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MACSMIN (Mathematics and Computer Science for Materials
Innovation) with a focus on Crystal Lattice Classifications

a satellite of the European Crystallographic Meeting (ECM33)

on 5-9 September 2022 at the Materials Innovation Factory, Liverpool, UK

organized by Vitaliy Kurlin (vitaliy.kurlin@gmail.com) and Mois Aroyo

The MACSMIN logo includes the key examples of the
sodium chloride cubic crystal and the benzene ring,
along with a wave having a maximum and a minimum.

This program will be regularly updated, also on the conference webpage
http://kurlin.org/ECM33MACSMIN2022crystal-lattice-classifications.html.

The abstracts are alphabetically ordered by the last name of the first author.
All talks will be in the boardroom on the ground floor of the MIF, also streamed
over zoom. Most talks are planned for 50 min including questions, though
informal discussions are also encouraged during lunches and long breaks.

MACSMIN 2022 will feature the mini-courses on the following topics:

Mini-course on lattices by Bernd Souvignier;

Geometric Data Science by Vitaliy Kurlin, Matt Bright, Dan Widdowson;

Bilbao Crystallographic Server by Mois Aroyo, Gemma de la Flor, Emre Tasci.

Mon 5th 12.00-13.00 13.00-13.50 14.00-14.50 15.30-16.20 16.30-17.20 17.30-18.30

lunch, opening Souvignier(1) Souvignier(2) Grimmer Andrews posters

Tue 6th 12.15-13.00 13.00-13.50 14.00-14.50 15.30-16.20 16.30-17.20 from 18.00

lunch, MIF Kurlin Bright Widdowson Marklof dinner, Liner

Wed 7th 11.45-12.45 13.00-13.30 13.40-14.40 14.50-15.50 16.10-17.00 17.10-18.30

lunch, VGM Aroyo de la Flor Tasci Souvignier(3) posters

Thu 8th 12.15-13.00 13.00-13.50 14.00-14.50 15.30-16.20 16.30-17.20 from 18.00

lunch, MIF Pozdnyakov Naskrecki Kotov Hornfeck dinner, Elif

Fri 9th 11.45-12.45 13.00-13.50 14.00-14.50 15.30-16.20 16.30-17.20 17.20-17.30

lunch, TBD Tomiyasu Senechal Garber McColm closing

The Tuesday dinner will be in the Liner hotel (Lord Nelson Street, Liverpool
L3 5QB). The Wednesday lunch will be in the Victoria Gallery & Museum
(the red brick Victoria building). The Thursday dinner will be in the Elif
restaurant (3.3 Bold street, Liverpool L1 4DN), see the map on the last page.

http://kurlin.org/ECM33MACSMIN2022crystal-lattice-classifications.html
https://www.ecm33.fr
http://kurlin.org/ECM33MACSMIN2022crystal-lattice-classifications.html


Measuring Lattices 
 
Lawrence C. Andrewsa and Herbert J. Bernsteinb 
a Ronin Institute, 9515 NE 137th St, Kirkland, WA, 98034-1820 and 
b Ronin Institute, c/o NSLS-II, Brookhaven National Laboratory, Upton, NY, 
11973 
 
The need to compare unit cells of crystals arises in several contexts, cataloged 
databases of unit cells, serial crystallography of proteins, Bravais lattice type 
determination, crystal structure prediction, etc. The presence of unavoidable 
experimental errors, polymorphism, variable compositions, differing 
temperatures, etc. means that exact matching of one unit cell to another is 
unlikely to succeed.  
 
Two enhancements to exact comparison are required. First, an actual measure 
of the "distance" between two lattices (unit cells) is needed. For that, the cells 
must be described in a "metric space". Second, the "neighborhood" of a cell in 
that space must be examined, "the post office problem" (also known as the 
nearest neighbor problem). 
 
We will discuss the development of approaches to the above, briefly examine 
some of the applications, and discuss some current research. 
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Online Crystallography by the Bilbao Crystallographic Server 

 
Mois I. Aroyo1, Gemma de la Flor Martin2, Emre S. Tasci3, J. Manuel Perez-Mato1, Luis 

Elcoro1, Gotzon Madariaga1 

  

 
1Physics Department, University of The Basque Country (UPV/EHU), Bilbao, Spain; 

2Institut of Applied Geoscience, Karlsruhe Institute of Technology, Karlsruhe, Germany 
3Department of Physics Engineering, Hacettepe University, Ankara, Turkey 

  

 

The Bilbao Crystallographic Server (www.cryst.ehu.es) is a free web site with an access to 

crystallographic data of space and point groups, magnetic and subperiodic groups, their 

representations and group-subgroup relations [1,2]. A database on incommensurate structures 

incorporating modulated structures and composites, a magnetic-structure database and a k-

vector database with Brillouin-zone figures are also available. Wide range of complex solid-state 

physics and structure-chemistry aspects of crystallography studies are facilitated by the 

specialized software provided by the server.  

