-dimensional set S4 = {0, 1
4
, 1
3
, 1
2
} + Z has four points in the unit cell

[0, 1) and is 4-regular by Definition 3.1. Right: the colored disks show α-clusters in the line

R with radii α = 0, 1
12

, 1
6
, 1
4
, 3
4
and represent points in the isotree IT(S4) from Definition 3.4.

larger α′. Branched vertices of IT(S) correspond to the values of α when an α-

equivalence class is split into subclasses for α′ slightly larger than α. So |P (S;α)|

is non-decreasing in α. The isotree IT(S) is continuously parameterized by α ≥ 0215

and is visualized as a tree of α-equivalence classes in Fig. 6.

The α-clusters of the 1-dimensional periodic point set S4 ⊂ R in Fig. 6 are

intervals in R, shown as disks for better visibility. In Fig. 6, this class persists

until α = 1
12 , when all points p ∈ S4 are split into two classes: one represented

by 1-point cluster {p} for p ∈ {0, 1
2} + Z, and another represented by 2-point220

clusters {p, p + 1
12}, p ∈ { 1

4 ,
1
3} + Z. The periodic set S4 has four α-equivalence

classes for any radius α ≥ 1
6 . For any point p ∈ Z ⊂ S4, the symmetry group

Sym(S4, p;α) = Z2 is generated by the reflection in p for α ∈ [0, 1
4 ). For all

p ∈ S4, the symmetry group Sym(S4, p;α) is trivial for any α ≥ 1
4 . For any

periodic point set S ⊂ Rn, the α-partitions of S stabilize in the sense below.225

Definition 3.5 (a stable radius). Let a periodic point set S ⊂ Rn have an

upper bound β ≥ β(S). A radius α ≥ β is stable if the conditions below hold:

(3.5a) the α-partition P (S;α) equals with the (α− β)-partition P (S;α− β);

(3.5b) the groups stabilize: Sym(S, p;α) = Sym(S, p;α− β) for any p ∈ S.
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A minimum value of a stable radius α satisfying (3.5ab) for β = β(S) from230

Definition 3.3 can be called the minimum stable radius and denoted by α(S). ■

Example 3.6 (isosets of lattices). (a) Any lattice Λ ⊂ Rn is 1-regular by

Definition 3.1 and can be assumed to contain the origin 0 of Rn. Then the

isoset I(Λ;α) consists of a single isometry class of a cluster C(Λ, 0;α). So the

isotree IT(Λ) is a linear path, which is horizontally drawn for the hexagonal235

and square lattices Λ6,Λ4 in Fig. 7. If both Λ6,Λ4 have a minimum inter-point

distance 1. The bridge length from Definition 3.3 is β = 1.

Figure 7: The isotree of any lattice Λ is [0,+∞) is a line R parameterized by the radius α.

Left: isotree of the hexagonal lattice Λ6. Right: isotree of the square lattice Λ4.

(b) For the hexagonal lattice Λ6 ⊂ R2, C(Λ6, (0, 0);α) includes points p ̸=

(0, 0) only for α ≥ 1. The cluster C(Λ6, (0, 0); 1) = {(0, 0), (±1, 0), (± 1
2 ,±

√
3
2 )}

appears in the 2nd step of Fig. 7 (left). The symmetry group Sym(Λ6, (0, 0);α)240

becomes the dihedral group D6 (all symmetries of a regular hexagon) for α ≥ 1.

Hence any α ≥ β + 1 = 2 is stable. The isoset I(Λ6; 1) is the isometry class of

the cluster C(Λ6, (0, 0); 1) of six vertices of the regular hexagon and its center.

(c) For the square lattice Λ4 ⊂ R2, C(Λ4, (0, 0);α) has points p ̸= (0, 0) only for

α ≥ 1. C(Λ4, (0, 0); 2) = {(0, 0), (±1, 0), (0,±1), (±
√

2,±
√

2), (±2, 0), (0,±2)}245

includes the origin (0, 0) with its 12 neighbors in the 4th step of Fig. 7 (right).

The group Sym(Λ4, (0, 0);α) becomes the dihedral group D4 (all symmetries of

a square) for α ≥ 1. So any α ≥ β + 1 = 2 is stable. The isoset I(Λ4; 1) is the

isometry class of C(Λ4, (0, 0); 1) of four vertices of the square and its center. ■

For any m-regular periodic point set S ⊂ Rn, the isoset I(S;α) has at most250

m isometry classes of α-clusters, so the isotree IT(S) stabilizes with maximum

m branches. Though (3.5b) is stated for all points p ∈ S for simplicity, it suffices

to check (3.5b) only for all p from a finite motif M of S due to periodicity. All

stable radii of S form the interval [α(S),+∞) by Lemma A.4 in the appendix.
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The periodic set S4 in Fig. 6 has β(S4) = 1
2 and α(S) = 3

4 since the α-partition255

and symmetry groups Sym(S4, p;α) are stable for 1
4 ≤ α ≤ 3

4 .

Condition (3.5b) doesn’t follow from condition (3.5a) due to the following

example. Let Λ be the 2D lattice with the basis (1, 0) and (0, β) for β > 1. Then

β is the bridge length of Λ. Condition (3.5a) is satisfied for any α ≥ 0, because

all points of any lattice are equivalent up to translations. However, condition260

(3.5b) fails for any α < β + 1. Indeed, the α-cluster of the origin (0, 0) contains

five points (0, 0), (±1, 0), (0,±β), whose symmetries are generated by the two

reflections in the axes x, y, but the (α − β)-cluster of the origin (0, 0) consists

of its center and has the symmetry group O(R2). It is possible that condition

(3.5b) might imply condition (3.5a), but in practice it makes sense to verify265

(3.5b) only after checking much simpler condition (3.5a). Both conditions are

essentially used in the proof of Isometry Classification Theorem 3.9.

Conditions (3.5ab) appeared in [41] with different notations ρ, ρ + t. Since

applied papers often use ρ for the density and have many bond distances t, we

replaced t by the bridge length β and ρ + t by α, which is used for similarly270

growing α-shapes in Topological Data Analysis [42]. For a 1-regular periodic

set S ⊂ Rn, let R be the largest radius of an open ball in the complement

Rn − S. The following bounds were proved for 1-regular sets: the lower bound

α(S) ≥ 2nR for any n ≥ 1 [43], the upper bounds α(S) ≤ 2R for n = 1,

α(S) ≤ 4R for n = 2, α(S) ≤ 10R [33], α(S) ≤ 7β(S) for n = 3 [34]. New275

Lemma 3.7 provides upper bounds of α(S), β(S), which will suffice for all results.

Lemma 3.7 (upper bounds for α(S) and β(S)). Let S ⊂ Rn be a periodic

point set whose unit cell U has a maximum edge-length b. The diameter d is

the length of the longest diagonal of U . Set r = max{b, d
2}.

(a) The bridge length in Definition 3.3 has the bound β(S) ≤ r = max{b, d
2}.280

(b) For any point p ∈ S, any self-isometry f of the local r-cluster C(S, p; r)

fixing its center p extends to a global isometry S → S fixing the center p.

(c) The minimum stable radius has the upper bound α(S) ≤ β(S) + r.
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(d) For any lattice Λ ⊂ Rn, consider a basis whose longest vector has a length

b. Then β(Λ) = b and α(Λ) ≤ 2b. The last inequality becomes equality for any285

Λ with a basis whose longest vector is not orthogonal to other vectors. ■

Proof. (a) For any point p ∈ S, shift the unit cell U so that p becomes the

origin of Rn and a corner of U . Then the maximum distance between any

corners of U is the maximum edge-length b of U . Since d is the diameter of

U , the center of the parallepiped U is at most d
2 away from any corner of U .290

Then all points in a motif M ⊂ U are at most d
2 away from a corner of U .

Applying translations along all vectors of the lattice Λ with the primitive cell

U , conclude that any point of S has a distance at most r to its closest point of Λ.

Then any two points of the periodic point set S can be connected by a sequence

p1, . . . , pk ∈ S = M + Λ whose successive points are at most r = max{b, d
2}295

away from each other. Then by Definition 3.3 β(S) has the upper bound r.

