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We will discuss new results on local symmetry that occurs in arbitrary (not just
periodic) Delone sets. It seems unexpected that these results, formulated and proved
for completely arbitrary Delone sets in plane and in 3D space, imply a number of
rather meaningful statements on Delone sets with additional conditions, in particular,
statements on regular systems (i.e., Delone sets with transitive groups) including point
lattices. Before formulating the theorems and conjectures that will be presented in
the talk, we remind some necessary notions.

A set X ⊂ Rd is called a Delone set if there are some positive r, R such that
(1) r is the largest radius of equal balls centered at points from X that pack space
Rd, or in other words, infx,x′∈X |xx′| = 2r;
(2) R is the smallest radius of equal balls centered at points of X that cover space
Rd, or in other words, supy∈Rd infx∈X |yx| = R.

Given x ∈ X and ρ > 0, a set of all points x′ ∈ X for which |xx′| ≤ ρ, we call
ρ-cluster of point x and denote it by Cx(ρ). Clusters Cx1(ρ) and Cx2(ρ) of two points
of X are said to be equivalent if there is a isometry g ∈ Iso(d) such that g(x1) = x2

and g(Cx1(ρ)) = Cx2(ρ). The ρ-cluster group Cx(ρ) is a set of all isometries s ∈ Iso(d)
such that s(x) = x and s(Cx(ρ)) = Cx(ρ). A regular system is defined as a Delone set
X with a transitive symmetry group. In particular, an integer lattice built on some
basis is a particular case of a regular system since the group of translations of the
lattice acts on it transitively.

Groups of bounded clusters in a set X, despite the fact that they may not enter the
symmetry group of the entire set X, play important role in the study of a condensed
matter. We focus on groups Sx(2R) of clusters of radius 2R, where R is the covering
radius for a Delone set. The clusters of this radius are of especial interest. We call
Sx(2R) the local group at x and denote it Gx := Sx(2R). Since 2R-cluster is always
of full dimension d, the local group Gx at any point x of a Delone set is finite.

Let X be a Delone set in R2 or R3, we call its crystal kernel a subset Xcr ⊆ X of
all points x ∈ X with local groups Gx containing rotations of only crystallographic
orders 2,3,4 or 6.

Conjecture 1 ( crystal kernel conjecture, [1]). The crystal kernel Xcr of a Delone set
X ⊂ R3 with covering radius R is a Delone set with some covering radius Rcr ≥ R.

The validity of this hypothesis immediately implies the following statement
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Conjecture 2 (no 5-th fold local symmetry conjecture). In R2 and R3, there is no
Delone set in which all the local groups Gx contain rotations of the 5-th order.

This statement implies immediately the theorem on the absence of the 5-fold axes
in 2D and 3D lattices. Moreover, the statement generalizes this classical theorem
of geometric crystallography in two directions at once. The statement approves the
impossibility of 5th-order rotations at all points, firstly, not only of the whole set but
even of local rotations within 2R-clusters. Secondly, this fact is true not only for
lattices but also for arbitrary Delone sets.

In [2, 3], the crystal kernel conjecture is proved for d = 2. Thus for d = 2,
Conjecture 2 is established also.

Theorem 1 (crystal kernel theorem for plane). For a Delone set X ⊂ R2 with cov-
ering radius R, its crystal kernel Xcr is a Delone set with covering radius Rcr < 2R.
Moreover, this estimate is exact.

Now let X be a Delone set in space R3 and !X ⊂ X of all points x ∈ X at
which local groups Gx do not contain rotations of order higher than 6. The following
inclusion is obviously true:

Xcr ⊆ !X ⊆ X

The following theorem is proved (see [1, 4]).

Theorem 2. In an arbitrary Delone set X ⊂ R3, the subset !X of all points, at which
local groups do not contain rotations of order higher than 6, is a Delone set. Moreover,
!R < 3R, where R and R′ are the covering radiuses for X and !X, respectively.
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