The server offers a set of structure-utility programs including tools for crystal-structure 

transformations, for a quantitative analysis of structure-model similarities and for studies of 

crystal-structure relationships. There are tools for a systematic research of phase-transition 

mechanisms including the evaluation of the structure pseudosymmetry which proves to be a 

powerful method for the prediction of new ferroic materials. Recently implemented 

computational tools and databases allow the systematic application of symmetry arguments in 

the study of magnetic structures.  

The brief presentation of the databases and programs offered by the Bilbao Crystallographic 

Server will be accompanied by case studies illustrating the capacity and efficiency of the online 

tools.  

[1] M. I. Aroyo, J. M. Perez-Mato, C. Capillas, E. Kroumova, S. Ivantchev, G. Madariaga, A. Kirov 
& H. Wondratschek (2006) Z. Kristallog.,221, 15-27. 
[2] M. I. Aroyo, J. M. Perez-Mato, D. Orobengoa, E.T. Tasci, G. De la Flor, A. Kirov (2011) 
Bulgarian Chem. Comm., 43(2), 183-197. 

 

 



A Transformer Based Approach for Crystal

Property Prediction

Jonathan Balasingham

University of Liverpool

Abstract

Applications of machine learning in crystallography require providing an al-
gorithm a representation of a molecular crystal that accurately describes its
chemical composition and structure. Due to their periodic nature, this is often
done heuristically, as finding an embedding that both captures all relevant infor-
mation and is convenient to use in an algorithm is difficult. This often results
in a representation that is no longer invariant to the symmetries the crystal
displays. Additionally, the use of Graph Neural Networks has grown very pop-
ular in this space due to their inherent invariance properties. Here we offer an
alternative that makes use of Point-wise distance distributions, a well-ordered
matrix representation that is invariant to the unit cell selection and symmetry
relations. As such, we’ve designed a sequence-to-vector transformer model capa-
ble to predicting various thermodynamic and structural properties of molecular
crystals including lattice energy, formation energy and bulk modulus.

1
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A Continuous Map of 2 Dimensional Lattices 

 
Bright, M.J.1; Cooper, A.I. 1; Kurlin, V. 1 

 
1 Materials Innovation Factory; University of Liverpool 

 

Abstract  

Unique bases of 2 dimensional lattices are provably discontinuous under small geometric 

perturbations [1].  Here we present the first provably complete, continuous, isometry invariants 

of lattices [2]. The invariant maps lattices to a metric space [3]. Investigation of lattices derived 

from the Cambridge Structural Database [4] shows that they occupy a subset of this space 

without gaps. We apply the approach to a database of 2 -dimensional lattice structures, whose 

properties are of great practical interest [5].  
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Comparison of structures by the Bilbao Crystallographic Server 
 

G. de la Flor,1 E. Tasci,2 M. I. Aroyo3 
 

1Institute of Applied Geosciences, Karlsruhe Institute of Technology, Germany 
2Eng. Physics Dept., Hacettepe University, Turkey 

3Departamento de Física, Universidad del País Vasco UPV/EHU, Leioa (Spain) 
 
A quantitative comparison of similar crystal structures is often convenient to cross-check different 
experimental and/or theoretical structural models of the same phase coming from different 
sources. It is also important for the identification of different phases with the same symmetry, and 
it is fundamental for the still open problem of the classification of structures into structure types. In 
most cases, even if the setting of its space group is fixed, the existence of various equivalent 
structure descriptions makes the comparison of different structural models a non-trivial task in 
general.  
 
The structure-utilities section hosted by the Bilbao Crystallographic Server (www.cryst.ehu.es) [1-2]  
offers basic tools for transformation between different structure descriptions (SETSTRU, TRANSTRU, 
CIF2Standard and EQUIVSTRU) as well as a more complex program necessary for the comparison of 
structures.  The program COMPSTRU [3] is able to measure the similarity between two structures 
having the same space-group symmetry (or space groups that form an enantiomorphic pair) with 
the same or different compositions, and under the condition that the sequence of the occupied 
Wyckoff positions is the same in both structures (isopointal structures). The comparison of 
structures performed by COMPSTRU, does not require any preliminary standardization of the 
structure descriptions: the only condition is that they are described with respect to the same 
standard setting of the space group. Among other applications, this program can be used as a 
complementary tool for the classification of structures into isoconfigurational structure types. The 
efficiency and utility of the program is demonstrated by a number of illustrative examples. 
 