(b) Let a unit cell U have a corner at the given point p ∈ S and straight-line

edges that are directed from p and form a basis v1, . . . , vn of the lattice Λ. Since

any |vi| ≤ r = max{b, d
2}, the closed ball B̄(p; r) covers all endpoints p + vi

of the basis vectors vi, i = 1, . . . , n, and the shifted cell U ′ = U − 1
2

n∑
i=1

vi,300

which is centered at p and contains a motif M of S. Any self-isometry f of

C(S, p; r) fixing p is defined on the points p+vi and gives us the images f(vi) =

f(p + vi) − f(p) of the basis vector vi, i = 1, . . . , n. Convert the linear basis

v1, . . . , vn to an orthonormal basis v′1, . . . , v
′
n as follows: v′1 = v1/|v1|, then v′2 is

the unit length normalisation of v2 − (v′1, v2)v′1 orthogonal to v′1 and so on.305

The images f(v′1), . . . , f(v′n) of the orthonormal vectors v′1, . . . , v
′
n can be

found by the formula f(q +
n∑

i=1

civi) = f(q) +
n∑

i=1

cif(vi), where ci ∈ R. Writing

these images as columns gives us the orthogonal matrix A ∈ O(Rn) representing

the local isometry f in the orthonormal basis v′1, . . . , v
′
n. Extend f to a global

isometry of Rn as v 7→ Av in the same basis v′1, . . . , v
′
n. Any point q′ ∈ S is the310

image f(q) for a unique q ∈ S because the inverse map f−1 exists and has the

matrix A−1 = AT in the orthonormal basis above.
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(c) To prove that α(S) ≤ β(S) + r, by Definition 3.5 it suffices to show that

the α-partition P (S;α) and Sym(S, p;α) remain unchanged for any α ≥ r. The

stabilization of Sym(S, p;α) follows from part (b)because any self-isometry f315

of C(S, p; r) satisfying f(p) = p can be extended to a global isometry S → S

fixing p. The stabilization of the α-partitions P (S;α) similarly follows from part

(b). Indeed, for any points p, q ∈ S, any isometry f : C(S, p; r) → C(S, q; r)

composed with the translation by the vector q⃗ − p⃗ becomes a self-isometry of

C(S, p; r) and can be extended to a global isometry of S.320

(d) In the case of a lattice Λ, let Λ contain the origin 0 ∈ Rn and have a basis

v1, . . . , vn whose longest vector vn has a minimum length b among all bases of

Λ. The b-cluster C(Λ, 0; b) contains 2n neighbors {±vi, i = 1, . . . , n}, which

are at most b away from 0, so β(Λ) ≤ b. The bridge length β(Λ) cannot be

smaller than b = |vn|, otherwise vn can be replaced by a shorter vector, so325

β(Λ) = b. Any self-isometry of the b-cluster C(Λ, 0; b) maps the basis v1, . . . , vn

to another basis at 0 and linearly extends to a global self-isometry of Λ fixing

the origin. Hence the symmetry group Sym(Λ, 0;α) remains the same for all

radii α ≥ b. Then α(Λ) ≤ b+β(Λ) = 2b. For any α < b, the α-cluster C(Λ, 0;α)

misses the longest vectors ±vn and allows a self-symmetry fixed on the subspace330

spanned by all shorter basis vectors, hence Sym(Λ, 0;α) for α < b is larger than

Sym(Λ, 0; b) = Z2 generated by the central symmetry with respect to 0 in general

position. Definition 3.5 implies that α(Λ) = b+β(Λ) = 2b for all lattices Λ with

a basis whose longest vector is not orthogonal to other vectors.

The upper bounds in Lemma 3.7 hold for any unit cell of S. If a cell is non-335

reduced and too long, its reduced form can have smaller bounds for α(S), β(S).

Definition 3.8 reminds of the isoset, whose completeness holds by Theorem 3.9.

Definition 3.8 (isoset I(S;α) at a radius α ≥ 0). Let a periodic point set

S ⊂ Rn have a motif M of m points. Split all points p ∈ M into α-equivalence

classes. Each α-equivalence class consisting of (say) k points in M can be340

associated with the isometry class σ = [C(S, p;α)] of an α-cluster centered at
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one of these k points p ∈ M . The weight of σ is w = k/m. The isoset I(S;α)

is the unordered set (weighted distribution) of all isometry classes (σ;w) with

weights w for all points p in the motif M . ■

All points p of a lattice Λ ⊂ Rn are α-equivalent to each other for any radius345

α ≥ 0, because all α-clusters C(Λ, p;α) are isometrically equivalent to each

other by translations. Hence the isoset I(Λ;α) is one isometry class of weight

1 for α ≥ 0, see examples in Fig. 8. All isometry classes σ in I(S;α) are in

a 1-1 correspondence with all α-equivalence classes in the α-partition P (S;α)

from Definition 3.4. So I(S;α) without weights can be viewed as a set of points350

in the isotree IT(S) at the radius α. The size of the isoset I(S;α) equals the

number |P (S;α)| of α-equivalence classes in the α-partition. Formally, I(S;α)

depends on α because α-clusters grow in α. To distinguish any S,Q ⊂ Rn up

to isometry, we will compare their isosets at a maximum stable radius of S,Q.

Any isosets will be algorithmically compared in Corollary 5.3. The first proof355

of Theorem 3.9 appeared in [10] and is included in appendix A for completeness.

Theorem 3.9 (isometry classification). For any periodic point sets S,Q ⊂ Rn,

let α be a common stable radius satisfying Definition 3.5 for an upper bound

β of β(S), β(Q). Then S,Q are isometric if and only if there is a bijection

φ : I(S;α) → I(Q;α) respecting all weights. Here an equality φ(σ) = ξ between360

isometry classes of clusters means that there is an isometry from a cluster in

φ(σ) to a cluster in ξ respecting their centers. ■

A complete invariant should include isosets I(S;α) for all sufficiently large

radii α. However, when comparing sets from a finite database up to isometry, it

suffices to build their isosets only at a common upper bound of a stable radius α365

from Lemma 3.7. The α-equivalence and isoset in Definition 3.8 can be refined

by labels of points such as chemical elements, which keeps Theorem 3.9 valid.
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4. Continuous metrics on isometry classes of periodic sets in Rn

This section proves the continuity of the isoset I(S;α) in Theorem 4.8 by

using the Earth Mover’s Distance (EMD) from Definition 4.5. For a point370

p ∈ Rn and a radius ε, the closed ball B̄(p; ε) = {q ∈ Rn : |q − p| ≤ ε} has

the boundary (n − 1)-dimensional sphere ∂B̄(p; ε) ⊂ Rn. The ε-offset of any

set C ⊂ Rn is the Minkowski sum C + B̄(0; ε) = {p + q : p ∈ C, q ∈ B̄(0; ε)}.

Then the directed Hausdorff distance from Definition 2.1(a) dH⃗(C,D) is the

minimum radius ε ≥ 0 such that C ⊆ D + B̄(0; ε).375

Definition 4.1 (the rotationally-invariant metric dR and tolerant metric dT ).

(a) The directed rotationally-invariant distance dR⃗(C,D) = min
f∈O(Rn)

dH⃗(f(C), D)

is minimized over orthogonal maps f ∈ O(Rn), which preserve the origin of Rn.

The rotationally-invariant metric is dR(C,D) = max{ dR⃗(C,D), dR⃗(D,C) }.

(b) For periodic point sets S,Q ⊂ Rn, let clusters C(S, p;α), C(Q, q;α) repre-380

sent isometry classes σ ∈ I(S;α), ξ ∈ I(Q;α), respectively. Define the tolerant

metric dT (σ, ξ) = dR( C(S, p;α) ∪ ∂B̄(p;α) − p⃗, C(Q, q;α) ∪ ∂B̄(q;α) − q⃗ ). ■

The notation C(S, p;α − ε) − p⃗ means that the cluster C(S, p;α − ε) is

translated by the vector −p⃗ so that its central point p becomes the origin 0 of

Rn. Lemma 5.6 will use Lemma 5.4 to give an approximate algorithm for the385

tolerant metric dT . Since an isometry class consists of all local clusters that are

isometric to each other, the metric dT (σ, ξ) in Definition 4.1(b) is independent of

representative clusters C(S, p;α), C(Q, q;α). Isometries between local clusters

respect their centers, hence forming a subgroup of the compact group O(Rn).

So the minimum is always attained in Definition 4.1(a) of dR⃗.390

Adding the boundary spheres in the formula of Definition 4.1(b) is the key

ingredient making the metric dT boundary-tolerant or continuously changing

when new points join α-clusters under perturbations, see Example 4.4. The

metric axioms for dR, dT are proved in Lemmas 4.2, 4.3, respectively.

Lemma 4.2. The metric dR from Definition 4.1(a) satisfies the axioms below:395
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(4.2a) dR(C,D) = 0 if and only if C,D ⊂ Rn are related by f ∈ O(Rn);

(4.2b) symmetry : dR(C,D) = 0 for any sets C,D ⊂ Rn;

(4.2c) triangle inequality : dR(C,D) +dR(D,E) ≥ dR(C,E) for any C,D,E. ■

Proof. (4.2a) By Definition 4.1(a) dR(C,D) = 0 means that dH̄(f(C), D) = 0 =

dH̄(g(D), C) for optimal maps f, g ∈ O(Rn). Since dH⃗ vanishes only on identical400

sets, we conclude that C,D are related by the rotation f = g−1 ∈ O(Rn).

(4.2b) The symmetry holds by (4.1a): dR(C,D) = max{dR⃗(C,D), dR⃗(D,C)}.