 
 
 
[1] M. I. Aroyo et al. (2006) Z. Kristallog.,221, 15-27. 
[2] M. I. Aroyo et al. (2011) Bulgarian Chem. Comm., 43(2), 183-197. 
[3] G. de la Flor et al. (2016) J. Appl. Cryst., 16, 1-12. 
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Four- and five-dimensional parallelohedra and where to find 

them 

 
Alexey Garber1 

 
1 School of Mathematical and Statistical Sciences, The University of Texas Rio Grande 

Valley, Brownsville, TX, USA 

 

Abstract  

 

A convex d-dimensional polytope is called parallelohedron if it can tile the d-dimensional 

Euclidean space with translations only. The systematic study of parallelohedra goes back to 

works of Fedorov and classification of crystallographic groups, works of Voronoi, Minkowski, 

and Delone, and related questions of geometry of numbers. Parallelohedra are related to the 18th 

Hilbert problem on crystallographic groups as well as to questions on optimal packings and 

coverings. 

 

Three-dimensional parallelohedra were classified by Fedorov (1885) and four-dimensional 

parallelohedra were classified by Delone (1929) and Stogrin (1973). 

 

In this talk I will describe how the (second) Voronoi reduction theory for lattices can be used to 

identify a wide family of parallelohedra and how the Voronoi conjecture on parallelohedra can 

be used to justify that the list is complete at least in small dimensions. 

 

The talk is based on joint works with Mathieu Dutour Sikirić, Alexander Magazinov, Achill 

Schürmann, and Clara Waldmann.  
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CRYSTAL LATTICES  

Reduced basis, Buerger cells, limiting cases of Bravais types, 

lattice characters and genera 

 
Hans Grimmer 

 

Paul Scherrer Institut, Villigen PSI, Switzerland 

 

Abstract  

 

Following the contribution of P. M. de Wolff to Volume A of “International Tables for Crystallo-

graphy”, a unique primitive basis a, b, c, called Niggli basis, is introduced, for any given lattice. 

 

A primitive cell characterized by the three shortest non-coplanar translations is called a Buerger 

cell.  Gruber (1973) showed that for 7 of the 14 types of Bravais lattices a unique Buerger cell 

exists, while a face-centred cubic lattice has two Buerger cells.  In the other 6 types of lattices the 

number of Buerger cells depends on the lattice parameters.  The maximum number is 5 and 

occurs only for triclinic lattices. 

Gruber (1989) investigated Buerger cells satisfying extremal principles, in particular those for 

which either the deviation 
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2
− |   or the surface 2[(bc)2 + (ca)2 + (ab)2]  

is minimal or maximal.  He showed that the deviation is maximal for the Niggli basis. 

   

Limiting cases of Bravais types are defined and this notion is deepened in an exercise.  Two 

methods to derive the limiting cases are presented and the results given for lattices in 2- and 3-

dimensional space. 

  

Again following P. M. de Wolff, the 44 lattice characters of Niggli are introduced.  Gruber (1997) 

defined a classification of lattices into 127 classes, called Genera.  By definition, lattices of the 

same genus belong to the same Bravais type, lattice character and Delaunay-Voronoy type.  

Lattices of the same genus agree in many crystallographically significant properties, such as  

the number of Buerger cells, the densest directions and planes, the symmetry of these planes.  

Even the formulae for the conventional cells are the same.  
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On the combinatorics of Wyckoff sequences 

 
Wolfgang Hornfeck 

 

FZU - Institute of Physics of the Czech Academy of Sciences, 

Na Slovance 1999/2, 182 21 Prague 8, Czechia 

 

Abstract  

 

The Wyckoff sequence is a unique classifier of any standardized crystal structure, encoding its 

combinatorial properties. As such it has the advantage of facilitating a unique way of analysis for 

crystal structures. For instance, if one fixes the length of the Wyckoff sequence for a given space 

group type, the number of possible distinct Wyckoff sequences is finite and thus can be studied 

exhaustively [1]. Moreover, from the knowledge of the Wyckoff sequence one can calculate 

Shannon entropy based complexity measures, such as the combinatorial, coordinational, and 

configurational complexity [2]. Finally, Wyckoff sequences represent families of crystal 

structures, their associated coordinate degrees of freedom defining multidimensional parameter 

spaces, which can be studied in terms of any geometrically definable measure, such as measures 

of uniform distribution [3, 4].  
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Chirality and Complexity of Nanostructures   
 

Nicholas A. Kotov, University of Michigan, Ann Arbor, USA,48109,  kotov@umich.edu 

 

Chirality of nanoscale assemblies is a rapidly emerging field in science and engineering that involves 

mirror asymmetry at multiple scales from local chiral atomic arrangements, to chiral crystal lattices, to 

microscale geometries of nanoparticle superstructures. Versatility in, scales, dimensions and 

polarizability of the inorganic materials enables their multiscale engineering to attain a broad range of 

optical and chemical properties. These capabilities as chiral materials enabled their fast technological 

translation for biosensing and optoelectronics, which, in turn, opened new venues for scientific inquiry 

into the unifying role chirality at the 

interface of materials science, biology, 

chemistry, and physics.        

 Some of the latest directions in 

this field is understanding the 

fascinating relationships between 

multiscale chirality and 

structural/functional complexity of 

biomimetic nanomaterials forming 

from the spontaneous hierarchical 

ordering of inorganic building blocks 

over multiple scales. Empirical 

observations of complex 

nanoassemblies are abundant, but physicochemical mechanisms leading to their geometrical complexity 

remain puzzling, especially for non-uniformly sized components. These mechanisms are discussed in 

this talk taking an example of hierarchically organized particles with twisted spikes and other 

morphologies from polydisperse Au-Cys nanoplatelets [1]. The complexity of these supraparticles is 

higher than biological counterparts or other complex particles as enumerated by graph theory (GT). 

Complexity Index (CI) and other GT parameters are applied to a variety of different nanoscale materials 

to assess their structural organization.  As the result of this analysis, we determined that intricate 

organization Au-Cys supraparticles emerges from competing chirality-dependent assembly restrictions 

that render assembly pathways primarily dependent on nanoparticle symmetry rather than size.  These 

findings open a pathway to a large family of colloids with complex architectures and unusual chiroptical 

and chemical properties. The GT-based design principles elaborated for nanoplatelets have been 

extended to engineering of other complex nanoassemblies.  Among other directions they involve 

materials for chiral photonics,[1], catalysis (including enantioselective reactions),[2,3] and biomimetic 

composites for energy and robotics [4].  

References 

[1] W. Jiang, Z.-B. et al, Emergence of Complexity in Hierarchically Organized Chiral Particles, 

Science, 2020, 368, 6491, 642-648. 

[2] S. Li, J. Liu, N. S. Ramesar, H. Heinz, L. Xu, C. Xu, N. A. Kotov, Single- and Multi-Component 

Chiral Supraparticles As Modular Enantioselective Catalysts, Nature Comm, 2019, 10, 4826.   

[3] L. Tang et al. Self-Assembly Mechanism of Complex Corrugated Particles" JACS, 2021 143, 47, 

19655–19667. 

[4] M. Wang, D. Vecchio; C. Wang; A. Emre; X. Xiao; Z. Jiang; P. Bogdan; Y. Huang; N. A. Kotov 

Biomorphic Structural Batteries for Robotics. Sci. Robot. 2020, 5, 45 

 

Figure 1. Mirror symmetric (A-D) and asymmetric (E-H) nanoparticle 

assemblies and their GT representations with corresponding complexity 

indexes.  
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Geometric Data Science (GDS) for continuous crystallography 

 
Vitaliy A Kurlin;1 Olga D Anosova, Matthew J Bright, Daniel E Widdowson 

 
1 Materials Innovation Factory, University of Liverpool, UK 

 

Abstract  

 

A periodic crystal is often defined by periodically translating a motif of atoms or ions along basis 

vectors of a unit cell. However, infinitely many pairs (basis, motif) give identical structures up to 

rigid motion (compositions of translations and rotations) or isometry (with reflections), which are 

the most practical equivalences for crystals whose structures are determined in a rigid form, also 

for any rigid bodies including rigid molecules whose covalent bonds keep their structures rigid. 

 

Geometric Data Science develops complete invariants for any objects under a given equivalence. 

The key novelty in comparison with past approaches is a continuous metric on invariants that 

should only slightly change under perturbations of original objects. The ultimate goal of any 

GDS application is a geographic-style parameterisation of moduli spaces of equivalence classes  
 
Here is a summary of the latest results by the Data Science Theory and Applications group.    