(4.2c) The directed Hausdorff distances d1 = dH⃗(C,D), d2 = dH⃗(D,E), d3 =

dH⃗(C,E) satisfy the triangle inequality d1+d2 ≥ d3. Indeed, if C ⊆ D+B̄(0; d1)

and D ⊆ E + B̄(0; d2), then C ⊆ E + B̄(0; d1) + B̄(0; d2) = E + B̄(0; d1 + d2),405

hence d3 ≤ d1 + d2. To prove the triangle inequality for the directed distance

dR⃗, let f, g ∈ O(Rn) be optimal maps such that dR⃗(C,D) = dH⃗(f(C), D) and

dR⃗(D,E) = dH⃗(g(D), E). Then dR⃗(C,E) ≤ dH⃗(g(f(C)), E) ≤ dH⃗(g(f(C)), g(D))+

dH⃗(g(D), E) = dR⃗(C,D) + dR⃗(D,E) due to the triangle inequality for the di-

rected Hausdorff distance. To prove the triangle inequality for dR, use the in-410

equalities for directed distances: dR⃗(C,E) ≤ dR⃗(C,D) + dR⃗(D,E), dR⃗(E,C) ≤

dR⃗(D,C) + dR⃗(E,D). Then we get dR(C,E) = max{dR⃗(C,D), dR⃗(D,C)} ≤

≤ max{dR⃗(C,D)+dR⃗(D,E), dR⃗(D,C)+dR⃗(E,D)} ≤ max{dR⃗(C,D), dR⃗(D,C)}+

max{dR⃗(D,E), dR⃗(E,D)} = dR(C,D) + dR(D,E) as required.

Lemma 4.3. The metric dT in Definition 4.1(b) satisfies the axioms below:415

(4.3a) dT (σ, ξ) = 0 if and only if σ = ξ as isometry classes of α-clusters;

(4.3b) symmetry : dT (σ, ξ) = dT (ξ, σ) for any isometry classes of α-clusters;

(4.3c) triangle inequality : dT (σ, ζ) ≤ dT (σ, ξ) + dT (ξ, ζ) for any σ, ξ, ζ. ■

Proof. dT (σ, ξ) in Definition 4.1(b) is independent of α-clusters representing

given isometry classes σ, ξ because these clusters are centered at (shifted to)420

the origin 0 ∈ Rn and dR is minimized over all rotations f ∈ O(Rn) in Defini-

tion 4.1(a). Then all axioms for dT follow from the same axioms for dR.
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Example 4.4 (tolerant distance). The isoset I(Λ;α) of any lattice Λ ⊂ Rn

containing the origin 0 consists of a single isometry class [C(Λ, 0;α)], see Exam-

ple 3.6. For the square (hexagonal) lattice with minimum inter-point distance425

1 in Fig. 8, the cluster C(Λ, 0;α) consists of only 0 for α < 1 and includes four

(six) nearest neighbors of 0 for α ≥ 1. Hence Sym(Λ, 0;α) stabilizes as the

symmetry group of the square (regular hexagon) for α ≥ 1. The lattices have

the minimum stable radius α(Λ) = 2 and β(Λ) = 1 by Lemma 3.7.

Figure 8: Example 4.4 computes the tolerant metric dT from Definition 4.1(b). 1st: the

square cluster C(Λ4, 0; 2) is covered by the yellow ε-offset of the hexagonal cluster C(Λ6, 0; 2)

and the circle B̄(0; 2) of radius 2 for ε =
√

2−
√
3 ≈ 0.52. 2nd: C(Λ4, 0; 2) is rotated

through −15◦ (clockwise) and covered by the smaller ε-offset of C(Λ6, 0; 2) ∪ ∂B̄(0; 2) for

ε =
√
2 − 1 ≈ 0.41. 3rd: C(Λ4, 0; 2) is rotated through 15◦ (counter-clockwise) and covered

by the same ε-offset of C(Λ6, 0; 2)∪ B̄(0; 2) for ε =
√
2− 1. 4th: C(Λ6, 0; 2) is covered by the

blue ε-offset of C(Λ4, 0; 2) ∪ ∂B̄(0; 2) rotated through 15◦ for ε =
√
2− 1, so dT =

√
2− 1.

Fig. 8 shows the stable 2-clusters C(Λ4, 0; 2) and C(Λ6, 0; 2) of the square430

(Λ4) and hexagonal (Λ6) lattices. Without rotations, the 1st picture of Fig. 8

shows the directed Hausdorff distance dH⃗ =

√
(1 −

√
3
2 )2 + ( 1

2 )2 =
√

2 −
√

3 ≈

0.52 between clusters with the added boundary circle ∂B(0; 2). Due to high

symmetry, it suffices to consider rotations of the square corner (1, 1) for angles

γ ∈ [45◦, 60◦] because all other ranges can be isometrically mapped to this range435

for another corner of the square. We find the squared distances s1(γ) and s2(γ)

from the corner (
√

2 cos γ,
√

2 sin γ) rotated from (1, 1) at γ = 45◦ through the

angle γ − 45◦ to its closest neighbors ( 1
2 ,

√
3
2 ) and (3

2 ,
√
3
2 ) in C(Λ6, 0; 2).

s1(γ) =
∣∣∣(√2 cos γ,

√
2 sin γ) −

(
1
2 ,

√
3
2

)∣∣∣2 =
(√

2 cos γ − 1
2

)2
+
(√

2 sin γ −
√
3
2

)2

=
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3−
√

2 cos γ−
√

6 sin γ, ds1
dγ =

√
2 sin γ−

√
6 cos γ = 0, tan γ =

√
3, γ = 60◦, s1 =440

(
√

2 − 1)2 is minimal for the points in y =
√

3x at distances 1,
√

2 from 0.

s2(γ) =
∣∣∣(√2 cos γ,

√
2 sin γ) −

(
3
2 ,

√
3
2

)∣∣∣2 =
(√

2 cos γ − 3
2

)2
+
(√

2 sin γ −
√
3
2

)2

=

5 − 3
√

2 cos γ −
√

6 sin γ, ds2
dγ = 3

√
2 sin γ −

√
6 cos γ = 0, γ = 30◦, s2 = (

√
3 −

√
2)2 is minimal for the points in y = x√

3
at distances

√
2,
√

3 from 0.

It might look that the second minimum is smaller. However, for the angle445

γ = 30◦, another corner (−1, 1) rotated through γ − 45◦ = −15◦ has dis-

tance
√

2 − 1 to its closest neighbor (− 1
2 ,

√
3
2 ) ∈ C(Λ6, 0; 2). For any angle

γ ∈ [45◦, 60◦], the second function has the minimum s2(45◦) = 2 −
√

3 = d2
H⃗

in the 1st picture of Fig. 8. Hence the corner (1, 1) has the minimum distance
√

2 − 1 ≈ 0.41 <
√

2 −
√

3 ≈ 0.52 in the 3rd picture of Fig. 8. All other points450

of the square cluster C(Λ4, 0; 2) are even closer to their neighbors in C(Λ6, 0; 2).

For example, the point (1, 0) rotated by 15◦ has the distance to (1, 0) equal to√
(cos 15◦ − 1)2 + sin2 15◦ ≈ 0.26. The final picture in Fig. 8 confirms that all

points of the hexagonal cluster C(Λ6, 0; 2) are covered by the (
√

2 − 1)-offset of

C(Λ4, 0; 2) and the boundary circle. So dT =
√

2 − 1 ≈ 0.41. ■455

Non-isometric periodic sets S,Q such as perturbations in Fig. 1 can have

isosets of different numbers of isometry classes. A similarity between these

weighted distributions of different sizes can be measured by EMD below.

Definition 4.5 (Earth Mover’s Distance on isosets). For any periodic point

sets S,Q ⊂ Rn with a common stable radius α, let their isosets be I(S;α) =460

{(σi, wi)} and I(Q;α) = {(ξj , vj)}, where i = 1, . . . ,m(S) and j = 1, . . . ,m(Q).

The Earth Mover’s Distance is EMD(I(S;α), I(Q;α)) =
m(S)∑
i=1

m(Q)∑
j=1

fijdT (σi, ξj)

minimized over fij ∈ [0, 1] subject to
m(Q)∑
j=1

fij ≤ wi for i = 1, . . . ,m(S),

m(S)∑
i=1

fij ≤ vj for j = 1, . . . ,m(Q),
m(S)∑
i=1

m(Q)∑
j=1

fij = 1, see [11]. ■

Example 4.6 (EMD for lattices with dB = +∞). [15, Example 2.1] showed that465

the lattices S = Z and Q = (1 + δ)Z have the bottleneck distance dB(S,Q) =

+∞ for any small δ > 0. We show that S,Q have Earth Mover’s Distance
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EMD = 2δ at their common stable radius α = 2 + 2δ. The bridge lengths are

β(S) = 1 and β(Q) = 1 + δ. The α-cluster C(S, 0;α) contains non-zero points

for α ≥ 1, e.g. C(S, 0; 1) = {0,±1}. The symmetry group Sym(S, 0;α) = Z2470

includes a non-trivial reflection with respect to 0 for all α ≥ 1, so the stable

radius of S is any α ≥ β + 1 = 2. Similarly, Q has β(Q) = 1 + δ and stable

radii α ≥ 2(1 + δ). The Earth Mover’s Distance between I(S;α) and I(Q;α)

at the common stable radius α = 2 + 2δ equals the metric dT between the only

α-clusters C(S, 0;α) = {0,±1,±2} and C(Q, 0;α) = {0,±(1 + δ),±(2 + δ)}.475

By Definition 4.1 we look for a minimum ε > 0 such that the cluster

C(S, 0;α − ε) is covered by ε-offsets of ±(1 + δ),±(2 + δ) and vice versa. If

ε < 2δ < 1
2 , the points ±2 ∈ C(S, 0;α−ε) cannot be ε-close to ±(1+δ),±(2+δ),

but ε = 2δ is large enough. The cluster C(Q, 0;α−2δ) = {0,±(1+δ)} is covered

by the 2δ-offset of C(S, 0;α) = {0,±1,±2}, so EMD(I(S;α), I(Q;α)) = 2δ. ■480

Lemma 4.7 is proved in the appendix and is needed for Theorem 4.8.