 

Spaces of 2D lattices: a punctured sphere modulo rigid motion and uniform scaling [1,2]. 

 

Lattice Isometry Space of 3D lattices: parameterized by complete root invariants [3,4]. 

 

The Crystal Isometry Space includes all known and undiscovered periodic crystals [5,6,7]. 

 

Metrics on isometry classes of 1-periodic sequences and finite sets of unlabeled points [8,9].  

 

Following the introduction to Geometric Data Science, Matt Bright and Dan Widdowson will 

give tutorials on continuous classifications of lattices and crystals, see their abstracts for posters. 

 

[1] V.Kurlin. Mathematics of 2-dimensional lattices. https://arxiv.org/abs/2201.05150. 

[2] M.Bright, A.I.Cooper, V.Kurlin. Geographic-style maps for 2-dimensional lattices. 

arxiv:2109.10885, http://kurlin.org/projects/periodic-geometry-topology/lattices2Dmap.pdf. 

[3] V.Kurlin. A complete isometry classification of 3-dimensional lattices. arxiv:2201.10543. 

[4] M.Bright, A.I.Cooper, V.Kurlin. Welcome to a continuous world of 3-dimensional lattices. 

arxiv:2109.11538, http://kurlin.org/projects/periodic-geometry-topology/lattices3Dmap.pdf. 

[5] D.Widdowson et al. Average Minimum Distances – foundational invariants for mapping 

crystals. MATCH Comm. in Math. and in Computer Chemistry, v.87(3), p.529-559, 2022.  

[6] D.Widdowson, V.Kurlin. Pointwise Distance Distributions. arxiv:2108.04798. 

[7] O.Anosova, V.Kurlin. An isometry classification of periodic point sets. Proc. DGMM 2021. 

[8] V.Kurlin. Complete invariants for finite clouds of unlabeled points. arxiv:2207.08502. 

[9] V.Kurlin. Continuous metrics on finite and 1-periodic sequences. arxiv:2205.04388. 
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Random lattices and their applications 

 
Jens Marklof 

 

School of Mathematics, University of Bristol, United Kingdom 

 

Abstract  

 

Lattices are fundamental objects in physics, mathematics and computer science. Starting from a 

cubic lattice, say, we can perturb the structure by linear transformations (shearing, stretching, 

rotating) to obtain new lattices. I will discuss the resulting "space of lattices", the dynamics of 

group actions on this space, natural probability measures, as well as some powerful applications 

to long-standing problems including the kinetic transport in crystals, the distribution of 

quantum energy levels and (if time permits) connectivity in circulant networks. 
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Realizations of Crystal Nets 

 
Gregory McColm;1 

 
1 Department of Mathematics & Statistics, University of South Florida, Tampa, FL USA 

 

Abstract  

 

Covalent crystals are often represented by graphs called crystal nets, with vertices representing 

atoms or molecular building blocks and edges representing bonds or ligands.  It is known 

(Potočnik & Toledo, 2021) that given a putative quotient graph of a crystal net with an 

assignment of stabilizers, we can derive the crystal net as a topology. 

 

But we are interested in crystal nets as geometric objects (as in McColm, 2012), so we introduce 

the notion of a graphical form, a (continuous) function in which one inputs a tuple of vectors 

and a geometric graph is outputted.  The form specifies what orbits of edges a vertex (of a given 

orbit) is incident to, and specifies (up to conjugacy) the stabilizers of the edges and vertices.  For 

a given assignment of incidences and stabilizers, the form produces all possible crystal nets.  The 

domain of the form is a product of vector spaces, so the form enables a parametrization of all 

relevant crystal nets by tuples of vectors, a generalization of Borcea & Streinu 2014. 

 

For each form, almost all crystal nets produced by that form - which we call the realizations of 

that form - are isomorphic.  (There may be “subspaces” of proper homomorphic images of lower 

dimension.)  Using the form and standard tools from linear algebra, one can determine the 

possible ensembles of lengths of edges in each orbit and angles between adjacent edges.  We 

conclude with some examples. 
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Topological and combinatorial methods in crystallography 
Bartosz Naskręcki;1 Zbigniew Dauter;2 Mariusz Jaskolski3; Jakub Malinowski1 
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NCI, Argonne National Laboratory, Argonne, USA. 
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Poland; Institute of Bioorganic Chemistry, Polish Academy of Sciences, Poznan, Poland 

 

Abstract  

 

Crystallography is a science of determining the arrangement of atoms in crystalline solids. From 

the mathematical point of view it is a study of tessellations of the Euclidean spaces. In our joint 

work [1], [2],[3] we have developed some connections between quantitative features of periodic 

space tessellations and topological invariants of flat manifolds. Following the original work of 

Coxeter we have constructed and studied certain ``growth'' functions for any given periodic 

tessellation. Seeing such a tessellation as a CW-complex gives a way to find features of the growth 

functions which uniquely identify the space group or even tessellation itself only from the 

numerical invariants. In the ongoing project we investigate relative growth functions which are 

restricted by either topological paths of rigid frames. This allows one to include defects of the 

lattice structure or even use some machine learning techniques to recognize the crystallographic 

group type from the numerical invariants. 

 

Figure/Table  

 

 
Growth polynomials diagram of the 884 tessellation 
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SageMath package for finding growth functions 

of periodic tessellation  

 
Jakub Malinowski;1 Bartosz Naskręcki;1 Zbigniew Dauter;2 Mariusz Jaskólski3 

 
1 Faculty of Mathematics and Computer Science, A. Mickiewicz University in Poznań 
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NCI, Argonne National Laboratory, Argonne, USA. 
3  Department of Crystallography, Faculty of Chemistry, A. Mickiewicz University in Poznań, 

Poland; Institute of Bioorganic Chemistry, Polish Academy of Sciences, Poznan, Poland 

 

Abstract  

 

From mathematical point of view crystal structure can be treated as tessellation of the Euclidean 

space. In the ongoing project we investigate relative growth functions of periodic tessellation 

which are restricted by either topological paths or parallelogram frames. We call the latter type 

of function “crystallographic” growth functions. The main reason for studying the growth 

functions is the expectation that such data might be enough to encode tessellation’s space group 

or even the whole information about tessellation. 

 

As part of the ongoing project SageMath package dedicated to the growth function has been 

created. The package finds growth functions by solving systems of linear equations. 

Crystallographic growth functions are sensitive to the choice of the anchor point of the frames. 

We can divide the space (the set of all potential anchor points) into regions within which the 

growth functions are identical. The package finds and visualizes this division.  

 

The results returned by the package are exact. Numerical errors are eliminated by using 

symbolic calculations. The current package implementation works only for 2-dimensional 

tessellations, but we are currently developing a version of this package which will work in 

dimensions 3 and beyond. 

 

Figure/Table  

 
Generated by the package growth polynomials diagram of the dual of 43433 tessellation 



Incompleteness of atomic-structure representations, and its
implications for crystal structure matching and machine learning

Sergey N. Pozdnyakov1 , Michael J. Willatt1 , Albert P. Bartok2 ,
Christoph Ortner3, Gabor Csanyi4, and Michele Ceriotti1 

1 Laboratory of Computational Science and Modelling, Institute of Materials, Ecole
Polytechnique Fédérale de Lausanne, Lausanne 1015, Switzerland

2 Department of Physics and Warwick Centrefor Predictive Modelling, School of Engineering,
University of Warwick, Coventry CV4 7AL, United Kingdom

3 Mathematics Institute,  University of Warwick, Coventry CV4 7AL, United Kingdom
4 Engineering Laboratory, University of Cambridge, Trumpington Street, Cambridge CB2 1PZ,

United Kingdom

Abstract 

During the last decade, machine learning methods have drastically changed atomistic 
simulations. A desirable property of machine learning algorithms is to be complete or 
systematically improvable, i.e., to be able to approximate any target function with arbitrary 
accuracy in the limit of infinite training data and convergence parameters. If the applied method
is not complete, there is an insurmountable limit on the model's accuracy for a general target 
function, such as a DFT energy. We present counterexamples demonstrating the incompleteness
of methods based on three- and four-body atom-centered descriptors[1] as well as two-body 
graph neural networks (GNN)[2]. We stress that in both cases, we provide evidence of 
incompleteness not for some particular algorithm but for the entire families of methods. The 
first family includes well-established methodologies such as SOAP-GAP, deep MD, and Behler-
Parinello NNs; the second one includes SchnetPack, Gated Graph Neural Networks (GG-NN), 
and Molecular Graph Convolutions. Both cases have a strong connection with a crystal structure
matching problem.  Our counterexamples for the first case illustrate that matching algorithms 
based on a comparison of three- and four-body atom-centered descriptors might confuse certain
configurations. Two-body GNNs are deeply connected with the Weisfieler-Lehman graph 
isomorphism test (WL test), and we show that the WL test applied to molecular or crystal graphs
can not recognize the structures we found even with an infinite cutoff. 
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Title: 3-D Parallelohedra, Old and New.  
Marjorie Senechal 
 