Lemma 4.7. Let periodic point sets S,Q ⊂ Rn have bottleneck distance

dB(S,Q) < r(Q), where r(Q) is the packing radius. Then S,Q have a common

lattice Λ with a unit cell U such that S = Λ + (U ∩S) and Q = Λ + (U ∩Q). ■

Theorem 4.8 (continuity of isosets under perturbations). Let periodic point485

sets S,Q ⊂ Rn have bottleneck distance dB(S,Q) < r(Q), where the packing

radius r(Q) is the minimum half-distance between points of Q. Then the isosets

I(S;α), I(Q;α) are close: EMD(I(S;α), I(Q;α)) ≤ 2dB(S,Q) for α ≥ 0. ■

Proof. By Lemma 4.7 the given periodic point sets S,Q have a common unit

cell U . Let g : S → Q be a bijection such that |p − g(p)| ≤ ε = dB(S,Q) =490

inf
g:S→Q

sup
p∈S

|p− g(p)| for all points p ∈ S. Since the bottleneck distance ε < r(Q)

is small, the bijective image g(p) of any point p ∈ S is a unique ε-close point of Q

and vice versa. Hence we can assume that the common unit cell U ⊂ Rn contains

the same number (say, m) points from S and Q. The bijection g will induce

flows fij ∈ [0, 1] from Definition 4.5 between weighted isometry classes from495

the isosets I(S;α), I(Q;α). First we expand the initial m(S) isometry classes
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(σi, wi) ∈ I(S;α) to m isometry classes (with equal weights 1
m ) represented by

clusters C(S, p;α) for m points p ∈ S ∩ U . If the i-th initial isometry class

had a weight wi = ki

m , i = 1, . . . ,m(S), the expanded isoset contains ki equal

isometry classes of weight 1
m . For example, the 1-regular set S1 in Fig. 5 initially500

has the isoset consisting of a single class [C(S1, p;α)], which is expanded to four

identical classes of weight 1
4 for the four points in the motif. The isoset I(Q;α) is

similarly expanded to m isometry classes of weight 1
m , possibly with repetitions.

The bijection g : S ∩ U → Q ∩ U between motifs induces the bijection

between the expanded sets of m isometry classes. Each correspondence σl 7→ ξl505

in this bijection can be visualized as a horizontal arrow with the flow fll = 1
m for

l = 1, . . . ,m, so
m∑
l=1

fll = 1. To show that the Earth Mover’s Distance (EMD)

between any initial isoset and its expansion is 0, we collapse all identical isometry

classes in the expanded isosets, but keep the arrows with the flows above. Only if

both tail and head of two (or more) arrows are identical, we collapse these arrows510

into one arrow that gets the total weight. All equal weights 1
m correctly add up

at heads and tails of final arrows to the initial weights wi, vj of isometry classes.

So the total sum of flows is
m(S)∑
i=1

m(Q)∑
j=1

fij = 1 as required by Definition 4.5. It

suffices to consider the EMD only between the expanded isosets.

It remains to estimate the tolerant distance between isometry classes σl, ξl515

whose centers p and g(p) are ε-close within the common unit cell U . For any

fixed point p ∈ S∩U , shift S by the vector g(p)−p. This shift makes p ∈ S and

g(p) ∈ Q identical and keeps all pairs q, g(q) for q ∈ C(S, p;α) within 2ε of each

other. Using the identity map f in Definition 4.1, conclude that the tolerant

distance is dT ([C(S, p;α)], [C(Q, g(p);α)]) ≤ 2ε. Then EMD(I(S;α), I(Q;α)) ≤520

m∑
l=1

flldT ([C(S, p;α)], [C(Q, g(p);α)]) ≤ 2ε
m∑
l=1

fll = 2ε as required.

Corollary 4.9a justifies that the EMD satisfies all metric axioms for periodic

point sets that have a stable radius α. Corollary 4.9b avoids this dependence

on α and scales any periodic point set to the stable radius α = 1.
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Corollary 4.9. (a) For any α > 0, EMD(I(S;α), I(Q;α)) is a metric on the525

space S[α] of the isometry classes of all periodic sets with a stable radius α.

(b) Let dS be the minimum double diameter of a unit cell U of a periodic

set S ⊂ Rn. Let S/dS ⊂ Rn denote S after uniform scaling by dS . Then

|dS − dQ| + EMD(I(S/dS ; 1), I(Q/dQ; 1)) is the metric on all periodic sets. ■

Proof. (a) The metric axioms for EMD were proved in [11, Appendix] and530

imply the symmetry and triangle inequality for EMD(I(S;α), I(Q;α)). By Def-

inition 4.5, EMD(I(S;α), I(Q;α)) = 0 is equivalent to I(S;α) = I(Q;α), hence

to S ∼= Q by Theorem 3.9, which proves the first axiom for EMD on isosets.

(b) By part (a), EMD = EMD(I(S/dS ; 1), I(Q/dQ; 1)) satisfies the symmetry

and triangle inequality, which are preserved by adding |dS − dQ|. The equality535

EMD = 0 means that S/dS ∼= Q/dQ are isometric, hence S,Q are isometric up

to a uniform factor. Adding |dS − dQ| guarantees that the sum becomes zero

only if the diameters are equal: dS = dQ, so S,Q should be truly isometric.

The metric EMD(I(S;α), I(Q;α)) is physically meaningful because EMD

is measured in the same units as atomic coordinates, say in angstroms: 1Å =540

10−10m. In practice, any metric is used on a finite dataset. Hence we can take

a reasonable upper bound of α from Lemma 3.7 for all given structures.

5. Polynomial-time algorithms for isometry testing and metrics

This section proves polynomial-time algorithms for computing the complete

invariant isoset (Theorem 5.2), comparing isosets (Corollary 5.3), approximating545

the tolerant metric dT and Earth Mover’s Distance on isosets (Corollary 5.8).

Let Vn = πn/2

Γ(n
2 +1) be the volume of the unit ball in Rn, where the Gamma

function Γ has Γ(k) = (k − 1)! and Γ(k
2 + 1) =

√
π(k − 1

2 )(k − 3
2 ) · · · 1

2 for

any integer k ≥ 1. The diameter of a unit cell U is d = sup
p,q∈U

|p − q|. Set

ν(U,α, n) = (α+d)nVn

Vol[U ] . All complexities below assume the real Random-Access550

Machine (RAM) model and a fixed dimension n of Euclidean space Rn.
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Lemma 5.1 (a local cluster). Let a periodic point set S ⊂ Rn have m points

in a unit cell U of a diameter d. For any α ≥ 0 and a point p ∈ M = S ∩U , the

α-cluster C(S, p;α) has at most k = νm points and can be found in time O(k),

where ν = (α+d)nVn

Vol[U ] . ■555

Proof. To find all points in C(S, p;α), we will extend U by iteratively adding

adjacent cells around U . For any new shifted cell U + v with v ∈ Λ, we check if

any translated points M + v are within the closed ball B̄(p;α) of radius α. The

upper union Ū =
⋃
{(U + v) : v ∈ Λ, (U + v) ∩ B̄(p;α) ̸= ∅} consists of Vol[Ū ]

Vol[U ]

cells and is contained in the larger ball B(p;α+d), because any shifted cell U+v560

within Ū has the diameter d and intersects B(p;α). Since each U + v contains

m points of S, we check at most mVol[Ū ]
Vol[U ] points. So |C(S, p;α)| ≤ mVol[Ū ]

Vol[U ] ≤

mVol[B(p;α+d)]
Vol[U ] = m (α+d)nVn

Vol[U ] = ν(U,α, n)m.

We measure the size of a periodic set as the number m of motif points

because the length of a standard Crystallographic Information File is O(m).565

Theorem 5.2 (computing an isoset). For any periodic point set S ⊂ Rn given

by a motif M of m points in a unit cell U of a diameter d, the isoset I(S;α) at

a stable radius α can be found in time O(m2k⌈n/3⌉ log k), where k = νm and

ν = (α+d)nVn

Vol[U ] ≤ (15d/n)n

2Vol[U ] . ■

Proof. Lemma 5.1 computes the α-clusters of m points p ∈ M in time O(km).570

We can check [44] if finite sets of k points are isometric in time O(k⌈n/3⌉ log k).

The isoset I(S;α) is obtained after identifying isometric clusters for m points p ∈

M through O(m2) pairwise comparisons. The total time is O(m2k⌈n/3⌉ log k).

Since Γ(n
2 +1) =

√
π (2n−1)(2n−3)...1

2n =
√
π (2n)(2n−1)(2n−2)(2n−3)...1

2n(2n)(2n−2)...2 =
√
π (2n)!

22nn! ,

the volume of the unit ball becomes Vn = πn/2

Γ(n
2 +1) = (

√
π)n−1 22nn!

(2n)! . The575

bounds [45]
√

2πn
(
n
e

)n
exp( 1

12n+1 ) < n! <
√

2πn
(
n
e

)n
exp( 1

12n ), n ≥ 1, im-

ply that Vn ≤ (
√
π)n−1 22nn!

(2n)! ≤ (
√
π)n−1

√
2

22n
(
n
e

)n ( e
2n

)2n
exp( 1

12n − 1
24n+1 ) ≤

exp( 1
22 )√

2π

(
e
√
π

n

)n

because 1
12n − 1

24n+1 = (24n+1)−12n
12n(24n+1) ≤ 12n+1

12×24n ≤ 13n
12×24n < 1

22 for

any n ≥ 1. Lemma 3.7 gives the upper bound α = max{2b, d} ≤ 2d, where b is
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the longest edge-length of U , and d is the length of a longest diagonal of U . Then580

α + d ≤ 3d and ν = (α+d)nVn

Vol[U ] ≤ (3d)nVn

Vol[U ] ≤ exp( 1
22 )√

2π

(3de
√
π/n)n

Vol[U ] ≤ (15d/n)n

2Vol[U ] .

If the cell U is a cube with a side l, then d = l
√
n, Vol[U ] = ln and the

upper bound in Theorem 5.2 becomes ν(U,α, n) ≤ 1
2

(
15√
n

)n

→ 0 as n → +∞.

For simplicity, all further complexities will hide the factor ν(U,α, n), which has

a constant bound for all realistic cells U ⊂ Rn with (15d/n)n = O(Vol[U ]).585

Corollary 5.3 (comparing isosets). One can check if sets S,Q ⊂ Rn with motifs

of at most m points are isometric in time O(m2k⌈n/3⌉ log k) for k = O(m). ■

Proof. Theorem 5.2 finds I(S;α), I(Q;α) with a common stable radius in time

O(m2kn−2 log k), where each cluster has k = νm = O(m) points by Lemma 5.1.

Any classes from I(S;α), I(Q;α) are compared [44] in time O(k⌈n/3⌉ log k).590

Then O(m2) comparisons check if there is a bijection I(S;α) ↔ I(Q;α).

Lemma 5.4 (max-min formula for dR⃗). For any finite sets C,D ⊂ B̄(0;α),

order all p1 . . . , pk ∈ C by distance to the origin so that |p1| ≤ . . . ≤ |pk|. For

any α ≥ |pk|, the distance dR⃗(C∪∂B̄(0;α), D∪∂B̄(0;α)) from Definition 4.1(a)

equals dM⃗ (C,D) defines as max
i=1,...,k

min{ α− |pi|, dR⃗({p1, . . . , pi}, D) }. ■595

Proof. The directed distance dR⃗(C ∪ ∂B̄(0;α), D ∪ ∂B̄(0;α)) is the minimum

ε ∈ [0, α] such that, for a suitable map f ∈ O(Rn), all points of f(C)∩B(0;α−

ε) are covered by D + B̄(0; ε) as all points of f(C) − B(0;α − ε) are ε-close

to the boundary ∂B̄(0;α). Let j ∈ {1, . . . , k} be the largest index so that

|pj | < α − ε. Then C ∩ B(0;α − ε) = {p1, . . . , pj} and dR⃗({p1, . . . , pi}, D) ≤600

dR⃗(C ∩ B(0;α − ε), D) ≤ ε for all i = 1, . . . , j. By the above choice of j,

if j < i ≤ k then α − |pi| ≤ ε. Hence, for all i = 1, . . . , k, both terms in

min{ α− |pi|, dR⃗({p1, . . . , pi}, D) } are at most ε. Then dM⃗ (C,D) ≤ ε.

Using the brief notation dM⃗ = dM⃗ (C,D), the converse inequality ε ≤ dM⃗

follows from dR⃗(C ∩ B̄(0;α − dM⃗ ), D) ≤ dM⃗ , which is proved below. Let j ∈605

{1, . . . , k} be the largest index so that |pj | ≤ α− dM⃗ . Since α− |pj | ≥ dM⃗ and

min{ α− |pj |, dR⃗({p1, . . . , pj}, D) } ≤ dM⃗ , the second term dR⃗({p1, . . . , pj}, D)
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in the minimum above is at most dM⃗ . Due to C ∩ B̄(0;α− dM⃗ ) = {p1, . . . , pj},

we get dR⃗(C ∩ B̄(0;α− dM⃗ ), D) ≤ dM⃗ , which proves the required equality.

Example 5.5 (max-min formula). Consider the ‘rotational’ subcluster C of the610

points p1 = (0, 1), p2 = (1, 1), p3 = (−1, 1), p4 = (0, 2) from the square lattice

Λ4 in Fig. 8. Let α = 2 and D = C(Λ6, 0; 2) be the 2-cluster of the hexagonal

lattice Λ6. Then dR⃗(p1, D) = 0 because p1 can be rotated to (1, 0) ∈ D. Then

dR⃗({p1, p2}, D) =
√

3 −
√

2, because p1, p2 can be rotated to ( 1
2 ,

√
3
2 ) ∈ D and

(
√
3√
2
, 1√

2
), which is at the distance

√
3 −

√
2 from ( 3

2 ,
√
3
2 ) ∈ D. Example 4.4615

confirms that dR⃗({p1, p2, p3}, D) =
√

2−1. For i = 1, min{α−|p1|, dR⃗(p1, D)} =

min{2−1, 0} = 0. For i = 2, min{α−|p2|, dR⃗({p1, p2}, D)} = min{2−
√

2,
√

3−
√

2} =
√

3−
√

2. For i = 3, min{α−|p3|, dR⃗({p1, p2, p3}, D)} = min{2−
√

2,
√

2−

1} =
√

2 − 1. For i = 4, min{α − |p4|, dR⃗(C,D)} = 0 since α = 2 = |p4|. The

maximum of the above values is
√

2 − 1, so Example 4.4 fits Lemma 5.4.620

Lemma 5.6 extends [37, section 2.3] from n = 3 to any dimension n > 1.

Lemma 5.6 (approximating dR⃗). For sets C,D ⊂ Rn of at most k points,

dR⃗(C,D) in Definition 4.1(a) is approximated with a factor η = n2−n+2
2 (1 + δ)

for δ > 0 in time O(cδk
n log k), where cδ ≤ n⌈1 + 6n

δ ⌉n is independent of k. ■

Proof. Let p1 ∈ C be a point that has a maximum distance to the origin. If625

there are several points at the same maximum distance, choose any of them.

Similar choices below do not affect the estimates. For any 1 < i < n, let

pi ∈ C be a point that has a maximum perpendicular distance to the linear

subspace spanned by the vectors p⃗1, . . . , p⃗i−1. Let f ∈ O(Rn) be an optimal

map that gives min
f∈O(Rn)

dH⃗(f(C), D) in Definition 2.1(a), so the optimal distance630

is do = dH⃗(f(C), D). For simplicity, one can assume that f is the identity, then

do = dH⃗(C,D), else any p ∈ C should be replaced by f(p) below. For each

pi ∈ C, i = 1, . . . , n− 1, choose its closest neighbor qi ∈ D with |pi − qi| ≤ do.

The key idea is to replace the above minimization over infinitely many

f ∈ O(Rn) by a finite minimization over compositions fn−1 ◦ . . . ◦ f1 ∈ O(Rn)635
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depending on finitely many unknown points q1, . . . , qn−1 ∈ D, which can be ex-

haustively checked in time O(kn−1). Choose a map f1[q1] ∈ O(Rn) that moves

p1 to the straight line through the vector q⃗1 with the endpoints 0, q1. Since p1 is

a furthest point of C from the origin 0 and |p1 − q1| ≤ do, the map f1[q1] moves

p1, hence any other point of C, by at most do. Then any point in f1[q1](C) is640

at most 2do away from its closest neighbor in D, so dH⃗(f1[q1](C), D) ≤ 2do.

For any 1 < i < n, choose a map fi[qi] ∈ O(Rn) that fixes the linear

subspace spanned by p⃗1, . . . , p⃗i−1 and moves pi to the subspace spanned by

p⃗1, . . . , p⃗i−1 and q⃗i. Since f1[q1](p2) is at most 2do away from q2 ∈ D, the

map f2[q2] moves f1[q1](p2), hence any other point of f1[q1](C), by at most 2do.645

Since p2 had a maximum perpendicular distance from the line through p⃗1, the

composition f2[q2] ◦ f1[q1] moves any point of C by at most do + 2do = 3do.