Abstract.  "Tradition ascribes to Plato the discovery of the five regular convex polyhedra . . .  
and Fedorov found the five parallelohedra." As B. N. Delone suggests, that these 
accomplishments, 2400 years apart, were comparable milestones for crystallography.1 Now 
both are being revisited.  In 1977, Branko Grünbaum,  clearing cobwebs from the definition of 
polyhedra,  greatly expanded the family of the regular.2  More recently, he reconsidered 
parallelohedra as well.3  Taking up where Grünbaum left off,4, 5 we derive Fedorov's convex five 
in a new way that leads directly to their non-convex analogues, including three that  Grünbaum 
thought did not exist.  We also discuss his conjecture on their possible forms, and other open 
questions.  Today, Plato's theory of matter is in the news.6,7 We hope that our generalized 
parallelohedra will likewise prove useful to materials scientists.  
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Some views on lattices
Part 1: Fundamental properties and prominent examples 

Bernd Souvignier1

1 Institute for Mathematics, Astrophysics and Particle Physics, Radboud University,
Nijmegen, The Netherlands

Abstract 

Lattices play a key role in the description of crystal structures because the building
blocks (atoms, molecules or other structural units) are arranged periodically. As a 
consequence, the symmetry group of a crystal structure is an extension of an 
abelian normal subgroup (the translation lattice) by a finite group (the point 
group). Since the point group acts as a group of isometries on the translation 
lattice, much of the geometric properties of a crystal structure is actually 
determined by this lattice.
In the first part of this mini-course we look at basic properties of lattices such as 
their description by unit cells and bases, their packing density or their full 
symmetry groups. We will take a short tour along famous examples of lattices, 
exploring also higher dimensions to broaden our perspective. We will briefly 
discuss applications besides crystallography where lattices play an important role, 
both classical (like number theory) and modern (in particular cryptography).
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Some views on lattices
Part 2: Lattice reduction and related questions 

Bernd Souvignier1

1 Institute for Mathematics, Astrophysics and Particle Physics, Radboud University,
Nijmegen, The Netherlands

Abstract 

For many questions it is natural to regard a lattice as the set of integral linear 
combinations of a basis. However, every lattice (in dimension at least 2) has 
infinitely many bases, since the group GL(n,Z) of integral basis transformations is 
infinite. It is obvious that some bases are more convenient to work with than 
others and finding good bases has of old been a crucial task, usually known as 
lattice reduction. In the case of 2-dimensional lattices, Gauß reduction is basically 
an adaptation of the Euclidean algorithm and leads to an optimal result (in a well-
defined sense) and in dimension 3 various methods give good bases, but in higher 
dimensions one has to trade optimality against computational feasibility. Looking 
at the case of 3-dimensional lattices relevant for the description of crystals, an 
effort was made to identify rules which lead to unique bases (up to symmetry 
equivalence), such as Niggli reduction and Delaunay reduction.
Although Niggli reduction is well-established in crystallography, it is worthwhile to
look at other reduction methods as well. Especially methods developed for higher 
dimensions are interesting, because they do not rely on special properties of 
lattices in 2- and 3-dimensional space. The most prominent example of such a 
technique is LLL-reduction, which by now has grown into a whole family of 
methods. Designed originally to prove a complexity result on polynomial 
factorization, it is by now an indispensable tool not only in computational algebra, 
but also in (post-quantum) cryptography.
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Some views on lattices
Part 3: Determining similarity between lattices 

Bernd Souvignier1

1 Institute for Mathematics, Astrophysics and Particle Physics, Radboud University,
Nijmegen, The Netherlands

Abstract 

In the third part of this mini-course we focus on questions directly relevant to 
crystallography. Having seen that lattices have infinitely many bases and that 
lattice reduction leads to good bases and in connection with tailor-made rules even
to unique bases, we are faced with the question how robust this description is with 
respect to perturbations. Since we deal with physical measurements, it is 
problematic to decide whether an angle is actually a right angle or only close to it 
and whether the lengths of two basis vectors are the same or different. It is well-
known that small changes in the geometry of a lattice may lead to a very different 
Niggli-reduced basis and various approaches have been suggested to deal with this
issue. The basic problem is that the parameters of Niggli-reduced cells for triclinic 
lattices form a 6-dimensional open cone (corresponding to the 6 cell parameters) 
which is bounded by facets of lower dimensional subspaces belonging to Bravais 
types of higher symmetry. Traversing the boundary leads to entering the cone at a 
different position and thus to a discontinuity for the Niggli-reduced bases.
However, observing that there are only very few good bases for lattices in low 
dimensions (as learned in the second part of this mini-course), it is straightforward
to try to match the basis of one lattice with a basis of a second lattice. The 
discrepancy remaining between the bases can be measured in various ways, which 
basically provide a distance measure on the space of lattices. In the same way, one 
can also evaluate how close a given lattice is to a lattice belonging to a Bravais 
type of higher symmetry. This is important to predict possible phase transitions to 
higher symmetry phases.
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Comparison of structures connected via group - subgroup
relations