Similarly, for 2 < i < n, the composition fn−1[qn−1] ◦ . . . ◦ f1[q1] moves any

point of C by at most do + 2d0 + . . . + (n − 1)do = 1
2n(n − 1)do. Since D was

covered by the do-offset of C, we get the upper bound dH⃗(C ′, D) ≤ n2−n+2
2 do650

for C ′ = fn−1[qn−1] ◦ · · · ◦ f1[q1](C).

If we minimize the left hand side over all q1, . . . , qn−1 ∈ D, the upper

bound remains the same: min
q1,...,qn−1∈D

dH⃗(C ′, D) ≤ n2−n+2
2 do. The points

p1, . . . , pn−1 ∈ C are found in time O(kn). The algorithm from [39] prepro-

cesses the set D ⊂ Rn of k points in time O(nk log k) and for any point p ∈ C ′
655

finds its (1 + δ)-approximate nearest neighbor in D in time O(cδ log k). Hence

dH⃗(C ′, D) = max
p∈C′

min
q∈D

|p− q| can be (1 + δ)-approximated in time O(cδk log k).

The minimization over q1, . . . , qn−1 ∈ D gives the time O(cδk
n log k).

Theorem 5.7 (approximating dT ). Let periodic points sets S,Q ⊂ Rn have

isometry classes σ, ξ represented by clusters C,D, respectively, which have at660

most k points. Then dT (σ, ξ) from Definition 4.1(b) can be approximated with

a factor η = n2−n+2
2 (1 + δ) for any δ > 0 in time O(cδk

n+1 log k). ■

Proof. The tolerant distance dT (σ, ξ) is max{dM⃗ (C,D), dM⃗ (D,C)} for dM⃗ ex-

pressed via k distances dR⃗ in the max-min formula of Lemma 5.4. Since dR⃗ is
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approximated with a required factor in time O(cδk
n log k) by Lemma 5.6, the665

total time is O(cδk
n+1 log k).

Corollary 5.8 (approximating EMD). Let S,Q ⊂ Rn be any periodic point sets

with motifs of a maximum size m. Then EMD(I(S;α), I(Q;α)) is approximated

with a factor η = n2−n+2
2 (1 + δ) for any δ > 0 in time O(mn+3 logm). ■

Proof. Since S,Q have at most m points in their motifs, their isosets at any670

radius α have at most m isometry classes. By Theorem 5.7 the tolerant dis-

tance dT (σ, ξ) between any two classes σ ∈ I(S;α) and ξ ∈ I(Q;α) can be

approximated with a factor η in time O(cδk
n+1 log k). Since Definition 4.5

uses normalized distributions, η emerges as a multiplicative upper bound in

EMD(I(S;α), I(Q;α)). After computing O(m2) pairwise distances between α-675

clusters, the exact EMD is found in time O(m3 logm) [40]. If we substitute

the maximum number of points in clusters k = ν(U,α, n)m = O(m) from

Lemma 5.1, the total time becomes O(mn+3 logm). The EMD can be ap-

proximated [46, section 3] with a constant factor in time O(m).

6. A lower bound for continuous metrics via simpler invariants680

Theorem 6.7 gives a lower bound for EMD in terms of the simpler invari-

ant Pointwise Distance Distribution [47, 15]: PDD(S; k) of a periodic point

set S ⊂ Rn is the matrix of m lexicographically ordered rows of distances

di1 ≤ . . . ≤ dik from a motif point pi, i = 1, . . . ,m, to its k nearest neigh-

bors in the full set S, see Definition 6.1 below. If S is a lattice or a 1-regular685

set, then all points are isometrically equivalent, so they have the same dis-

tances to all their neighbors. In this case, PDD(S; k) is a single row of k dis-

tances, which is the vector AMD(S; k) of Average Minimum Distances [28], so

EMD(PDD(S; k),PDD(Q; k)) is the distance ||AMD(S; k) − AMD(Q; k)||∞.

Definition 6.1 (Pointwise Distance Distribution PDD). Let a periodic set S =690

Λ+M have points p1, . . . , pm in a unit cell. For k ≥ 1, consider the m×k matrix

D(S; k), whose i-th row consists of the ordered Euclidean distances di1 ≤ · · · ≤

28



dik from pi to its first k nearest neighbors in the full set S. The rows of D(S; k)

are lexicographically ordered as follows. A row (di1, . . . , dik) is smaller than

(dj1, . . . , djk) if the first (possibly none) distances coincide: di1 = dj1, . . . , dil =695

djl for l ∈ {1, . . . , k− 1} and the next (l+ 1)-st distances satisfy di,l+1 < dj,l+1.

If w rows are identical to each other, these rows are collapsed to one row with

the weight w/m. Put this weight in the extra first column. The final m×(k+1)-

matrix is the called Pointwise Distance Distribution PDD(S; k). ■

Theorem 6.2 (isometry invariance of PDD). For any finite or periodic set700

S ⊂ Rn, PDD(S; k) in Definition 6.1 is an isometry invariant of S for k ≥ 1. ■

Theorem 6.2 and continuity of PDD in the metric from Definition 6.3 follows

from more general results in [15]. The distance |Ri(S) − Rj(Q)| between rows

of PDD matrices below is measured in the L∞ metric.

Definition 6.3 (Earth Mover’s Distance on Pointwise Distance Distributions).705

Let finite or periodic sets S,Q ⊂ Rn have PDD(S; k) and PDD(Q; k) with

weighted rows Ri(S), i = 1, . . . ,m(S) and Rj(Q), j = 1, . . . ,m(Q), respec-

tively. A full flow from PDD(S; k) to PDD(Q; k) is an m(S) × m(Q) matrix

whose element fij ∈ [0, 1] represents a partial flow from Ri(S) to Rj(Q). The

Earth Mover’s Distance is the minimum value of the cost EMD(I(S), I(Q)) =710

m(S)∑
i=1

m(Q)∑
j=1

fij |Ri(S)−Rj(Q)| over variable ‘flows’ fij ∈ [0, 1] subject to
m(Q)∑
j=1

fij ≤

wi for i = 1, . . . ,m(S),
m(S)∑
i=1

fij ≤ uj for j = 1, . . . ,m(Q),
m(S)∑
i=1

m(Q)∑
j=1

fij = 1. ■

Example 6.4 (Earth Mover’s Distance for lattices with bottleneck distance

dB = +∞). The 1D lattices S = Z and Q = (1 + δ)Z with the bottleneck

distance dB(S,Q) = +∞ have PDD consisting of a single row (as for any lat-715

tice). For instance, PDD(S; 4) = (1, 1, 2, 2) and PDD(Q; 4) = (1 + δ, 1 + δ, 2 +

2δ, 2 + 2δ). For the common stable radius α = 2 + 2δ, Example 4.6 computed

EMD(I(S;α), I(Q;α)) = 2δ. Theorem 6.7 considers the maximum number k of

points in clusters of S,Q with the radius α− 2δ = 2, so k = 2.

Then EMD(PDD(S; 2),PDD(Q; 2)) equals the L∞ distance δ between the720

short rows (1, 1) and (1 + δ, 1 + δ). The above computations illustrate the lower
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bound EMD(PDD(S; 2),PDD(Q; 2)) = δ ≤ EMD(I(S;α), I(Q;α)) = 2δ. This

inequality becomes equality for the larger stable radius α = 2 + 4δ, because the

clusters of S,Q with the radius α− 2δ = 2 + 2δ contain k = 4 points. The L∞

distance between (1, 1, 2, 2) and (1 + δ, 1 + δ, 2 + 2δ, 2 + 2δ) is 2δ for δ < 1
8 , so725

EMD(PDD(S; 4),PDD(Q; 4)) = 2δ = EMD(I(S; 2 + 4δ), I(Q; 2 + 4δ)). ■

Lemma 6.5 (re-ordering lists of ε-close numbers). For any ε ≥ 0, let {c(1), . . . , c(k)}

and {d(1), . . . , d(k)} be unordered numbers so that |c(i) − d(i)| ≤ ε, i = 1, . . . , k.

Write both lists in increasing order: c1 ≤ . . . ≤ ck and d1 ≤ . . . ≤ dk. The

numbers with the same indices are ε-close, so |ci−di| ≤ ε for all i = 1, . . . , k. ■730

Proof. We prove by induction on k, where the base k = 1 is trivial. The

inductive step will reduce k to k − 1. Without loss of generality assume that

c1 ≤ d1. Let these numbers have ε-neighbors d(1) = di and c(1) = cj , respectively

in the original unordered lists so that |c1 − di| ≤ ε and |d1 − cj | ≤ ε. Due to

c1 ≤ d1, the former inequality above implies that ε ≥ |c1 − di| = di − c1 ≥735

d1 − c1 ≥ 0, so the minimum numbers are ε-close: |c1 − d1| ≤ ε. The same

inequality similarly implies that ε ≥ di − c1 ≥ di − cj . If di − cj ≥ 0, the last

inequality means that di, cj are ε-close, so |di − cj | ≤ ε. If di < cj , the latter

inequality above implies that ε ≥ |d1−cj | = cj−d1 ≥ cj−di > 0, so |di−cj | ≤ ε

also in this case. Hence by changing the pairs of ε-close numbers (c1, di) and740

(d1, cj) to the new pairs of ε-close numbers (c1, d1) and (cj , di), we can apply

the inductive assumption to the k − 1 pairs excluding the first pair (c1, d1) of

minimum numbers. The induction is complete.

Lemma 6.6 is a partial case of Theorem 6.7 for 1-regular point sets S,Q.

Lemma 6.6 (lower bound for the tolerant distance dT ). Let S,Q ⊂ Rn be745

periodic point sets with a common stable radius α. Choose any points p ∈

S and q ∈ Q. Let the distance between isometry classes of α-clusters ε =

dT ([C(S, p;α)], [C(Q, q;α)]) be smaller than a minimum half-distance between

any points within S and within Q. Let k be a minimum number of points of

S,Q in the clusters C(S, p;α − ε) and C(Q, q;α − ε). Then the L∞ distance750
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between the rows of the points p, q in PDD(S; k),PDD(Q; k) is at most ε. ■

Proof. Definition 4.1c of the tolerant distance ε = dT ([C(S, p;α)], [C(Q, q;α)])

implies that, for a suitable isometry f ∈ O(Rn), the image f(C(S, p;α− ε)− p⃗)

is covered by the ε-offset of C(Q; q;α) − q⃗ shifted by q to the origin. Since ε is

smaller than a minimum half-distance between points of S,Q, the above covering755

establishes a bijection g with all (at least k) neighbors of p and q in their (α−ε)-

clusters. The covering condition above means that the corresponding neighbors

are at a maximum distance ε from each other. The triangle inequality implies

that the distances from corresponding neighbors to their centers p, q differ by

at most ε. The ordered distances from p, q to their k neighbors in the (α − ε)-760

clusters form the rows of p, q in PDD(S; k),PDD(Q; k). The bijection g may not

respect their order. By Lemma 6.5 the ordered distances with the same indices

are ε-close. So the L∞ distance between the rows of p, q is at most ε.

Theorem 6.7 (lower bound for EMD). Let S,Q ⊂ Rn be periodic sets with a

common stable radius α. Let ε = EMD(I(S;α), I(Q;α)) and k be a maximum765

number of points of S,Q in their (α−ε)-clusters. If ε is less than a half-distance

between any points of S,Q, then EMD(PDD(S; k),PDD(Q; k)) ≤ ε. ■

Proof. To prove that EMD(PDD(S; k),PDD(Q; k)) ≤ ε = EMD(I(S;α), I(Q;α)),

we choose optimal ‘flows’ fij ∈ [0, 1], i = 1, . . . ,m(S) and j = 1, . . . ,m(Q), that

minimise the right hand side in Definition 4.5. For any motif points pi ∈ S770

and qj ∈ Q, let Ri(S) and Rj(Q) be their rows in PDD(S; k),PDD(Q; k), re-

spectively. Lemma 6.6 gives |Ri(S) − Rj(Q)| ≤ dT ([C(S, pi;α)], [C(Q, qj ;α)]).

These inequalities for all i, j and the same fij give
m(S)∑
i=1

m(Q)∑
j=1

fij |Ri(S)−Rj(Q)| ≤

m(S)∑
i=1

m(Q)∑
j=1

fijdT (σi, ξj) = ε by the choice of fij for EMD(I(S;α), I(Q;α)). The

left hand side of the last inequality can become only smaller when minimizing775

over fij . Then EMD(PDD(S; k),PDD(Q; k)) ≤ ε.

Example 6.8 (lower bound for a distance between square and hexagonal lat-

tices). The square lattice Λ4 and hexagonal lattice Λ6 with minimum inter-
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point distance 1 have a common stable radius α = 2 as shown in Fig. 8.

The maximum number of points in the stable 2-clusters is k = 12. The780

rows PDD(Λ4; 12) = (1, 1, 1, 1,
√

2,
√

2,
√

2,
√

2, 2, 2, 2, 2) and PDD(Λ6; 12) =

(1, 1, 1, 1, 1, 1,
√

3,
√

3,
√

3,
√

3,
√

3,
√

3) have the L∞ distance max{
√

2 − 1, 2 −
√

3} =
√

2−1, which coincides with EMD(I(Λ4; 2), I(Λ6; 2)) in Example 4.4. ■

7. Discussion and significance of identical ‘needles in a haystack’

Sections 3 and 4 prepared the main complexity results in section 5: poly-785

nomial time algorithms for computing and comparing isosets (Theorems 5.2,

Corollary 5.3), and approximating the new boundary-tolerant distance dT (The-

orem 5.7) and EMD on isosets (Corollary 5.8). Lemma 5.6 is also new because

even in R2 the approximate matching of finite sets needs O(m5 logm) time [36]

and For a given ε and symmetry group in R2, approximate symmetry detection790

is NP-hard for the groups Dk, Ck for k ≥ 3 [48]. Due to a stable radius α, which

is not fixed but determined by a given periodic set S with easy upper bounds

in Lemma 3.7, the isoset I(S;α) becomes a complete invariant. Definition 4.1

introduced a boundary-tolerant idea for the metric dT leading to the continuous

metric EMD(I(S;α), I(Q;α)) for all periodic sets with a stable radius α.795

Now we discuss experiments on the world’s largest collection of real ma-

terials: the Cambridge Structural Database (CSD) curated by the Cambridge

Crystallographic Data center (CCDC) since the 1960s to make sure that the

CSD remains trustworthy for all pharmaceutical companies. So any new crystal

should be backed by a publication and is checked by the CCDC to avoid any800

duplicates or incorrect structures. But the CSD remains a huge list of files,

each specifying a unit cell U and atomic coordinates in the basis of U . The only

fast and reliable comparison of crystals is by chemical composition, which often

returns false positives: the best known are diamond and graphite (graphene) of

pure carbon. We converted each of 660K+ periodic crystals with full geometric805

data in the CSD into a periodic set of points at atomic centers. All 200B+

pairwise comparisons detected 6371 pairs of crystals whose AMD(S; 100) have
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distances L∞ < 0.01Å. Interatomic distances start from ≈ 1Å. Computing

the stronger PDD(S; 100) gave a shorter list of 182 pairs with EMD < 0.01 on

PDD. Five of these [28, section 7] were truly isometric confirmed by EMD = 0810

on isosets. In these isometric crystals, one chemical element was replaced by

another one at the same position. Different atoms should have at least slightly

different distances to their identical 100 neighbors. The CCDC agreed that the

above coincidences are physically impossible. These five pairs of ‘needles in a

haystack’ were missed by all past tools [19, 22] using only finite subsets.815

So the complete isoset is the ultimate tool to detect isometric structures,

confirming the Crystal Isometry Principle stated in [28, section 7]: all different

periodic crystals should have different geometries of their atomic structures

(non-isometric sets of atomic centers). Hence all known and not yet discovered

periodic crystals live in a common Crystal Isometry Space (CRISP) continuously820

parameterized by complete invariant isosets, which led to practical discoveries

in [49, 50, 51]. The first maps of CRISP for 2D lattices appeared in [7].

For finite clouds of unlabeled points under Euclidean isometry, continuous

and computable metrics were constructed in [52]. Geometric Deep Learning

[53] experimentally tried to find such isometry invariants, while the persistent825

homology in Topological Data Analysis turned out to be weaker isometry in-

variants than previously anticipated [54]. We thank Nikolai Dolbilin for fruitful

discussions and any reviewers for their valuable time and helpful comments.
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ing: grids, groups, graphs, geodesics, and gauges, arXiv:2104.13478 (2021).

[54] P. Smith, V. Kurlin, Families of point sets with identical 1d persistence,,

arxiv:2202.00577 (2022).960

A. Appendix A: detailed proofs of auxiliary results

This appendix includes more detailed and updated proofs of [10, Lemmas 7

and 11-13]. Fig. 9 additionally illustrates the isosets for the sets S1, S2 in Fig. 5.

Lemma A.1 (isotree properties). The isotree IT(S) has the properties below:

(A.1a) for α = 0, the α-partition P (S; 0) consists of one class;965
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Figure 9: Left:The isotree IT(S1) from Definition 3.4 of the 1-regular set S1 in Fig. 5 for

any α ≥ 0 has one isometry class of α-clusters up to rotation. Right: the isotree IT(S2) of

the 2-regular set S2 in Fig. 5 stabilizes with two non-isometric classes of α-clusters for α ≥ 4.

Figure 10: Logical connections of the new concepts and steps towards main Theorems 4.8, 6.7

about the continuous metrics with polynomial-time algorithms in Corollaries 5.3 and 5.8.