Emre S. Tasci  1   ; Gemma de la Flor2 ; Mois I. Aroyo3 

1 Eng. Physics Dept., Hacettepe University, Turkey
2 Institute of Applied Geosciences, Karlsruhe Institute of Technology, Germany

3 Condensed Matter Physics Dept., University of the Basque Country, Spain

Abstract 

Given two structures connected via a group-subgroup relation, it is essential to calculate the 
transformation matrix relating the high symmetry structure to the low symmetry one as once it 
is known, almost everything involved in the possible transition can be deduced such as the active
symmetry modes, transition path and accompanying strain. These structures can be aristotype 
(ideal) and its distorted phase (hettotype) or mother-daughter entries in a Barnighausen family 
tree. The methods and procedures developed in the Bilbao Crystallographic Server framework 
(https://www.cryst.ehu.es) for the derivation of the most compatible transformation matrix
-with respect to the lattice and atomic sites configuration- will be presented along with the 
discussion of quantitative comparison formulations for the calculation of similarities between 
the given structures.
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Reduction theory for unit-cell parameters 

 containing observation errors 

 
Ryoko Oishi-Tomiyasu;1 

 
1 Institute of Mathematics for Industry/Kyushu University, Fukuoka, JAPAN 

 

Abstract  

In crystallography, the parameters of unit cells or crystal structures recovered from 

experimental data are required to be output using their conventional cells. For this, the lattice-

basis reduction must be applied, and the software also transforms the parameters of the primitive 

cells into those of the conventional cells (Fig.1), based on their symmetries (centering types). 
The influence of observational errors cannot be ignored during this algebraic calculation. In 

2012, the speaker provided an algorithm for 3D lattices containing observational errors[1]; similar 

results have been obtained for 2D lattices. The algorithm is new in the sense that all the candidates 

for nearly reduced bases were explicitly given to speed up the algorithm, and we proved based on 

the Venkov reduction that it works correctly for parameters with errors of various sizes, ranging 

from rounding errors to observation errors. The Eisenstein and Selling reductions (known as the 

Niggli and Delaunay reductions in crystallography) can be regarded as a special case of the Venkov 

reduction. 

The code has been used in the author's research in geometry of numbers, and in the ab-initio 

indexing software CONOGRAPH for PXRD ([2], https://z-code.kek.jp/zrg/) and EBSD ([3], 

contact address: tomiyasu@imi.kyushu-u.ac.jp). In the course of the research, the speaker had 

the opportunity to study the history of the reduction theory in crystallography, which will be 

mentioned as well as the background in mathematics. 

 

Figure/Table  

 
Figure 1 Five centering types for symmetry classification of conventional cells 
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Generically complete isometry invariants of periodic crystals 
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Abstract  

 

Crystals have a problem with ambiguity in representation: one crystal can be represented in 

many ways and there’s no easy way to determine if two crystals are geometrically identical. 

While a motif and cell representation is intuitive, it is also ambiguous, and this isn't just a 

problem for humans—since computers also can’t tell the difference, they are unable to filter out 

duplicates in general, let alone on-the-fly processes such as in crystal structure prediction. 

 

Our new isometric invariants, Average Minimum Distances (1) and Pointwise Distance 

Distributions (2), can be calculated from any crystal, and are guaranteed to be the same 

regardless of representation—any identical representation of a crystal will have the same 

invariant. They do this continuously, to account for measurement error or noise: if two crystals 

are geometrically similar, their invariants are similar. 

 

The invariants have demonstrated their utility by the discovery of several pairs of entries in the 

CSD (Cambridge Structural Database) with almost identical geometries but differing 

compositions, something that is not reasonably possible, and hence these entries are under 

investigation. We will continue to find more such examples, with our end goal aiming towards 

on a complete and continuous map of all crystals in one unified space for the purpose of 

exploring that space in the hope of accelerating crystal discovery. 
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