(A.1b) if α < α′, then Sym(S, p;α′) ⊆ Sym(S, p;α) for any point a ∈ S;

(A.1c) if α < α′, the α′-partition P (S;α′) refines P (S;α), i.e. any α′-equivalence

class from P (S;α′) is included into an α-equivalence class from the partition

P (S;α). So the cluster count |P (S;α)| is non-strictly increasing in α. ■

Proof. (A.1a) If α ≥ 0 is smaller than the minimum distance r between point970

of S, every cluster C(S, p;α) is the single-point set {p}. All these single-point

clusters are isometric to each other. So |P (S;α)| = 1 for all small radii α < r.

(A.1b) For any p ∈ S, the inclusion of clusters C(S, p;α) ⊆ C(S, p;α′) implies

that any self-isometry of the larger cluster C(S, p;α′) can be restricted to a

self-isometry of the smaller cluster C(S, p;α). So Sym(S, p;α′) ⊆ Sym(S, p;α).975
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(A.1c) If points p, q ∈ S are α′-equivalent at the larger radius α′, i.e. the

clusters C(S, p;α′) and C(S, q;α′) are isometric, then p, q are α-equivalent at

the smaller radius α. Hence any α′-equivalence class of points in S is a subset

of an α-equivalence class.

Lemma A.2 (local extension). Let periodic sets S,Q ⊂ Rn have bridge lengths980

at most β and a common stable radius α so that, for some p ∈ S, q ∈ Q, the

clusters C(S, p;α), C(Q, q;α) are isometric. Then any isometry f : C(S, p;α −

β) → C(Q, q;α− β) extends to an isometry C(S, p;α) → C(Q, q;α). ■

Proof. Let g : C(S, p;α) → C(Q, q;α) be any isometry, which may not coincide

with f on the (α − β)-subcluster C(S, p;α − β). The composition f−1 ◦ g985

isometrically maps C(S, p;α−β) to itself. Hence f−1 ◦g = h ∈ Sym(S, p;α−β)

is a self-isometry. Since the symmetry groups stabilize by condition (3.5b), the

isometry h maps the larger cluster C(S, p;α) to itself. Then the initial isometry

f extends to the isometry g ◦ h−1 : C(S, p;α) → C(Q, q;α).

Lemma A.3 (global extension). Let periodic point sets S,Q ⊂ Rn have a990

common stable radius α satisfying Definition 3.5 for an upper bound β of both

β(S), β(Q). Assume that I(S;α) = I(Q;α). Fix a point p ∈ S. Then any local

isometry f : C(S, p;α) → C(Q, f(p);α) extends to a global isometry S → Q. ■

Proof. We will prove that the image f(q) of any point q ∈ S belongs to Q,

hence f(S) ⊂ Q. Swapping the roles of S,Q will prove that f−1(Q) ⊂ S,995

i.e. f is a global isometry S → Q. By Definition 3.3 the points p, p′ ∈ S are

connected by a sequence of points q = p0, p1, . . . , pm = p′ ∈ S such that all

distances |pi−1−pi| ≤ β are bounded by any upper bound β of both β(S), β(Q)

for i = 1, . . . ,m. The cluster C(S, p;α) is the intersection S ∩ B̄(p;α). The

ball B̄(a;α) contains the smaller ball B̄(p1;α − β) around the closely located1000

center p1. Indeed, since |p − p1| ≤ β, the triangle inequality for the Euclidean

distance implies that any point a ∈ B̄(p1;α) with |p1 − a| ≤ α − β satisfies

|p− a| ≤ |p− p1|+ |p1 − a| ≤ α. Due to I(S;α) = I(Q;α), the isometry class of
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C(S, p1;α) equals an isometry class of C(Q, q;α) for some q ∈ Q, i.e. C(S, p1;α)

is isometric to C(Q, q;α). Then C(S, p1;α− β), C(Q, q;α− β) are isometric.1005

By condition (3.5a), the splitting of Q into α-equivalence classes coincides

with the splitting into (α−β)-equivalence classes. Take the (α−β)-equivalence

class represented by the cluster C(Q, q;α−β) centered at q. This cluster includes

the point f(p1) ∈ Q, because f restricts to the isometry f : C(S, p1;α − β) →

C(Q, f(p1);α−β) and C(S, p1;α−β) was shown to be isometric to C(Q, q;α−β).1010

The α-equivalence class represented by C(Q, q;α) includes both points q and

f(p1). The isometry class [C(Q, q;α)] = [C(S, p1;α)] can be represented by the

cluster C(Q, f(p1);α), which is now proved to be isometric to C(S, p1;α). We

apply Lemma A.2 for f restricted to C(S, p1;α− β) → C(Q, f(p1), α− β) and

conclude that f extends to an isometry C(S, p1;α) → C(Q, f(p1);α).1015

Continue applying Lemma A.2 to the clusters around the next center p2 and

so on until we conclude that the initial isometry f maps the α-cluster centered

at pm = p′ ∈ S to an isometric cluster within Q, so f(p′) ∈ Q as required.

Lemma A.4 (all stable radii α ≥ α(S)). If α is a stable radius of a periodic

point set S ⊂ Rn, then so is any larger radius α′ > α. Then all stable radii form1020

the interval [α(S),+∞), where α(S) is the minimum stable radius of S. ■

Proof. Due to Lemma (A.1bc), conditions (3.5ab) imply that the α′-partition

P (S;α′) and the symmetry groups Sym(S, p;α′) remain the same for all α′ ∈

[α− β, α]. We need to show that they remain the same for any larger α′ > α.

We will apply Lemma A.3 for S = Q and β = β(S). Let points p, q ∈ S1025

be α-equivalent, i.e. there is an isometry f : C(S, p;α) → C(S, q;α). Then f

extends to a global self-isometry S → S such that f(p) = q. Then all larger

α′-clusters of p, q are isometric, so p, q are α′-equivalent and P (S;α) = P (S, α′).

Similarly, any self-isometry of C(S, p;α) extends to a global self-isometry, so the

symmetry group Sym(S, p;α′) for any α′ > α is isomorphic to Sym(S, p;α′).1030

Proof of Theorem 3.9. The part only if ⇒ follows by restricting any given

global isometry f : S → Q between the infinite sets of points to the local α-
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clusters C(S, p;α) → C(Q, f(p);α) for any point p in a motif M of S. Hence the

isometry class [C(S, p;α)] is considered equivalent to the class [C(Q, f(p);α)],

which can be represented by the α-cluster C(Q, q;α) centered at a point q in a1035

motif of Q. Since f is a bijection and the point p ∈ M was arbitrary, we get a

bijection I(S;α) → I(Q;α) between isometry classes.

The part if ⇐. Fix a point p ∈ S. The α-cluster C(S, p;α) represents a class

with a weight (σ,w) ∈ I(S;α). Due to I(S;α) = I(Q;α), there is an isometry

f : C(S, p;α) → C(Q, f(p);α) to a cluster from an equal class (σ,w) ∈ I(Q;α).1040

By Lemma A.3 the local isometry f extends to a global isometry S → Q.

A slightly different version of Lemma 4.7 is [27, Lemma 4.1]. The proof

below is written in detail for any dimension n ≥ 1.

Proof of Lemma 4.7. Let S = Λ(S) + (U(S) ∩ S) and Q = Λ(Q) + (U(Q) ∩Q),

where U(S), U(Q) are initial unit cells of S,Q and the lattices Λ(S),Λ(Q) of1045

S,Q contain the origin. By shifting all points of S,Q (but not their lattices), we

guarantee that S contains the origin 0 of Rn. Assume by contradiction that the

given periodic point sets S,Q have no common lattice. Then there is a vector

p ∈ Λ(S) whose all integer multiples kp ̸∈ Λ(Q) for k ∈ Z−0. Any such multiple

kp can be translated by a vector v(k) ∈ Λ(Q) to the initial unit cell U(Q) so1050

that q(k) = kp−v(k) ∈ U(Q). Since U(Q) contains infinitely many points q(k),

one can find a pair q(i), q(j) at a distance less than δ = r(Q) − dB(S,Q) > 0.

The formula q(k) ≡ kp (mod Λ(Q)) implies that q(i+k(j−i)) ≡ (i+k(j−i))p

(mod Λ(Q)) ≡ q(i)+k(q(j)−q(i)) (mod Λ(Q)). If the point q(i)+k(q(j)−q(i))

belongs to U(Q), we get the equality q(i + k(j − i)) = q(i) + k(q(j) − q(i)). All1055

these points over k ∈ Z lie on a straight line within U(Q) and have the distance

|q(j)−q(i)| < δ between successive points. The closed balls with radius dB(S,Q)

and centers at points in Q are at least 2δ away from each other. Then one of

the points q(i + k(j − i)) is more than dB(S,Q) away from Q. Hence the point

(i+ k(j− i))p ∈ S also has a distance more than dB(S,Q) from any point of Q,1060

which contradicts the definition of the bottleneck distance.
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